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Abstract

Title: Data assimilation into physics-based thermoacoustic models using Bayesian neural
network ensembles
Author: Maximilian Louis Croci

Thermoacoustic instabilities, driven by the interaction between the heat release rate
from the combustion process with the combustion chamber pressure waves, have long been
a problem in jet and rocket engine design. Unacceptably large oscillations often appear
during full-scale engine tests, despite being absent during part-scale tests, leading to costly
re-designs. A physics-informed, data-driven model of a flame would allow for important
quantities, such as the fluctuating heat release rate of the combustion process, to be estimated
for a given burner geometry. This in turn would enable different geometries to be assessed for
susceptibility to thermoacoustic instabilities before any physical testing, ensuring a cheaper
design process.

In this thesis, data from artificial flame simulations and laboratory experiments
are assimilated into increasingly complex physics-based models of the flame front. These
physics-based models, based on the G-equation, are qualitatively correct. and their physical
parameters must be inferred from the data to render them quantitatively accurate. For
the artificial and laboratory Bunsen flames, the ensemble Kalman filter (EnKF) infers the
parameters of the physics-based model and their uncertainties from a sequence of images.
The method is reliable but computationally expensive: it takes hours for the EnKF to
converge to parameter estimates and uncertainties for each test case. An alternative method is
proposed, which uses a heteroscedastic Bayesian neural network ensemble (BayNNE) trained
on a library of simulated flame fronts with known parameters to infer the parameters and
uncertainties of the physics-based model. Generating the library of simulated flame fronts
and training the BayNNE on the library are both computationally expensive. However, once
trained, the BayNNE infers the parameters and uncertainties from an input sequence of six
flame front images in milliseconds, which is fast enough to be used in real-time applications.
The BayNNE method is applied to data from a version of the Volvo burner. The Volvo flame
is noisy, exhibits transient behaviour and is observed over a limited spatial window, which



vi

means that the EnKF is unable to converge. On the other hand, the BayNNE is able to robustly

infer the parameters and uncertainties from a sequence of ten �ame front images. Using the

physics-based model with the inferred parameters, the �ame front is extrapolated downstream

of the observation window. This allows for then andt �elds of a distributedn� t model for

the heat release of the burner to be calculated. These �elds are entered into a Helmholtz solver

to predict the growth rates and frequencies of the thermoacoustic system. The BayNNE

method is then applied to the same data but with a more physically-informed model of

the velocity �eld using the discrete vortex method. Although this thesis's conclusions for

thermoacoustic behaviour are unsurprising, the BayNNE method is a potentially cheap way

to combine sparse experimental measurements with complete numerical results and can

readily be extended to other experiments and to other models.

As increasingly large quantities of experimental data become available, the re-

searcher's challenge is to extract useful information without becoming overwhelmed by

the quantity of data. Assimilation into physics-based models, as performed in this thesis,

is attractive because the models are physically-interpretable and extrapolatable. The work

presented shows one possible approach, and how it can be applied to a particularly long-

standing problem in engineering: the modelling, and ultimately the control of, thermoacoustic

instabilities.
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Chapter 1

Introduction

1.1 Thermoacoustics

1.1.1 Introduction

In a thermoacoustic system, temperature, density and pressure variations of acoustic waves

interact with a heat source. The acoustic �elds, typically the pressure or the velocity �elds,

cause the heat release rate at the heat source to �uctuate and this can cause acoustic waves to

amplify. The physical mechanism driving thermoacoustic instability was described by Lord

Rayleigh in 1878 [1]:

If heat be periodically communicated to, and abstracted from, a mass of air

vibrating (for example) in a cylinder bounded by a piston, the effect produced

will depend upon the phase of the vibration at which the transfer of heat takes

place. If heat be given to the air at the moment of greatest condensation, or

taken from it at the moment of greatest rarefaction, the vibration is encouraged.

On the other hand, if heat be given at the moment of greatest rarefaction, or

abstracted at the moment of greatest condensation, the vibration is discouraged.

