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ABSTRACT:
We Þnd the optimal actuator velocity proÞle that cancels acoustic reverberations inside drop-on-demand inkjet
printheads and ensures a certain meniscus state at a speciÞc time after ejection. We formulate an optimization
problem to minimize the total energy of the three-dimensional oscillating ßow in the microchannel at a given time.
The total energy comprises the acoustic energy inside the microchannel and the surface energy of the droplet. We
use an adjoint method to compute efÞciently the gradient of the cost function with respect to the control boundary
and a gradient-based optimization algorithm to converge to the optimal solution. We apply this methodology to two
generic inkjet printhead mechanisms: one that forces the faces adjacent to the nozzle face and the other that forces
the face opposite the nozzle face. In both cases, the actuator Þrst reduces the surface energy of the system by extract-
ing ßuid from the nozzle. This causes acoustic waves to propagate through the channel and reßect off the junction
with the manifolds, increasing the acoustic energy of the system. The actuator then sends additional acoustic waves
that cancel these reverberations. Both mechanisms reduce the total energy of the system by a factor of over 100 com-
pared with uncontrolled cases.
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I. INTRODUCTION

Drop-on-demand (DOD) inkjet printing is one of the
most widespread applications of microßuidics. In this print-
ing technique, ink droplets are generated on demand and jet-
ted towards a moving substrate. An inkjet printhead
typically contains several hundred microchannels and noz-
zles (Fig.1). In each microchannel, ink ßows continuously
through the channels at constant pressure difference
between one side and the other and just above the nozzle at
constant pressure relative to the atmosphere. An increase in
the pressure must be generated inside the channel to expel
droplets. In piezoelectric DOD printing (Dijksman, 1984;
Antohe and Wallace, 2001; Meachamet al., 2005), an actua-
tor placed on one or more sides of the channel moves a few
tens of nanometers, which generates acoustic pressure
waves. These waves reach the nozzle and a droplet is
expelled. The piezoelectric actuators are made of ceramic
materials that exhibit the inverse piezoelectric effect [i.e.,
they deform when a voltage is applied (Wijshoff, 2010)].

Modern piezoelectric DOD inkjet printheads can jet
droplets with volumes in the rangeVd � 0:5–100 pL at a
frequency in the rangef � 10–100 kHz (Lohse, 2022).
Manufacturers seek to increase the jetting frequency while
maintaining uniformity in droplet size and shape. The for-
mer objective speeds up the printing process, whereas the
latter makes it more accurate, which is important in high

precision applications [e.g., printing microcircuits
(Tomaszewski and Potencki, 2017); manufacturing of
passive electronic components such as capacitors
(Chiolerio et al., 2014), biomedicine (Lorber et al., 2013),
or advanced manufacturing (Hoath, 2016)]. As the time
between droplet ejections decreases, the droplet shape and
size become increasingly affected by the residual oscilla-
tions from the previous droplet ejection. This is due to the
insufÞcient amount of time for the ßow viscosity to dissipate
these acoustic waves. In order to ensure droplet uniformity,
it is important to damp these reverberations within the
desired time interval.

There are several control and design parameters to
increase printing performance. These can be classiÞed into
three categories: the printhead shape (e.g., nozzle geometry,
microchannel design, or chamber conÞguration), the mate-
rial properties of the ink (e.g., viscosity or surface tension),
and the motion of the piezoelectric actuator (e.g., actuation
waveform or material properties of the actuator).

ModiÞcations of the design of the printhead microchan-
nels can increase the rate at which acoustic reverberations
are damped (Kungurtsev and Juniper, 2019). However, the
implementation of these geometries in existing industrial
devices is challenging. The nozzle geometry is also con-
strained by manufacturing limitations and tolerances
(Hutchings and Martin, 2012).

The material properties of ink have also an important
impact on the printing performance, especially the ink vis-
cosity and surface tension. These two properties are linkeda)Email: mpj1001@cam.ac.uk
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through the Ohnesorge number,Oh, which is the ratio
between viscous and capillary time scales. High values of
Oh are favourable for damping the acoustic reverberations.
If the Ohnesorge number is too high, however, the force due
to pressure is insufÞcient to eject droplets. For small values
of Oh, the surface tension is strong enough to cause the
RayleighÐPlateau instability (Rayleigh, 1878; Plateau,
1873) of the ejected ink Þlament, leading to satellite droplet
formation.

For a given printhead and ink, the waveform applied to
the piezoelectric is tuned to obtain the desired droplet size
and path towards the moving substrate. The single unipolar
waveform is the simplest one to generate a droplet (Fig.2).
During the rising phase of the pulse, the piezoelectric actua-
tor bends outside the chamber, generating a negative pres-
sure wave. This extracts the ßuid from the nozzle and
manifolds. The actuator remains deformed during the dwell
time. During the falling phase of the pulse, the actuator
bends back towards the microchannel, generating a positive
pressure wave. If this pressure is high enough, a droplet is
ejected from the nozzle exit. After droplet ejection, acoustic
waves reverberate inside the microchannel. These reverbera-
tions must dissipate before the next drop can be ejected. The
existing visco-thermal dissipation mechanisms are weak, so
this leads to a large time interval between droplets, which is
undesirable.

More complicated waveforms include other pulses to
damp the acoustic reverberations generated by the Þrst pulse
(Fig. 3). The unipolar M-shaped waveform is composed of
two unipolar waveforms. The Þrst pulse ejects a droplet, and
the second pulse damps the acoustic reverberations. For a
given printhead conÞguration and ink, it is possible to Þnd
the optimal parameters of the second pulse that effectively
damp the remaining acoustic waves (Kwon and Kim, 2007).
However, small changes to these parameters from the opti-
mal values can result in poor behaviour of the system, some-
times being even worse than a single trapezoidal pulse.

In general, bipolar waveforms can damp the reverbera-
tions more quickly than unipolar waveforms (Khalateet al.,
2011). The bipolar N-shaped waveform consists of two

unipolar waveforms of different sign. Optimal values of the
waveform parameters have been found to damp the rever-
berations (Khalateet al., 2011; Khalateet al., 2012).

The bipolar M-shaped waveform consists of an initial
trapezoidal pulse that propels the droplet, followed by a sec-
ond pulse of opposite sign and a third pulse with the same
sign as the Þrst. For a given printhead conÞguration, the
bipolar M-shaped waveform can generate smaller drops and
jet at higher velocities than the bipolar N-shaped waveform
(Snyderet al., 2019). This result is even more evident when
challenging inks (inks with low viscosity and low surface
tension) are considered.

The actuator waveform is often tuned by trial and error
in extensive experiment campaigns. This approach is time-
consuming, and the solution differs for different geometric
conÞgurations or ink properties. Some analytical models
have been developed to predict inkjet printing performance.
One example is narrow channel theory (Wijshoff, 2010;
Tijdeman, 1975; Beltman, 1999), which is a one-
dimensional analytical solution of the NavierÐStokes equa-
tions. Another example is the lumped element modeling,
which describes the printhead dynamics by introducing an
equivalent electric circuit including capacitors, resistors,
and inductors in series or parallel (He et al., 2014). These
simple models rely on several assumptions that make them
less accurate than numerical methods in predicting real ink-
jet printing dynamics.

In this study, we design the actuator waveform using an
open-loop control strategy that maximally damps the acous-
tic reverberations inside the microchannels within a given
time interval. This active control strategy is easier to imple-
ment on existing printheads than passive control strategies
(e.g., geometric variations). We formulate an optimal con-
trol problem that we solve using a gradient-based algorithm.
We deÞne a cost function that accounts for the intensity of
the reverberations and droplet size. We accelerate the gradi-
ent computation process by using the adjoint method. This
methodology makes the cost of computing the gradient inde-
pendent of the number of parameters used to describe the
waveform.