This mechanism is similar to that which drives an ideal piston engine. Mechanical work

is done on the gas by the piston as it compresses the gas. Next, the gas is ignited and its

temperature and pressure increase. Mechanical work is then done by the gas on the piston

as the gas expands to its original volume. If the work done by the gas on the piston is

greater than the work done by the piston on the gas, then heat released from combustion

has been converted to mechanical work. In a thermoacoustic system, the piston is replaced

with an acoustic wave. In the case of a ducted, premixed �ame, the acoustic waves in the

duct (a) perturb the �ame and (b) compress and expand the gas around the �ame [2]. If the
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moments of higher (lower) than average heat release rate coincide with higher (lower) than

average local pressure, then there is net conversion of heat into work over the cycle. If this

work is not dissipated (for example via acoustic radiation from the open boundaries of the

duct) then this work increases the amplitude of the acoustic waves, and the system is known

as thermoacoustically unstable. Mathematically, the system is unstable if the following

inequality, known as the Rayleigh criterion [3, 4], is true:

Z

T

Z

V
p0(x;t) �q0(x;t)dxdt > dissipation; (1.1)

wherep0(x;t) andq0(x;t) represent the �uctuations of pressure and heat release rate per unit

volume respectively, at positionx and timet over a volumeV and cycle of timeT. This

phenomenon has been known since at least the 1800s, when glassblowers produced a sound

when blowing a hot bulb at the end of a cold narrow tube [5].

Thermoacoustic instabilities are a persistent problem in jet engine, rocket engine

and gas turbine design. These industrial applications have huge power densities, which

means that they become unstable even if a small proportion of heat is converted to work

over a cycle. At present, there is no realistic alternative to combustion engines that can offer

similar performance [2]. Despite decades of research, and the development of sophisticated

physics-based models, thermoacoustic instability in these engines remains dif�cult to predict

and eliminate. These instabilities are often absent during the design phase, only occurring

during full-scale engine tests [6–8]. These instabilities are dif�cult to predict, due to their

late appearance in the design stage and the sensitivity of the stability of the system to small

design changes. Fixes are oftenad hoc.

The persistence of thermoacoustic instability has motivated research into both predic-

tion and elimination of instabilities. Research methods can be divided into three categories:

• Computational methods: Direct Numerical Simulation (DNS), Large Eddy Simulation

(LES), U/RANS (Un/Steady Reynolds-averaged Navier-Stokes). Knowledge of the

physics and chemistry of the system is modelled by governing equations (Navier-

Stokes), combustion mechanisms (the chemistry of the reaction) and boundary condi-

tions. This category includes low-order models such as the network model [9, 10] and

theG-equation model [11].

• Experimental methods: construction of small-scale and full-scale combustor rigs on

which experiments can be undertaken to observe thermoacoustic instabilities.

• Hybrid methods: data assimilation involves combining both simulations and experi-

ments to improve predictions of model parameters and uncertainties by recognising
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the limitations of experiments (noise, random and systematic) and simulations (lack

of knowledge of the physics, model errors) [12]. Data can be assimilated implicitly

into a low-order model through, for example, a �ame transfer function (FTF) orn� t

model [13].

This thesis is within the hybrid scope, and uses data from simulations and experiments to

improve predictions of the behaviour of thermoacoustic systems (Bunsen �ames, gutter-

stabilised �ames) by assimilating experimental data into a low-order model.

1.1.2 Computational methods

Direct numerical simulation (DNS) is a computational �uid dynamics (CFD) technique

that solves the discretised Navier-Stokes equations without any turbulence modelling. The

whole range of spatial and temporal scales of the �ow must be resolved, which incurs a

huge computational cost [14]. Although this prohibits the use of DNS in industry, DNS

simulations can supply information that could not be obtained from a laboratory experiment.

In thermoacoustics research, the use of DNS is limited to small combustor designs, for

examples see Ref. [15].

Large eddy simulation (LES) combines simulation of the large scales with modelling

of the Reynolds stress due to turbulence at the small scales. The computational cost of

simulations is decreased compared to DNS by modelling turbulence at the smallest length

scales in the Navier-Stokes equations. However, the computational cost remains prohibitive

in thermoacoustics [16] meaning that Reynolds-averaged Navier-Stokes (RANS), a cheaper

alternative, has become the most widely used CFD technique in industry as a compromise

between accuracy, performance and ease of use [17, 18]. Comparisons between time-averaged

LES and RANS have been performed on simple combustor rigs such as the Volvo validation

rig [19]. Unsteady RANS (URANS) is a CFD technique which uses RANS turbulence

models in unsteady simulations. This simulates the long timescale motion, while modelling

the short timescale motions as increased Reynolds shear stresses. These have been used in

thermoacoustics, see for example [18, 20, 21]

All of these CFD methods require models of the coupling between heat release rate

�uctuations and acoustic �uctuations in the system. The modelling of this coupling inevitably

introduces model error. One of the simplest physics-based models of a �ame's heat release

rate is the distributed or point-wisen� t model [13]: the heat release rate �uctuation is

a linear multiple of the velocity perturbation at the base of the �ame some timet earlier.

Although this model does not simulate the �ame dynamics, then andt �elds can be used in



4 Introduction

a Helmholtz solver or in a network model to determine the growth-rate of a thermoacoustic

perturbation in the system..

The �ame transfer function (FTF) is another model. This speci�es the relationship

between acoustic velocity and heat release rate �uctuations as function of the forcing fre-

quency [22–24]. The FTF is an extension of then� t model to include frequency-dependent

behaviour, and is valid over a speci�ed range of frequencies. The �ame describing function

(FDF) extends the FTF model by specifying the �ame response as function of both the

forcing frequency and the amplitude [22, 25, 26].

Another physics-based model of a �ame is theG-equation model [11], which is used

primarily for the study of laminar premixed �ames [9, 27–29]. In this model, the �ame's

position in space and time is represented by the zero contour (or level-set) of a continuous

function that advects with the �ow and propagates into the unburnt region. The �ow velocity

�eld is an input to this model, and is usually speci�ed using models for the (time-varying)

horizontal and vertical components of velocity at any point in the domain [26]. These models

restrict the velocity �eld to obey continuity, and are parameterised by parameters representing

physical quantities such as �ame dimension, laminar �ame speed, perturbation convection

speed and amplitude. This model allows the most in�uential �ame dynamics to be simulated

cheaply. To render the model quantitatively accurate, the parameters of this model need to be

assimilated from experimental data.

1.1.3 Experimental methods

There are many experimental examples of thermoacoustic instability. For a detailed review

of these, the reader is referred to [30–32]. The Rijke tube [33] is a cylindrical tube with open

ends containing a heat source. Electric wires or Bunsen �ames have been used as the heat

source. When the heat source is switched on, a sustained tone is sometimes produced, which

is driven by the coupling of the heat release rate �uctuations and the acoustic pressure or

velocity waves in the tube. The Rijke tube is useful to investigate thermoacoustic oscillations

because it contains much of the relevant physics present in a real engine. The Rijke tube

can be used to experimentally evaluate the sensitivity of the thermoacoustic stability of the

system to changes in tube geometry, boundary conditions and heat source positions in the

tube. If the Rijke tube is made of a transparent material such as glass, images of the Bunsen

�ame can be taken and used to calibrate qualitative models (such as theG-equation model)

of the �ame using data assimilation.

At the larger scale, the Volvo rig is a laboratory-scale combustor which comprises a

duct containing a bluff-body stabilised �ame burning premixed gases [34, 35]. Intermittent

thermoacoustic instability can be observed by varying the gas composition (stoichiometry).
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Data from images of the �ame taken through a window in the Volvo rig are assimilated into a

G-equation model of the bluff-body stabilised �ame.

1.2 Bayesian inference and prediction

Bayesian inference is a framework in which Bayes' theorem is used to calculate probabilities

of unknown quantities, such as model parameters, and to compare candidate models of the

data [36, Chapter 28]. The �rst level of inference involves calculating the likelihood of model

parameters, given a model and some data. The results of this inference are often described

in terms of the most likely parameter values and their uncertainties. If there are multiple

candidate models, this analysis is repeated for each model. The second level of inference

involves comparing candidate models that could describe the data. This is dif�cult because

it is not possible simply to choose the model that �ts the data best: more complex models

can often �t the data better, but may be less plausible and give poor predictions on new data.