FIG. 1. Schematic of a drop-on-demand inkjet printhead with piezoelectric actuation.
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We extend the two-dimensional framework proposed in
Kungurtsev and Juniper (2023)to the three-dimensional
case. We show that, for the ßuid properties considered, ther-
mal effects are negligible, which simpliÞes the model.

Instead of parameterizing the waveform, we introduce a
regularization term into the cost function that penalizes
nonphysical solutions, effectively restricting the search
space. This results in a more ßexible approach, allowing for

FIG. 3. Three examples of combined ideal trapezoidal pulses. Input voltage (top) and actuator velocity (bottom).tRi is theith rising time,tDi is theith dwell
time, tFi is theith falling time, andtW is the waiting time between the two pulses.

FIG. 2. Ideal single trapezoidal pulse. Top-left: input voltage. Bottom-left: actuator velocity. Right: snapshots of the actuator position and acoustic waves
generated.tR is the rising time,tD is the dwell time, andtF is the falling time.
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the generation of more general waveforms. We discuss and
compare two inkjet printhead architectures: one which uses
two actuators placed on the microchannel faces adjacent to
the nozzle face (TAAN) and another one that uses a single
actuator placed on the microchannel face opposite the noz-
zle face (SAON), whose two-dimensional version was dis-
cussed inKungurtsev and Juniper (2023). The two inkjet
printhead types are shown in Fig.4.

II. THEORETICAL FORMULATION

In this section, we formulate an optimal control prob-
lem to improve the performance of DOD inkjet printheads.
We start by introducing the physics-based model for
describing the acoustic ßow. We then deÞne the cost func-
tion to be minimized. Finally, we describe our method for
computing the gradient of the cost function with respect to
the control parameters.

Figure5 shows the ßow domainX 2 R n, which is com-
posed of the microchannel domainXC, manifold domain
XM, nozzle domainXN, and droplet domainXD, X ¼ XC

[ XM [ XN [ XD. The ßow domain is bounded by the
boundary C 2 R n� 1, which is composed of the actuator
boundaryCAct, the wall boundaryCW, the manifold inlet/
outlet boundaryCIn=Out, and the nozzle outlet boundaryCN,
C ¼ CAct [ CW [ CIn=Out [ CN. The time domains 2 R cor-
responds to a desired actuation period, whereT is the time
between two consecutive droplet ejections,s ¼ t :f
0 � t � Tg.

For simplicity, we assume that there is no pinch-off.
Therefore, we do not model the droplet ejection process.
Instead, a meniscus is always attached to the nozzle outlet.
This assumption is based on the observation that, shortly
after pinch-off, the retracting ink Þlament adopts a rounded
shape as it moves toward the nozzle, forming a meniscus-
like interface that remains attached to the nozzle outlet
(Peregrineet al., 1990; Islam and Tong, 2022). While this
limits the modelÕs applicability to nonideal jetting scenarios,

such as satellite droplet formation, it captures the essential
post-ejection printhead dynamics. This allows us to focus on
the time interval between two consecutive droplet ejections.

A. Governing equations of the microfluidic acoustic
flow: Strong form

We consider the ßow inside the inkjet printhead. We
derive the governing equations from a low Mach number
asymptotic expansion (Kungurtsev and Juniper, 2019,
2023). This linearization of the ßuid equations results in two
systems of equations, one describing an incompressible
steady ßow with no acoustic oscillations, and the other
describing an oscillating ßow with no mean ßow. In this
study, we are interested in attenuating acoustic waves.
Therefore, we only consider the linearized system of equa-
tions that describe the acoustic ßow

@~q
@~t

þ r � ~u ¼ 0; (1a)

@~u
@~t

¼ �r ~p þ
1
~Re

r � ~sv; (1b)

@~s
@~t

¼
1

cth � 1ð Þ~Pe
D~H ; (1c)

where~q is the nondimensional acoustic density, deÞned as
~qð~p; ~H Þ ¼cth~p � ~H , ~u is the nondimensional acoustic
velocity, ~p is the nondimensional acoustic pressure, and~H
is the nondimensional acoustic temperature.~sv is the
nondimensional viscous stress tensor deÞned as~svð~uÞ
¼ r ~u þ ðr ~uÞT � 2

3 r � ~uI , whereI is the identity operator,
and ~s is the nondimensional acoustic entropy deÞned as
~sð~p; ~TÞ ¼~H =ðcth � 1Þ � ~p. The parameters used to
nondimensionalize the previous equations are the speed of
soundc0, microchannel half-lengthLc ¼ lc=2, ßuid density
q, dynamic viscosityl , speciÞc heat at constant pressurecp,
and thermal conductivity coefÞcientkth. As a result, this

FIG. 4. Two actuation architectures considered in this research. (a) Two channel-long actuators placed on the faces adjacent to the nozzle face (TAAN), and
(b) single short actuator placed on the face opposite the nozzle face (SAON).

FIG. 5. Sketch of the ßow domainX. XC is the channel-nozzle domain,XD is the droplet domain, andXM is the manifold domain (cropped in this sketch).
P N� D is an intersection plane that divides the channel domain from the droplet domain, creating the nozzle outlet boundary,CN.
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model introduces three nondimensional parameters, the
acoustic Reynolds number~Re¼ qc0lc=2l , the ratio of spe-
ciÞc heats,cth ¼ cp=cv, and the acoustic P�eclet number
~Pe¼ qlcc0cp=2kth. Thus, the nondimensional time domain
becomes~s ¼ ~t : 0 � ~t � ~T

� �
, where~t ¼ 2c0t=lc.

Using the deÞnition of acoustic entropy, the energy
equation transforms into the heat equation with a source
term

@~H
@~t

�
1
~Pe

D~H ¼ cth � 1ð Þ
@~p
@~t

: (2)

For liquids, the value of the ratio of speciÞc heats is
very close to one. In this study, we considercth ¼ 1, which
implies that the evolution of the acoustic temperature Þeld is
independent of the acoustic pressure Þeld. Additionally, the
acoustic P�eclet number satisÞes~Pe� 1 in piezoelectric
DOD inkjet printing. As a result, temporal variations in tem-
perature are negligible. Under this assumption, the continu-
ity and the momentum equations become independent of the
acoustic temperature Þeld. Therefore, the oscillating ßow
can be described using the following system of equations:

@~u
@~t

¼ �r ~p þ
1
~Re

r � ~sv; (3a)

@~p
@~t

þ r � ~u ¼ 0: (3b)

The solution of the system of equations in Eqs.(3a)and
(3b) provides the spatiotemporal evolution of a viscous-
acoustic ßow, i.e., acoustic waves inside the domainX that
propagate at the speed of sound and are damped due to vis-
cous dissipation. This model contains a single physical
parameter, the acoustic Reynolds number.

We now consider the model for the ßow inside the
droplet volumeXD described inKungurtsev and Juniper
(2023). This model assumes that the meniscus is always
attached to the nozzle outlet, meaning that pinch-off is not
considered in this study. Moreover, the meniscus has the
shape of a spherical cap and contains an incompressible
ßuid. Under these assumptions, the effect of the ßow inside
the droplet volume over the rest of the ßow domain and vice
versa can be described as a nonhomogeneous stress bound-
ary condition at the nozzle outlet boundary,~r � njCN

¼ � ~csj n, where ~r ð~u; ~pÞ ¼ � ~pI þ ð1=~ReÞ~svð~uÞ is the
total acoustic stress tensor,~cs ¼ 2cs=�c2

0qrN is the
nondimensional surface tension coefÞcient withrN denoting
the nozzle outlet radius, andj is the nondimensional
curvature.

The equation for mass conservation inside the droplet
domain can be written as

dXD

d~t
¼ � �

ð

CN

~u � ndC; (4)

where� is the Mach number associated with the oscillating
ßow, � ¼ xd pzt=c0, with x being the characteristic working

frequency, anddpzt being the characteristic amplitude of
deformation of the piezoelectric actuator.

For a spherical cap, its volume can be expressed as a
function of its instantaneous curvatureXD ¼ XDðj Þ.
Therefore, we can rewrite the previous expression as an
ordinary differential equation for the curvature

dXD

dj
dj
d~t

¼ � �
ð

CN

~u � ndC; (5)

whereXDðj Þ ¼ ðp=3ÞR3
Nð1=j 3Þ 2 þ

�������������
1 � j 2

p� �
1 �

�������������
1 � j 2

p� � 2
.

RN ¼2rN/lc is the nondimensional nozzle radius.
This approach decouples the ßow inside the droplet

from the ßow inside the channel. Therefore, we solve the
viscous-acoustic equations in the ßow domainX ¼ XC

[ XM [ XN and consider the previous stress boundary condi-
tion at the nozzle outlet boundaryCN. Additionally, the sys-
temÕs state is fully deÞned by the state vector~q ¼ ½~u; ~p; j �T.

The rest of the boundaries of the ßow domain are the
printhead wall,CW, where the acoustic velocity is zero,
~ujCW

¼ 0; actuator boundaries,CAct, where the acoustic
velocity is prescribed,~ujCAct

¼ ~UAct; and inlet/outlet bound-
aries, CIn=Out, where the total acoustic stress is zero,
~r � njCIn=Out

¼ 0. As the initial condition, we consider a quies-
cent acoustic state, with~uðx; 0Þ ¼0 and~pðx; 0Þ ¼0, and a
prescribed initial meniscus curvature,j ð0Þ ¼j 0.

In summary, the governing equations for the viscous-
acoustic ßow in strong form are

@~u
@~t

þ r ~p �
1
~Re

r � ~sv ¼ 0 on X � ~s;

@~p
@~t

þ r � ~u ¼ 0 on X � ~s;

~u ¼ 0 on CW � ~s;

~u ¼ ~UAct on CAct � ~s;

~r � n ¼ 0 on CIn=Out � ~s;

~r � n ¼ � ~csj n on CN � ~s;

~u ¼ 0 on X � ~s0;

~p ¼ 0 on X � ~s0:

8
>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>:

(6)

The value of the droplet curvature is obtained by solv-
ing the following initial value problem

dXD

dj
dj
d~t

¼ � �
ð

CN

~u � ndC on ~s;

j ¼ j 0 at ~s0;

8
><

>:
(7)

wherej 0 is the initial droplet curvature.

B. Governing equations of the microfluidic acoustic
flow: Weak form

To solve this problem numerically, we formulate the
viscous-acoustic initial boundary value problem in Eqs.(6)
and(7) in its weak form. We Þrst deÞne the following inner
products:
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h( ; ( i L2 X� ~sð Þ¼
ð

~s

ð

X
( ( dXd~t; (8a)

h( ; ( i L2 C� ~sð Þ¼
ð

~s

ð

C
( ( dCd~t; (8b)

( ; (f g L2 ~sð Þ¼
ð

~s
( ( d~t; (8c)

where( denotes conjugate transpose.
We multiply the momentum equation by the velocity

test functionv 2 H1
0ðXÞ. Then, we integrate the resulting

expression over the space and time domains. After integra-
tion by parts, we obtain

ð

~s

ð

X

@~u
@~t

� v dX d~t �
ð

~s

ð

X
~pr � v dX d~t

þ
ð

~s

ð

X

1
~Re

~sv ~uð Þ: � vð ÞdX d~t �
ð

~s

ð

C
~r ~u; ~pð Þ �nð Þ

� v dC d~t ¼ 0; 8v 2 H1
0ðXÞ: (9)

For our speciÞc problem, the boundary term in Eq.(9)
vanishes at the homogeneous Neumann boundariesCHN,
where the normal stress is zero, and at the Dirichlet boundaries
CD, where the test function is zero. Thus, substituting~r �
njCHN ¼ 0 andvjCD ¼ 0 into the previous equation leads to

ð

~s

ð

X

@~u
@~t

� v dX d~t �
ð

~s

ð

X
~pr � v dX d~t

þ
ð

~s

ð

X

1
~Re

~svð~uÞ: � ðvÞ dX d~t

¼ �
ð

~s

ð

CN

ð~csj � nÞ �v dC d~t; 8v 2 H1
0ðXÞ: (10)

We multiply the continuity/energy equation by pressure
test functionsq 2 L2ðXÞ,

ð

~s

ð

X

@~p
@~t

qdXd~t þ
ð

~s

ð

X
r � ~uð ÞqdXd~t ¼0; 8q 2 L2 Xð Þ:

(11)

Grouping Eqs.(10) and(11), we can write the govern-
ing equations in the variational setting as an unsteady skew-
symmetric problem,

a ~u; vð Þ þb ~p; vð Þ¼ j~u j ; vð Þ; 8v 2 H1
0 Xð Þ; (12a)

aM ~p; qð Þ� bT ~u; qð Þ ¼0; 8q 2 L2 Xð Þ; (12b)

where a ¼ aM þ aK is the velocity-velocity bilinear form,
with aM denoting the mass bilinear form andaK denoting
the viscous bilinear form.b is the velocity-pressure bilinear
form, and j~u is the velocity linear form. These forms are
expressed as

aM ~u; vð Þ:¼
@~u
@~t

; v
� �

L2 X� ~sð Þ
; (13a)

aK ~u; vð Þ:¼
1
~Re

~sv ~uð Þ; � vð Þ
� �

L2 X� ~sð Þ
; (13b)

b ~p; vð Þ:¼ �h ~p; r � vi L2 X� ~sð Þ; (13c)

j~u v; jð Þ:¼ �h ~csj n; vi L2 X� CNð Þ: (13d)

We can rearrange Eq.(12) in compact form as follows:

M ~u; ~p; v; qð Þ:¼ aM ~u; vð Þ þaK ~u; vð Þ þb ~p; vð Þ

þ aM ~p; qð Þ� b q; ~uð Þ � j~u j ; vð Þ¼ 0:

(14)

Finally, we multiply the droplet curvature equation by
an arbitrary time dependent function/ ð~tÞ 2L2ð~sÞand inte-
grate over the time domain
ð

~s

dXD

dj
dj
d~t

/ d~t þ
ð

~s
�
ð

CN

~u � nð Þ/ dCd~t ¼0; 8/ 2 L2 ~sð Þ; (15)

which can be expressed as follows:

d j ; /ð Þ¼ jj / ; ~uð Þ; 8/ 2 L2 ~sð Þ; (16)

whered is the curvature-curvature bilinear form, andjj is
the curvature linear form. These forms are expressed as

d j ; /ð Þ:¼
dXD

dj
dj
d~t

; /

	 


L2 ~sð Þ
; (17a)

jj / ; ~uð Þ:¼ �h � ~u � n; / i L2 CN� ~sð Þ: (17b)

We can rearrange Eq.(16)as follows:

G j ; / ; ~uð Þ:¼ d j ; /ð Þ� jj / ; ~uð Þ¼ 0: (18)

Therefore, the initial boundary value problem in weak
form is deÞned by Eqs.(14) and (18), which are coupled
through the linear formsj~u andjj .