Different models are compared by calculating each model's marginal likelihood. Predictions

about new data can be made either using a best candidate model [36, Chapter 41] or using all

candidate models [37].

1.2.1 First level of inference: model �tting

At the �rst level of inference, we wish to calculate the posterior probability of the parameters

q of a modelH , given some dataD . In other words, we wish to �nd the parameters that

ensure the model best �ts the data. Bayes' theorem states:

p(qjD ;H ) =
p(D jq;H )p(qjH )

p(D jH )
; (1.2)

wherep(D jq;H ) is thelikelihood, p(qjH ) is theprior, andp(D jH ) is theevidenceor

marginal likelihood. The likelihood function gives the likelihood of the parameters,q, given

the data,D . The prior encapsulates any a priori information about the values ofq, given the

model. The marginal likelihood ensures that the posterior probability distribution sums to 1:

p(D jH ) =
Z

p(D jq;H )p(qjH )dq : (1.3)

This quantity is ignored at this level of inference because it does not depend on the parameters.

The most probable parametersq̂MAP (i.e. those which maximise the posterior) are chosen:

q̂MAP = argmaxq (p(qjD ;H )) = argmaxq (p(D jq;H )p(qjH )) : (1.4)
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If a uniform prior is used then the parameters,q̂MLE, that maximise the likelihood are also

those that maximise the posterior:

q̂MLE = argmaxq (p(D jq;H )) : (1.5)

Whenq̂MAP (or q̂MLE) are calculated, error bars on these parameters can be obtained from

the curvature of the log posterior. To do this, we start by Taylor-expanding the log-posterior

aboutq̂MAP:

ln p(qjD ;H ) � ln p(q̂MAPjD ;H ) �
1
2

�
q � q̂MAP

� T
A

�
q � q̂MAP

�
+ : : : ; (1.6)

where the matrixA is the Hessian evaluated atq̂MAP:

A = �
¶2

¶q2 ln p(qjD ;H )

�
�
�
�
q= q̂MAP

: (1.7)

By neglecting terms above second order in Eq. 1.6, we assume that the posterior can be

locally approximated as a Gaussian with expectationq̂MAP and covariance matrixA� 1:

p(qjD ;H ) � p(q̂MAPjD ;H ) exp
�

�
1
2

�
q � q̂MAP

� T
A

�
q � q̂MAP

�
�

: (1.8)

Error bars on the parametersq̂MAP can be calculated from the diagonal entries of the covari-

ance matrix. This is method is known asLaplace's method[36, Chapter 28].

Alternative methods for performing Bayesian inference in general data modelling

problems include exact methods [36, Chapter 25], Monte Carlo sampling [36, Chapter 29]

and variational methods [36, Chapter 33]. Neural networks can also be used as surrogate

models of the posteriorp(qjD ;H ) [38, Chapter 2]. However, there are few exact methods

for performing Bayesian inference using neural networks. These include Monte Carlo

methods [39] and Gaussian approximation methods [38, Chapter 3].

1.2.2 Second level of inference: model comparison

When a set of candidate models,f H ig is being considered, we wish to infer which model is

most plausible given the data. By Bayes' theorem:

p(H jD ) =
p(D jH )p(H )

p(D )
: (1.9)
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The likelihood,P(D jH ), in this case is the marginal likelihood (Eq. 1.3). The prior,p(H ),

encapsulates our prior preference for each model, before any data are considered. The

denominator is a constant which ensures the posterior probability ,p(H jD ), sums to 1. If

we assume that each candidate model is equally probable, the best candidate model is found

as the one with the maximum marginal likelihood (MML):

H MML = argmaxH (p(D jH )) ; (1.10)

The task therefore involves calculating the marginal likelihoodp(D jH ) of each model:

p(D jH i) =
Z

p(D jq;H i)p(qjH i)dq : (1.11)

In many cases, the posteriorp(qjD ;H i) µ p(D jq;H i)p(qjH i) has a strong peak atq̂MAP

and is well approximated by a Gaussian. The marginal likelihood in these cases can be

approximated as follows:

p(D jH i) � p(D jq̂MAP;H i)| {z }
Best �t likelihood

�
p(q̂MAPjH i)p

detA=2p
| {z }

Occam factor

; (1.12)

whereA is the Hessian matrix evaluated atq̂MAP, with jth row andkth column entry given

by:

A j ;k = �
¶2

¶qj¶qk
ln p(qjD ;H i)

�
�
�
�
q= q̂MAP

: (1.13)

The Occam factor penalises complex models with many parameters more than simpler

models with fewer parameters. Therefore, the best model (the maximum marginal likelihood

candidate) will be the one which �ts the data well (large best �t likelihood) without being so

complex as to be penalised heavily by the Occam factor.

1.2.3 Prediction and Bayesian model averaging

After the �rst and second level of Bayesian inference have been performed, the following are

available:

• a set of candidate models,f H ig, from which the best candidateH MML is selected;

• posterior probability distributions,p(qjD ;H i), of the parameters of each model given

the data;
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• the setf q̂i;MAPg of maximum a posteriori parameters of each model.

We now wish to predict some unknown variabley from inputx. In the simplest case, we

can use the best model,H MML, and its MAP parameterŝqMAP to calculate the predictive

probability distribution:

p(yjx;D ; q̂MAP;H MML) : (1.14)

However, this fails to take into consideration the uncertainty in the model parameters. Instead,

by marginalising over the model parameters, we can compute the following predictive

distribution:

p(yjx;D ;H MML) =
Z

p(yjx;D ;q;H MML)p(qjD ;H MML)dq : (1.15)

In this way, the uncertainty in the model parameters is propagated into uncertainty in the

predictions. In the Bayesian machine learning literature, this Bayesian marginalisation is

sometimes calledBayesian model averaging(BMA) [ 40]. However, this name has also been

used to describe the following two different marginalisations:

• Marginalising over models to �nd the posterior parameters given the data [41, Chapter

35]:

p(qjD ) = å
i

p(qjD ;H i)p(H i jD ) : (1.16)

• Marginalising over the parameters of each modeland over every model for predic-

tion [37]:

p(yjx;D ) = å
i

p(yjx;D ;H i)p(H i jx)

= å
i

� Z
p(yjx;D ;q;H i)p(qjD ;H i)dq

�
p(H i jx) :

(1.17)

To avoid confusion, in this thesis the nameBayesian model averagingwill only be used to

refer to the marginalisation in Eq. 1.15.

1.3 Hybrid methods

1.3.1 Hybrid methods in thermoacoustics

Quantifying uncertainties is an important part of scienti�c modelling. Data assimilation

allows for uncertainties in model parameters and predictions to be quanti�ed. It is important
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to distinguish between the different sources of uncertainty in the modelling process. In

general, uncertainties fall into one of two categories:

• Epistemic uncertainty: The model is constructed based on our understanding of

the physical processes driving the system. A mismatch (or bias) between the model

predictions and experiments arises due to our limited understanding or modelling of

the physics of the system. This in turn can be due to limited data (experiments, from

which we build our understanding by identifying physical mechanisms expressed as

governing equations) and limited prediction capabilities (simulation, through which

we test the model predictions and compare with experiments). This uncertainty can

be reduced by including progressively more equations describing the physics into the

model, although this creates ever more complex models.

• Aleatoric uncertainty: Sources of aleatoric uncertainty include random measurement

error and stochastic behaviour in the physical system. This uncertainty can be reduced,

for example, by repeating experiments and taking an average measurement of a quantity

of interest.

By quantifying the epistemic uncertainty in a model, the modeller can decide whether the

model needs improving or the systematic error needs to be reduced. By quantifying the

aleatoric uncertainty, the modeller can decide whether the random aspects of the experiment

need improving or the random error needs to be reduced for example by performing more

experiments.

Hybrid methods use data assimilation to calibrate a reduced-order modelH using

dataD . Once calibrated, the reduced-order model can be used to make predictions for an

unknown quantityy from an input quantityx. The causal graphical model describing these

assumptions is shown in Fig. 1.1. The �rst inference task is �tting the parameters of the

model to the data: given observationsD , the posterior probability distribution,p(qjD ;H ),

of the parametersq of assumed modelH must be found. Predictions can be made using

the �tted model. If only one set of parameters,q̂, is used when making predictions, then the

task involves �nding the probability distribution,p(yjx;D ; q̂;H ), of quantityy given input

x, observationsD and �tted modelH with parameterŝq. If a probability distribution of

parameter values is considered when making predictions, then the task involves �nding the

probability distributionp(yjx;D ;H ). These tasks can be solved in a Bayesian probability

framework, as described in the previous section.