C. Optimal control problem

The actuators have two main purposes. First, they con-
trol the amount of ßuid expelled through the nozzle.
Second, they cancel the acoustic reverberations that propa-
gate through the channels after droplet ejections. A measure
of the ßuid volume enclosed in a spherical cap is the surface
energy,ES. A measure of the strength of the acoustic waves
is the total acoustic energy in the ßuid domain,EA. These
functions are mathematically expressed as

EA ~u; ~pð Þ¼
1
2

jj ~ujj2
L2 Xð Þþ jj ~pjj2

L2 Xð Þ

� �
; (19a)

ES jð Þ¼
1
2

~cs

�
RNjCC jð Þj; (19b)

whereCC is the nondimensional surface area of the spherical
cap deÞned asCC ¼ 2pR2

N1=j 2 1 �
�������������
1 � j 2

p� �
. We deÞne

the total energy asET ¼ EA þ ES.
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The control requirement is to damp the acoustic rever-
berations and to control the droplet volume at a given time
~T, which is the time interval between droplet ejections.
Therefore, we seek to minimize a weighted sum of the
acoustic energy and the surface energy at a given time~T,

ET ~uð~TÞ; ~pð~TÞ; j ð~TÞ
� �

¼ aEA ~uð~TÞ; ~pð~TÞ
� �

þ bES j ð~TÞ
� �

; (20)

wherea; b ¼ 0; 1f g . For a ¼ 1 andb ¼ 0, the functional to
minimize is the acoustic energy at~t ¼ ~T; for a ¼ 0 and
b ¼ 1, the functional to minimize is the surface energy at
~t ¼ ~T; and fora ¼ 1 andb ¼ 1, the functional to minimize
is the total energy at~t ¼ ~T.

Finally, the optimal control problem reads

~U
	

Act 
 argmin
~UAct

ET ~uð~TÞ; ~pð~TÞ; j ð~TÞ; ~UAct

� �
;

where ET ¼a EA ~uð~TÞ; ~pð~TÞ
� �

þ b ES j ð~TÞ
� �

;

subject to

M ~u; ~p;v;q; j ; ~UAct

� �
¼0;

G j ; / ; ~uð Þ¼0:

(21)

D. Regularization

When we solve the optimization problem in Eq.(21), the
solution space~UAct 2 L2ð~sÞ may contain unphysical local
optima. One way of dealing with this ill-posed problem is to
restrict the search of the solution to a subspaceUð~sÞ � L2ð~sÞ
containing solutions~UAct 2 Uð~sÞthat have a higher regularity.

This restriction can be implemented by parametrizing the
solution as~UAct ¼ cT/ ð~tÞ, wherec 2 R Np is the parameter
vector containingNp coefÞcients, and/ 2 Uð~sÞis the expan-
sion basis. By using an appropriate basis, the solution can be
approximated using a reduced number of parameters, thereby
lowering the complexity of the search space. In turn, this
reduction typically improves the convergence rate of
gradient-based algorithms and eliminates undesired solutions.
In this context,Lorente-Macias and Juniper (2023)show the
solution of the optimal control problem inEq. (21)using a
truncated Fourier series expansion for parametrization.

However, one primary challenge with Þnite-
dimensional parametrization is information loss. If the cho-
sen parametrization does not capture the underlying features
of the solution, it may force the solution to converge to a
local optimum that is far from the true solution. This issue is
particularly important when the prior knowledge of the form
of the solution is limited. In such cases, determining an
appropriate parametrization becomes a delicate and often
tricky task, as an overly simplistic or poorly chosen parame-
trization can constrain the search space too much, prevent-
ing the true solution from being found.

To mitigate these issues, we consider a more general
approach that avoids the potential limitations of parametri-
zation. Rather than restricting the solution to a reduced set

of basis functions, we modify the search space by adding a
regularization functional to the cost functional

R ~UAct

� �
¼

1
2

jj ~UActjj
2
U ~sð Þ; (22)

where jj ~UActjjUð~sÞ ¼ jjC� 1
U

~UActjj L2ð~sÞ, CU : L2ð~sÞ ! Uð~sÞ is
the regularization operator.

Thus, the cost functionalJ becomes

J ¼ ET ~u; ~p; j ; ~UAct

� �
þ R ~UAct

� �
: (23)

By minimizing J , we minimize the terminal total
energy while penalizing solutions that do not satisfy the
required conditions. In this study, we want to ensure that the
solutions are sufÞciently smooth. In real applications, the
actuator has some massmAct. Therefore, the inertial forces
mActðd~UAct=d~tÞ would become very large if the solution
~UAct were to have sharp changes in time. We also constrain
the actuator state to be the same at the beginning and the
end of the time interval, i.e.,~UActð~t ¼ 0Þ ¼~UActð~t ¼ ~TÞ.
Without loss of generality, we will set this constraint to
zero, since this is the typical value in real industrial
applications.

A regularization operator that satisÞes these conditions
is the Bessel potential of second order (Triebel, 2010;
Kontogianniset al., 2022)

CU ¼ I � l2DT
0

� � � 1
; (24)

whereI is the identity operator,DT
0 is the Laplacian operator

with homogeneous Dirichlet boundary conditions, andl is a
characteristic length.

The characteristic lengthl scales the Laplacian opera-
tor, which inßuences the spatial scale at which the operator
acts. For example, whenl is large, the Laplacian operator is
effectively stretched over a larger spatial scale, leading to
smoother variations in the Þltered or regularized output.
Conversely, whenl is small, the Laplacian operator is com-
pressed, resulting in Þner-scale features being preserved. A
detailed description of the effect of the value of this Þlter
length is explained inAppendix A.

The choice of the value ofl is a compromise between
Þnding a solution that satisÞes the design conditions and
Þnding a solution that sufÞciently minimizes the value of
the cost functional. A common strategy is to start from a
large value to converge to a global minimum. Then, we
reduce its value to get a more detailed solution that can min-
imize the cost function further,

~U
	

Act 
 arg min
~UAct

J ~u; ~p; j ; ~UAct

� �
;

where J ¼ E ~u; ~p; j ; ~UAct

� �
þ R ~UAct

� �
;

subject to

M ~u; ~p; v; q; j ; ~UAct

� �
¼ 0;

G j ; / ; ~uð Þ¼ 0:

(25)
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E. Adjoint method for gradient computation

In order to solve the optimal control problem in Eq.
(25) deÞned in Sec.II D, we consider a gradient-based
approach. Therefore, we need to compute the sensitivity of
the total energyJ with respect to the actuator velocity
~UAct.

In general, the actuator velocity is a function of space
and time,~UAct ¼ ~UActðx; ~tÞ. When we parametrize this func-
tion, the number of numerical parameters can be very large.
We use an adjoint-based approach to compute the gradient
of the cost function with respect to the control parameters
because this approach computes the sensitivity of the cost
functional with a cost that is independent of the number of
parameters.

We deÞne the Lagrangian of the optimization problem
[Eq. (25)] as

L ¼ J ~u; ~p; j ; ~UAct

� �
þ M ~u; ~p; ~u  ; ~p  ; j ; ~UAct

� �

þ G j ; j   ; ~u
� �

; (26)

where ~u  is the adjoint acoustic velocity,~p  is the adjoint
acoustic pressure, andj   is the adjoint curvature.