The reduced-order modelling methods mentioned earlier in this chapter involve

uncertainty propagation. The uncertainties in model parameters are propagated to the model

predictions to calculate the sensitivities of the predictions to the parameters. This can be
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Fig. 1.1 Diagram of the causal graph of reduced-order modelling, reproduced from [42].
A reduced-order modelH with parametersq is assumed to be a suitable candidate for
explaining observationsD , and can be used to make predictionsy from an inputx (for
example,x could be the current state of the system). The �rst inference task is the�tting
the model: given observationsD , what is the posterior probability distribution,p(qjD ;H ),
of the parametersq of assumed modelH ? The second inference task is theprediction:
given the observations and the model, what is the probability distribution,p(yjx;D ;H ), of
predictiony from inputx, integrating over the posterior distribution of the model parameters?

done using, for example, Monte Carlo methods. First, parametersf qig are sampled from the

posterior distributionp(qjD ;H ). For each sampleqi , we use the model to make a prediction

yi . Theseyi are samples from the predictive distributionp(yjx;D ;q;H ). By averaging these

sample predictions, we are performing the Monte Carlo estimation:

y � p(yjx;D ;H ) ; y �
1
M å

i
yi ; yi � p(yjx;D ;qi ;H ) ; qi � p(qjD ;H ) (1.18)

This is sometimes written as [40] (for conciseness):

p(yjx;D ;H ) �
1
M å

i
p(yjx;D ;qi ;H ) ; qi � p(qjD ;H ) : (1.19)

This allows for the uncertainty in the parameters to be propagated into uncertainty in the

predictions. If the predictive distribution is assumed to be Gaussian then these samplesf yig

can be �tted to a Gaussian distribution, which can be described by a set of expected values

and a covariance matrix.

For time series problems, inverse and forward uncertainty calculations are repeated

at every time step when observations become available. By doing this, data is assimilated

to reduce the uncertainty in model parameters and latent variables by combining model

predictions and experiments. The Kalman �lter [43] is an iterative method for estimating
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the moments of the posterior distribution of the statex and parametersq of a linear system

given a priorp(x;q) and noisy observationsy. We can append the state and parameters into

a single vectorx. The method assumes that the forecastx f is equal to the true state and

parametersxt with some model errord f :

x f = xt + d f : (1.20)

Similarly, the observations are assumed to be noisy measurements of the true state, with

measurement errore:

y = xt + e : (1.21)

The noise terms are both assumed Gaussian:

d f � N
�

0;Sf
d

�
; (1.22)

e � N (0;Se) : (1.23)

This means that the prior and likelihood are both Gaussian:

x � N
�

x f ;Sf
d

�
; (1.24)

yjx � N (x;Se) : (1.25)

Due to Bayes' rule, this means that the posterior is also Gaussian:

xjy � N
�
xa;Sa

d

�
; (1.26)

xa = ( I � K)x f + Ky ; (1.27)

Sa
d = ( I � K)Sf

d ; (1.28)

whereK is the Kalman gain:

K = Sf
d

�
Sf

d + Se

� � 1
: (1.29)

Eq. 1.27 shows that the posterior estimate of the state and parameters is a weighted combi-

nation of the previous estimate and the noisy measurement. This is the statistically optimal

estimate given the modelling assumptions. With the moments of the posterior estimated,

forecasts can be generated by integrating in time using the linear operatorF. This requires

the assumption that the model error in forecasting is Gaussian with mean0 and covariance

Sw:

x f (t + 1) = Fxa(t) ; (1.30)
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Sf
d(t + 1) = FSa

d(t)FT + Sw(t) : (1.31)

Starting from initial guesses of the mean and covariance of the state and parameters, Eqs.

1.30 and 1.31 are applied until a measurement becomes available. Eqs. 1.27 and 1.28 are

then applied to �nd the optimal posterior estimate.