Thus, instead of solving the optimization problem in
Eq. (25), where we minimize the cost function subjected to
the model constraints, we deÞne a saddle-point problem,
relaxing the constraints imposed by the model equations:

~U
	

Act 
 argmin
~UAct

max
~u  ;~p  ;j  

L ð~u; ~p; j ; ~u  ; ~p  ; j   ; ~UActÞ;

where L ¼J ð~u; ~p; j ; ~UActÞ

þ M ð~u; ~p; ~u  ; ~p  ; j ; ~UActÞ

þ Gðj ; j   ; ~uÞ:

(27)

The adjoint variables are not arbitrary functions as the
test functions were. Now, they must maximize the
Lagrangian so that the model constraints are satisÞed. In
order to Þnd the relations that these variables have to follow,
we set the variations of the Lagrangian to zero,dL ¼ 0.

After integrating by parts and grouping the inner prod-
uct terms h�; d~ui L2ðX� ~sÞ and h�; d~pi L2ðX� ~sÞ, we obtain the
adjoint equations for the conservation of momentum and
energy of the viscous-acoustic ßow

�
@~u 

@~t
¼ r ~p  þ

1
~Re

r � ~s 
v; (28a)

�
@~p 

@~t
� r � ~u  ¼ 0; (28b)

where ~s 
v is the adjoint viscous stress tensor deÞned as

~s 
v ¼ ~svð~u  Þ.

Grouping the boundary terms that result after integrat-
ing by parts, we obtain a homogeneous Dirichlet boundary
condition in adjoint acoustic velocity at the printhead wall
boundary and actuator boundary,~u  jCW

¼ ~u  jCAct
¼ 0,

homogeneous adjoint acoustic stress boundary conditions at
the inlet/outlet boundaries,~r   � njCIn=Out

¼ 0, and the imped-
ance boundary condition at the nozzle outlet boundary
~r   � njCN

¼ � ~csj
  n, where~r   ð~u  ; ~p  Þ ¼~p  I þ ~svð~u  Þis the

adjoint total acoustic stress tensor.
Grouping the inner product terms in�; djf g L2ð~sÞ, we

obtain the adjoint equation for the droplet curvature

�
dXD

dj
dj  

d~t
¼ � �

ð

CN

~u  � ndC�
d2XD

dj 2

dj
d~t

j   þ
d
d~t

dXD

dj


 �

j   :

(29)

The adjoint Eqs.(28) and (29) have to be integrated
backwards in time. However, we can deÞne adjoint time as
~t  ¼ ~T � ~t, so that the adjoint time domain is deÞned as
~s  ¼ ~T � ~t  � 2~T

� �
. This change of time domain allows us

to integrate the adjoint equations forward in time.
The initial state for the adjoint acoustic velocity and

adjoint acoustic pressure are~u 
0 ¼ � a~uð~TÞ and ~p 

0
¼ � a~pð~TÞ. The initial condition for the adjoint curvature is
j  

0 ¼ bj ð~TÞ.
Therefore, the adjoint viscous-acoustic problem in

strong form reads

@~u 

@~t  � r ~p  �
1
~Re

r � ~s 
v ¼0 on X � ~s  ;

@~p 

@~t  � r � ~u  ¼0 on X � ~s  ;

~u  ¼0 on CNsl � ~s  ;

~r   � n ¼0 on CIn=Out � ~s  ;

~r   � n ¼ � ~csj
  n on CN � ~s  ;

~u  ¼ � a~uð~TÞ on X � ~s 
0;

~p  ¼ � a~pð~TÞ on X � ~s 
0;

8
>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>:

(30)

whereCNsl ¼ CW [ CAct is the nonslip boundary.
The value of the adjoint droplet curvature is obtained

by solving the following initial value problem:

dXD

dj
dj  

d~t  ¼ � �
ð

CN

~u  � n dC

þ
d
d~t

dXD

dj


 �

�
d2XD

dj 2

dj
d~t


 �

j   in ~s  ;

j   ¼bj ð~TÞ at ~s 
0:

8
>>>>>><

>>>>>>:

(31)

Grouping terms inh�; d~UActi L2
CAct� ~s

, we obtain the opti-
mality condition,

dJ ¼ h� ~r   � n þ C� 1
U

~UAct; d~UActi L2 CAct� ~sð Þ; (32)

which is the distribution of the normal adjoint stress over
the actuator boundary.

Finally, we express the gradient of the augmented func-
tional in the regularized space

dJ ¼ h�CU ~r   � nð Þþ ~UAct; d~UActi U CAct� ~sð Þ: (33)
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F. Numerical solution algorithm of the optimal control
problem

The optimal control problem in Eq.(27) is solved
numerically using a gradient-based approach, speciÞcally
the quasi-Newton BroydenÐFletcherÐGoldfarbÐShanno
(BFGS) algorithm (Nocedal and Wright, 1999). This itera-
tive method updates the solution as follows:

~UAct

� �
kþ 1 ¼ ~UAct

� �
k þ cpk; (34)

where c 2 R is a step sizec > 0 given by a line search
method [e.g., Wolfe conditions (Wolfe, 1969, 1971)], andpk
is the search direction given bypk ¼ �ðr 2J Þ� 1

k ðr J Þk.
At each iteration, the BFGS algorithm approximates the
inverse of the Hessian (Fletcher, 2000), whereas the compu-
tation of the gradient is obtained from the adjoint method
solution in Eq.(33).

In order to evaluate the gradient at each iteration, we
need to solve the forward and adjoint problems. In both
cases, we use a Þnite-element discretization in space with
TaylorÐHood elements (Taylor and Hood, 1973). The time
domain is discretised with Þnite differences, using a
CrankÐNicholson scheme (Crank and Nicolson, 1947),
which is second order accurate andnondissipative. This
leads to a linear algebraic system that we solve for each
time step using a Krylov subspace method, speciÞcally
GMRES (Saad and Schultz, 1986) using multigrid
(Trottenberget al., 2000) to precondition the problem.
This methodology is implemented using DOLFINx, a
Finite Element library designed for high-performance com-
puting (Baratta et al., 2023). A brief description of our
approach to solve the saddle-point problem [Eq.(27)] is
presented inAlgorithm 1.

III. APPLICATIONS

In this section, we apply this methodology to different
microßuidic systems. First, we start from a simpliÞed two-
dimensional channel-nozzle system to test the methodology.
Second, we present two three-dimensional channel-nozzle
systems that are geometrically similar to industrial applica-
tions: SAON type (single short actuator placed on the face
opposite the nozzle face) and TAAN type (two
microchannel-long actuators placed on the faces adjacent to
the nozzle face) actuation inkjet printheads. We analyse
how the method works in three dimensions and also com-
pare both actuation mechanisms.

A. Two-dimensional nozzle-channel toy system

A sketch of a generic two-dimensional geometry is pre-
sented in Fig.6. The ßow inside the domainX � XC [ XM

satisÞes the viscous-acoustic equations [Eq.(6)]. The con-
trol boundaryCActi consists of two actuators placed along
the length of the channel, which move such that
~UAct1 ¼ � ~UAct2 
 ~UAct. In this study, we consider that this
Dirichlet boundary condition is homogeneous in space,
~UAct ¼ ~UActð~tÞ. The geometrical parameters, physical
parameters, numerical parameters, and initial conditions are
presented in TableI.

In order to check the methodology, we study the follow-
ing three optimization cases:

(1) Minimization of Þnal surface energy,J ¼ ESð~TÞ.
(2) Minimization of Þnal acoustic energy,J ¼ EAð~TÞ.
(3) Minimization of Þnal total energy,J ¼ ETð~TÞ.