Despite the strengths of the Kalman �lter, its use is hampered by the assumptions

of Gaussian distributions and linear models. Furthermore, the method is computationally

expensive for systems with a large number of state variables and parameters: the covariance

matrix requiresO(N2) variables to be stored andO(N3) operations to be inverted in the

Kalman gain calculation (Eq. 1.29). The ensemble Kalman �lter (EnKF [44]) is a variant

of the Kalman �lter which was developed to avoid these limitations. Instead of storing

the mean vector and covariance matrix of the state and parameters, an ensemble ofM <<

N approximately independent samplesf xigM are stored. These samples can be used to

approximate the mean and covariance matrix using the ensemble averaged quantities:

x f �
1
M

M

å
i= 1

xi ; (1.32)

Sf
d �

1
M � 1

M

å
i= 1

(xi � x f )(xi � x f )T : (1.33)

In this way, the storage requirements are reduced toO(MN) and the Kalman gain calculation

requiresO(M3) operations [45]. This means that for modest ensemble sizes, the EnKF is

more computationally ef�cient than the Kalman �lter. For linear models, an EnKF with an

in�nite ensemble size converges to the Kalman �lter. The ensemble Kalman �lter has been

used to assimilate data taken from direct numerical simulations (DNS) and the Rijke tube

into a qualitative model of the �ame to render the model quantitatively accurate [42, 46, 47].

An alternative method for estimating model parameters and uncertainties uses

Bayesian inference and Laplace's method [36, Chapter 27]. In this method, the poste-

rior of the parameters,q, given the observationsD and the assumption of a modelH is:

p(qjD ;H ) =
p(D jq;H )p(qjH )

p(D jH )
: (1.34)

Given the likelihood functionp(D jq;H ), the prior distributionp(qjH ) and observations

D , a gradient-based optimisation algorithm is used to calculateqMAP, the parameters which

maximise this posterior distributionp(qjD ;H ). The denominator of Eq. 1.34 is not a

function of the parameters, and so is not required when �ndingqMAP. Laplace's method is
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used to �nd the uncertainties inqMAP. This assumes that the posterior is Gaussian around

qMAP and the covariance matrix is:

S = �

 
¶2

¶q2 ln p(qjD ;H )

�
�
�
�
q= q̂MAP

! � 1

: (1.35)

The diagonal entriesSii of the covariance matrix are the epistemic uncertainties in the

parameterqi . The off-diagonal entries quantify the uncertainty between pairs of parameters.

The most important quantities of the covariance matrix are its eigenvalues, which are used

in principal component analysis (PCA, [48]). This method has been used to calculate the

uncertainties the parameters ofn� t models of a Rijke tube [12].

When the probability distributions are not Gaussian, alternative methods must be

used. The new task is to sample from the distributions, instead of estimating the moments of

an assumed distribution. The Markov Chain Monte Carlo (MCMC) method is a statistical

method for sampling from a target posterior distributionp(qjD ;H ). This involves sampling

q from distribution which approximates the target distribution but is easier to sample from.

The samples are corrected over time such that the approximate distributions converge to the

target distribution. Because the target distribution is not assumed Gaussian, MCMC can be

used to sample from nonlinear and multimodal distributions. However, the computational

cost of the method is such that it cannot be used for online data assimilation. Where online

data assimilation is required, particle �lters generalise Kalman �lters [49, 50]. MCMC has

been used to assimilate pressure measurements from the electrical heater Rijke tube into a

thermoacoustic network model for the acoustic oscillations [51].

1.3.2 Deep learning in �uid mechanics and combustion

Recently, deep learning methods have been applied in many �elds. These include:

• Learning the chemical kinetics of combustion. For example, neural networks can

be used to predict ignition delay times from rate coef�cients in kinetics models [52],

calculate the sensitivity of the kinetic model to its input parameters [53–55] or predict

unknown reaction pathways [56].

• Subgrid modelling of turbulence for LES. Neural networks have been trained to learn

probability distributions of mixture fraction and reaction progress variables, with

accuracy improvements over traditional methods [57, 58].