Appendix Bshows a method of verifying the accuracy
of the computed gradients. After this veriÞcation, we solve
the optimization problems described before. The value of
the parameters for this analysis are collected in TableI.
Figure 7 shows the convergence of the optimization algo-
rithm for the three cases with~T ¼ 2. Figure8 shows the
instantaneous acoustic pressure Þeld at different times.

In the uncontrolled case, the initial positive meniscus
curvature leads to a pressure difference at the nozzle outlet.
A positive acoustic pressure front of spherical waves propa-
gates through the ßow domain at the speed of sound and dis-
sipates due to the ßuid viscosity. These waves reßect off the
channel walls as they propagate through the domain. The
front reaches the interface between the channel domain and
manifold domain at~t � 1. Observing the snapshots in
Fig. 8, we observe that the acoustic waves are almost planar
at this location. Therefore, the reßection and transmission
coefÞcients can be estimated ascR2D ¼ ðb=2Lm � 1Þ=
ðb=2Lm þ 1Þ � � 0:85 and cT2D ¼ ð2b=2LmÞ=ðb=2Lm þ 1Þ
� 0:15. This implies dissipation at the interface because
c2

R2D
þ c2

T2D
• 0:862 < 1. At ~t ¼ ~T, the curvature has

decreased but it is still different from zero, and the acoustic
energy has increased because the time is not long enough
for the ßuid viscosity to damp the resulting reverberations.

For the minimization of surface energy, the algorithm
Þnds a solution that is able to minimize the cost function by

ALGORITHM 1. Solution method for optimal waveform design.

1: Input: Initial guess,~UAct

2: Initialization:
3: k  0
4: ½~u; ~p; j �k  solve forward problem forð~UActÞk via

Eqs.(6) and(7)
5: J U  compute cost function via Eq.(23)
6: while J =J U 
 � tol do
7: ½~u  ; ~p  ; j   �k  solve adjoint problem for

½~u  ; ~p  ; j   �k via Eqs.(30)and(31)
8: ðr ~UAct

J Þk  compute steepest-descent direction
via Eq.(33)

9: ð~UActÞkþ 1  update solution via Eq.(34)
10: ½~u; ~p; j �kþ 1  solve forward problem forð~UActÞkþ 1

via Eqs.(6) and(7)
11: k  k þ 1
12: end while
13: ~U

	

Act  ð ~UActÞk

14: ½~u	 ; ~p	 ; j 	 �  ½ ~u; ~p; j �k
15: Output: Optimal actuator velocity,~U

	

Act, and system state vector,
½~u	 ; ~p	 ; j 	 �
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around 99% with respect to the uncontrolled case [see dotted
line in Figs.7(c), 7(f), and7(i)]. The solution consists of a
single positive pulse of positive velocityA þ : 0 � ~t � 2.
This pulse generates negative pressure waves that extract all
of the ßuid inside the initial spherical cap, so thatj ð~TÞ � 0.
As shown in the right plot, this mechanism increases the
total energy because the acoustic waves generated by the
actuator are not damped. Therefore, the Þnal total energy is
composed of only acoustic energy,ETð~TÞ � EAð~TÞ.

For the minimization of the acoustic energy, the algo-
rithm Þnds a solution whose Þnal acoustic energy is around
15% of the Þnal acoustic energy in the uncontrolled case.
The solution is composed of two positive pulsesA þ : 0
� ~t � 0:92 andBþ : 0:92 � ~t � 2. The Þrst waveA þ gen-
erates negative pressure waves. When these waves reach the
nozzle outlet, they extract the ßuid from the droplet volume,
so that j ð~t ¼ 0:92Þ � 0. Even though the objective is not
the minimization of the surface energy, keeping a small
droplet curvature is important since the source of acoustic
energy generation is the surface tension at the nozzle outlet,
which depends linearly on the curvature. During the action
of the next pulseBþ , the curvature remains small, meaning
that the acoustic energy generated by the surface tension is
negligible in comparison with the reverberations generated
by the actuator during the previous phase. Therefore, this
second wave focuses on damping the reverberations gener-
ated by the Þrst wave. We can also distinguish two main fre-
quencies within the solution: one associated with the
longitudinal mode, and the other corresponding to the trans-
versal mode. These are deÞned by the longitudinal acoustic

Strouhal number eStl ¼ 1=4, and the transversal acoustic
Strouhal numbereStb ¼ 1=2b, respectively. The forcing at
the nozzle outlet excites the modes of the acoustic system.
Therefore, the optimal actuator waveform tries to damp the
modes with higher energy by~t ¼ ~T.

For the minimization of the total energy, the algorithm
Þnds a solution within about 30 iterations. In this case, the
value of the cost function (i.e., total energy) is around 15%
of that of the uncontrolled case. The solution is very similar
to the one found in the minimization of acoustic energy.
Two positive wavesA þ : 0 � ~t � 0:92 and Bþ : 0:92 � ~t
� 2. However, this solution is able to minimize the surface
energy at~t ¼ ~T, so thatj ð~TÞ � 0. The remaining energy at
~t ¼ ~T is due to the reverberations generated by the actuator
that cannot be damped within this time interval.

Therefore, for~T ¼ 2, the surface energy can be success-
fully minimized, but damping the acoustic reverberations is
more challenging. The reason is that a portion of the acous-
tic waves generated by the droplet and the actuator is trans-
mitted inside the manifold. For these waves to be
transmitted back into the channel after being reßected at the
manifold end, at least a time~T > 2 would be necessary.
Therefore, if ~T ¼ 2, the actuator cannot control the rever-
berations inside the manifold, and the time is not long
enough for the acoustic waves to be damped by viscous dif-
fusion. However, even for~T > 2, there will be always some
acoustic waves reverberating inside the manifold due to the
area change. As time increases, the contribution of these
waves to the acoustic energy will be smaller, so the effect
can be negligible.

We repeat this study using a longer time interval of
~T ¼ 4 and the results of the optimization problems are rep-
resented in Fig.9. Figure 10 shows the snapshots of the
instantaneous acoustic pressure Þeld. In these cases, the cost
function is reduced by more than 98% in comparison with
their respective uncontrolled cases.

In the uncontrolled case, the dynamics during~t 2 ½0; 2�
is the same as that described previously. At~t � 2, the waves
at the end of the manifold and the waves that are reßected
back at the area change at~t � 1 reach the nozzle outlet.
Therefore, from~t � 2, the droplet curvature decreases at a
faster rate as the negative pressure waves reach the nozzle.
This process continues until~t � 4. At this time, almost all
of the ßuid inside the initial droplet volume has been
extracted andj ð~TÞ � 0. This stops the generation of pres-
sure waves, so at this moment, the acoustic energy starts to
decrease after reaching a peak.

TABLE I. Values of the nondimensional parameters of the two-
dimensional case.

Parameter Value

Channel half-length,L 1
Channel width,b 1/6

Manifold length,Lm 1
Manifold width,bm 1/4
Nozzle radius,RN 1/90

Acoustic Reynolds number,~Re 127 260
Acoustic Mach number,� 10� 3

Surface tension coefÞcient,~cs 3 � 10� 3

Time discretization,D~t 10� 3

Time interval,~T 2, 4, 6
Characteristic length of regularization,l 10� 100

Initial droplet curvature,j 0 0.25

FIG. 6. Sketch of a two-dimensional TAAN type inkjet printhead.
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For minimization of the surface energy, the actuator
barely moves (see the small magnitude of~UAct in Fig. 9).
This is because, as described in the uncontrolled case, the
meniscus curvature naturally tends to zero at~t ¼ 4 even if
no control is considered. As a result, the actuator does not
need to make large changes to the system to reduce the sur-
face energy further.

For minimization of the acoustic energy, the solution
minimizes the cost function to 1.6% with respect to the
uncontrolled case. The solution is a single positive pulse
A þ : 0 � ~t � 4. Again, the Þrst part of the pulse extracts the
ßuid from the droplet volume at a faster rate, so that the noz-
zle outlet stops generating positive pressure waves. Once
the acoustic energy generated by the stress at the nozzle

FIG. 7. Convergence of the two-dimensional optimal control problem for~T ¼ 2. Rows show results forJ ¼ ESð~TÞ(top), J ¼ EAð~TÞ(middle), andJ
¼ ETð~TÞ(bottom). (a), (d), and (g) Optimal objective function over objective function of the uncontrolled caseJ =J U at every iteration. (b), (e), and (h)
Magnitude of the actuator velocity~UAct at every iteration. (c), (f), and (i) Evolution of the total energy and its components; left axis: uncontrolled, right axis:
controlled.
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outlet becomes less signiÞcant compared with that produced
by the actuator, the actuation process damps the reverbera-
tions it generated. In this scenario, the amplitude of the lon-
gitudinal mode is notably higher than that of the transverse
mode compared to the situation when~T ¼ 2. As a result, the
transverse mode experiences more rapid damping than the
longitudinal mode. Consequently, the actuation prioritizes
the damping of the longitudinal mode.

For minimization of total energy, the solution mini-
mizes the cost function to 0.9% with respect to the uncon-
trolled case. The solution is composed of two actuator
pulses of different signs and durations:A þ : 0 � ~t � 2:24
and A � : 2:24 � ~t � 4. The Þrst part of the pulseA þ

removes the ßuid inside the droplet by~t ¼ 1:75, making the
surface energy small and also stopping the generation of
acoustic energy at the nozzle outlet. However, this part of
the pulse increases the acoustic energy considerably. The
second part of the waveA þ absorbs the reverberations com-
ing from the reßection at the interface between the channel
and manifold, so that the acoustic energy starts to drop. This
also pushes in the meniscus, so that by~t ¼ 2:24 the curva-
ture is negative. The second waveA � has a similar actua-
tion mechanism. The Þrst part reduces the meniscus
curvature, and the second part cancels the remaining rever-
berations. Therefore, this leads toETð~TÞ � 0.

We also observe that minimizing the total energy is
easier than minimizing just the acoustic energy. This is
because when only the acoustic energy is to be minimized,
the Þnal curvature can be different from zero, since it does
not affect the cost function. However, a nonzero curvature
at ~t ¼ ~T concentrates the pressure waves close to the noz-
zle outlet, leading to a less uniform pressure distribution in
the end.

In Fig. 10, we observe that the distribution of the
remaining reverberations at~t ¼ ~T for the minimization of
acoustic and total energy are different. In the case of mini-
mization of acoustic energy, the acoustic pressure is stronger
around the nozzle becausej ð~TÞ6¼ 0, whereas in the case of

minimization of total energy, the remaining reverberations
are distributed more evenly around the ßow domain.

Finally, we consider a longer time interval~T ¼ 6. The
results of this case are presented in Fig.11, and the snap-
shots of the acoustic pressure Þeld in Fig.12.

In the uncontrolled case, the dynamics during~t 2 ½0; 4�
is the same as that described before. From~t � 4, the nega-
tive pressure waves around the nozzle outlet boundary (see
Fig. 12 at ~t ¼ 4) draw in the meniscus inside the channel
domain, making the curvature negative. In addition, the
acoustic energy during this time decreases because the gen-
eration of acoustic waves due to surface tension is smaller
than the dissipation of energy due to the ßuid viscosity. At
~t ¼ 6, both the acoustic energy and surface energy are dif-
ferent from zero.

For the minimization of the surface energy, the actua-
tion motion is composed of four pulses. The Þrst pulseA þ :
0 � ~t � 2:10 drops the curvature to a small value. This
increases the acoustic energy inside the channel and creates
acoustic waves that reverberate inside the ßow domain.
Therefore, the following pulsesA � : 2:10 � ~t � 3:48, A þ :
3:48 � ~t � 3:92 and A þ : 3:92 � ~t � 6 try to cancel this
effect in a way that the acoustic waves around the nozzle
outlet have a very small amplitude, so that the droplet curva-
ture does not change much. At~t ¼ ~T, almost all the total
energy is due to acoustic energy.

For the minimization of acoustic energy, the solution
also consists of four pulses. The Þrst pulseA þ : 0 � ~t
� 2:08 generates negative pressure waves that reduce the
droplet curvature, thereby eliminating the source of acoustic
energy generation. By~t � 2, the surface energy is signiÞ-
cantly reduced, but the acoustic energy has increased as a
result of the actuatorÕs motion. Consequently, the subse-
quent actuator movements focus on damping the acoustic
waves produced. The second pulseA � : 2:08 � ~t � 2:72
generates positive pressure waves, preventing the meniscus
from entering the domain. The third pulseBþ : 2:72 � ~t
� 5:39 initially sends acoustic waves to maintain low

FIG. 8. Snapshots of the acoustic pressure at different times for~T ¼ 2. The Þrst column corresponds to the uncontrolled case, the second column corre-
sponds to the optimization problemJ ¼ ESð~TÞ, the third column toJ ¼ EAð~TÞ, and the column toJ ¼ ETð~TÞ.
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droplet curvature. At~t � 3:66, the acoustic energy reaches
the maximum value. Therefore, the latter part of this pulse
generates negative pressure waves that quickly interact with
the existing positive pressure waves in the channel, reducing
the acoustic energy. The Þnal pulseB� : 5:39 � ~t � 6 elim-
inates the negative pressure waves in the channel by pushing
ßow inside the domain. As a result, the Þnal total energy is

predominantly composed of surface energy,ETð~TÞ
� ESð~TÞ.

For the minimization of total energy, the actuation
mechanism is similar to the previous case for~T ¼ 4. The
actuator motion is composed of two pulsesA þ : 0 � ~t
� 3:72 andA � : 3:72 � ~t � 6. The Þrst part of the actuation
pulse A þ quickly reduces the droplet volume to stop

FIG. 9. As for Fig.7 but with ~T ¼ 4.
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generating pressure waves at the nozzle outlet. However,
this increases the acoustic energy, reaching a peak at
~t � 1:2. From this moment, the negative pressure waves that
the actuator keeps generating interact with the positive pres-
sure waves resulting from the reßection at the interface
between the channel and manifold. This makes the acoustic
energy decay. By~t � 2, the droplet curvature is almost zero,
but the negative pressure waves start to reach the nozzle out-
let, drawing in the meniscus and leading to a negative drop-
let curvature. The Þrst part of the pulseB� generates
positive pressure waves to return the meniscus to a zero cur-
vature state. These pressure waves also interact with the
negative pressure waves that are dominant in the channel as
a result of the previous waveA þ , decreasing the energy at
Þrst. However, the intensity of these positive waves grows
as the actuator keeps sending pressure waves. Therefore, the
acoustic energy starts to grow again. The second part of
the pulseB� generates positive pressure waves that cancel
the negative pressure waves present in the channel domain.

In summary, this two-dimensional analysis suggests
that this actuation mechanism can control both the droplet
volume and acoustic energy. For the control of droplet vol-
ume, a short time period~T is enough. However, damping
the acoustic reverberations generated after jetting a droplet
is more challenging. When the actuator moves, it generates
acoustic waves that reverberate inside the domain.
Therefore, a longer time is needed to damp the acoustic

waves generated by itself. In addition, due to the area
change between the actuator and manifold, there is a portion
of reverberations that cannot be damped by the actuator but
by viscous dissipation of the ßuid. Finally, the longer the
time interval is, the smaller the peak of energy of the system
is, which is a desirable result.

B. Sensitivity analysis to variations in physical
parameters

We conclude the two-dimensional study by performing
a sensitivity analysis to changes in the nondimensional
physical parameters that control the dynamics in this sys-
tem: the acoustic Reynolds number,~Re, and the
nondimensional surface tension coefÞcient,~cs. We consider
the case of minimizing total energy,J ¼ ETð~TÞ, for time
interval ~T ¼ 6 presented in Sec.III A as the reference case.
We then vary these two physical parameters independently
to analyse their inßuence on the solution.

Figure 13 illustrates the sensitivity analysis on the
acoustic Reynolds number. We solve the optimization prob-
lem [Eq. (27)] for ~Re=~Reref ¼ 2� 3; 2� 2; 2� 1; 1; 2; 22; 23

� �
.

As the acoustic Reynolds number increases, the reduction in
the cost function is smaller in comparison with the reference
case [see Fig.13(a)]. The actuator waveform is qualitatively
similar to the one from the reference case [see Fig.13(b)].
As the acoustic Reynolds number increases, the width of the

FIG. 10. As for Fig.8 but with ~T ¼ 4.
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positive pulseA þ decreases, and the width of the negative
pulse A � increases. Additionally, the amplitude of the
waveform decreases as the acoustic Reynolds number
decreases. This result indicates that the total energy needed
to generate the actuator waveforms decreases as the acoustic
Reynolds number decreases. This is consistent with the
higher dissipation rate of the ßow for decreasing Reynolds
numbers. Figure13(c) illustrates the evolution of the total

energy. We observe that, in all of the cases considered, the
actuation mechanism drives the total energy towards zero by
~t ¼ ~T. The main difference is the peak in total energy,
which increases as the acoustic Reynolds number increases.
This is consistent with the higher waveform amplitude for
increasing acoustic Reynolds numbers.

Figure 14 illustrates the sensitivity analysis on the
nondimensional surface tension coefÞcient. We solve the

FIG. 11. As for Fig.7 but with ~T ¼ 6.
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optimization problem in Eq.(27) for ~cs=~cs;ref ¼ 2� 1; 2� 2=3;
�

2� 1=3; 1; 21=3; 22=3; 2g. Figure14(a)shows the ratio between
the Þnal total energy for a given~cs and the reference case.
The total acoustic energy is an explicit function of the
nondimensional surface tension coefÞcient through the

surface energy functional, which varies linearly with~cs [see
Eq. (19b)]. Therefore, variations in~cs directly inßuence the
cost functional. To account for this explicit dependency, the
dashed linesð~csÞ ¼ ðE

	

A;ref ð~TÞ þ ð~cs=~cs;ref ÞE
	

S;refð~TÞÞ=J
	

ref
is included in the plot. This line represents the expected total

FIG. 12. As for Fig.8 but with ~T ¼ 6.

FIG. 13. Sensitivity analysis on the acoustic Reynolds number. (a) Optimal cost function compared with the optimal cost function of the reference case
J 	 =J

	

ref . (b) Magnitude of the optimal actuator velocity~U
	

Act. (c) Evolution of the total energy of the optimal case, scaled by the initial total energy.

J. Acoust. Soc. Am. 158 (4), October 2025 Javier Lorente-Mac�õas and Matthew P. Juniper 3295

https://doi.org/10.1121/10.0039526

https://doi.org/10.1121/10.0039526


energy ratio under the assumption that the total energy only
changes proportionally to~cs, while all other quantities
remain Þxed at their reference values. The points that lie
abovesð~csÞ correspond to cases where the total energy is
higher than what would be expected from varying~cs only,
indicating a degradation in control performance.
Conversely, the points belowsð~csÞimply a more effective
energy reduction than predicted by the surface tension scal-
ing alone. As the nondimensional surface tension coefÞcient
increases, the reduction in the cost function is smaller in
comparison with the reference case [see Fig.14(a)]. For the
range of cases considered, the actuator waveforms are quali-
tatively similar to the one from the reference case [see Fig.
14(b)]. For increasing nondimensional surface tension coef-
Þcients, the spherical cap has a larger surface energy for a
given curvature. Therefore, the rate at which the meniscus
curvature varies is higher. This translates into a shorter and
lower amplitude of the Þrst pulseA þ because the actuator
needs less energy to minimize the meniscus curvature. The
second pulseA � gets longer and higher amplitude as the
nondimensional surface tension coefÞcient increases to
damp the resulting reverberations. In all the cases consid-
ered, the actuation mechanism drives the total energy
towards zero by~t ¼ ~T [see Fig.14(c)]. We also observe that
the peak of total energy decreases for increasing
nondimensional surface tension coefÞcient.

C. Three-dimensional TAAN type inkjet printhead

In this application, we consider a three-dimensional
geometry. The actuators are placed along the faces adjacent
to the nozzle face, and their lengths are equal to the channel
length,LAct ¼ L. The velocity at one of the actuators has the
same magnitude but opposite sign to that of the other actua-
tor, ~UAct1 ¼ � ~UAct2 
 ~UAct. For simplicity, we assume that
this function is homogeneous in space, so that~UAct

¼ ~UActð~tÞ. This application can be seen as the three-

dimensional extension of the case presented in Sec.III A .
TableII collects the parameters used for this case.

For this three-dimensional analysis, we consider just the
optimal control case forJ ¼ ETð~TÞ, since this is the most
interesting case for industrial applications. We set the desired
time interval to ~T ¼ 6. Figure15 shows the convergence of
the optimization algorithm. Figure16 shows snapshots of the
acoustic pressure Þeld and droplet curvature at different times.

In the uncontrolled case, the initial positive droplet cur-
vature induces a positive acoustic stress at the nozzle outlet
boundary. This stress generates positive acoustic pressure
waves that propagate through the nozzle domain. At~t ¼ LN

nondimensional time units, the wave front leaves the nozzle
domain, generating a spherical front of acoustic waves
inside the channel domain. These acoustic waves reverber-
ate at the channel walls and actuators. In Fig.16, we observe
that when the acoustic waves reach the interface between

FIG. 14. Sensitivity analysis on the nondimensional surface tension coefÞcient. (a) Optimal cost function compared with optimal cost function of the refer-
ence caseJ 	 =J

	

ref . The dashed linesð~csÞ ¼ ðE
	

A;ref ð~TÞ þ ð~cs=~cs;ref ÞE
	

S;ref ð~TÞÞ=J
	

ref represents the variation of cost function originated from the change in

surface tension coefÞcient only. Note that, becauseE
	

S;ref ð~TÞ � 1, this line issð~csÞ � 1. (b) Magnitude of the optimal actuator velocity~U
	

Act. (c) Evolution
of the total energy of the optimal case, scaled by the initial total energy.

TABLE II. Values of the nondimensional parameters of the three-
dimensional TAAN case.

Parameter Value

Channel half-length,L 1
Channel width,b 1/6
Channel height,h 1/3

Manifold length,Lm 1
Manifold width,bm 1/4
Manifold height,hm 1/2

Nozzle outlet radius,RN 1/90
Nozzle length,LN 2/90

Acoustic Reynolds number,~Re 127 260
Acoustic Mach number,� 10� 3

Surface tension coefÞcient,~cs 3 � 10� 3

Time discretization,D~t 2 � 10� 3

Time interval,~T 6
Characteristic length of regularization,l 10� 100

Initial droplet curvature,j 0 0.25
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