• Learning physics-aware surrogate models. Physics-informed neural networks (PINNs,

[59]) are neural networks trained with a loss function penalising predictions which do
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not satisfy the Navier-Stokes equations. PINNs have been used to learn latent vari-

ables [60] and velocity and pressure �elds from �ow visualisations [61]. Furthermore,

the learned PINNs can be used as surrogate models for simulation and uncertainty

quanti�cation [62].

• Learning data-driven surrogate models for computer graphics. When only qualitatively

accurate simulations are required, simulating with data-driven surrogate models can be

much cheaper than with solvers or physics-aware surrogate models [63, 64]. Random

regression forests [65], long short-term memory networks (LSTMs [66]) and graph

neural networks [67] have all been used to simulate plausible �uid �ows [63, 68–70].

1.4 Bayesian machine learning and probabilistic methods

1.4.1 Regression for homoscedastic data

Consider a dataset comprisingN data pointsf xi ;yigN. Regression involves �tting a function

f (x;q) with parametersq to this dataset. We assume the following relationship:

y = f (x;q)+ e ; (1.36)

wheree is assumed Gaussian with zero mean and variances 2. The variances 2 is the

aleatoric uncertainty in the predictionf (x;q). When the variance is the same for each point

x, this is known ashomoscedasticity. Alternatively, the variance can be a function ofx:

e � N (0;s 2(x)) . This is known asheteroscedasticity. We wish to �nd the parameterŝq

which minimise the sum of the squared error between the predictionf (x) and the correct

valuey:

q̂ = argminqL (q) ; (1.37)

L (q) = å
i

(yi � f (xi ;q))2 : (1.38)

In linear regression, the functionf (x;q) takes the formf (x;q) = q1x+ q2 and a closed

form solution to the valuêq which minimises Eq. 1.38 can be found by setting the partial

derivatives ofL (q) with respect to the parameters to zero and solving forq1 andq2. Where

a closed-form solution cannot be found, gradient-based optimisation methods must be used to

minimiseL (q). Under the homoscedastic assumption,q̂ has a probabilistic interpretation:

it is the value ofq which maximises the likelihood of the data given the functionf . This can
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be seen by �rst considering the likelihood function:

yjx;q � N ( f (x;q);s 2) ; (1.39)

p(yjx;q) =
1

s
p

2p
exp

�
�

(y� f (x;q))2

2s 2

�
: (1.40)

Assuming the data are independent and identically distributed:

p(f yigjf xig;q) = Õ
i

p(yi jxi ;q) : (1.41)

The negative log-likelihood (NLL) is:

NLL = � å
i

log(p(yi jxi ;q))

= å
i

�
(yi � f (xi ;q))2

2s 2 +
1
2

log(2ps 2)
�

=
1

2s 2 å
i

(yi � f (xi ;q))2 +
N
2

log(2ps 2)

(1.42)

Maximising the likelihood means minimising the NLL. For homoscedastics 2, this means

minimising:

å
i

(yi � f (xi ;q))2 ; (1.43)

which is identical to the objective function, Eq. 1.38.

It is possible to go one step further, and to �ndqMAP, the maximum a-posteriori

estimates of the parameters. To do this, we need to encapsulate any prior knowledge we may

have about the parameters:p(q). Let us assume a Gaussian prior with meanmq and variance

s 2
q : q � N (mq ;s 2

q ). We now wish to maximise the posterior:

p(qjf xi ;yig) µ p(f yigjf xig;q)p(q) (1.44)

Taking the negative log of the posterior:

� logp(qjf xi ;yig) = NLL � logp(q)

=
1

2s 2 å
i

(yi � f (xi ;q))2 +
N
2

log(s
p

2p)

+
(q � mq )2

2s 2
q

+
1
2

log(2ps 2
q )

(1.45)
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Thus, for homoscedastic data, maximising the posterior involves minimising:

L (q) = å
i

(yi � f (xi ;q))2 +
s 2

s 2
q

(q � mq )2 (1.46)

This loss function combines the sum of squared errors with aregulariserterm which penalises

large parameter deviations from the prior mean. The ratiol = s 2=s 2
q determines the extent

to which we deviate from the prior: if we are con�dent in our prior knowledge, a smalls 2
q

is chosen which gives a largerl andL (q) is dominated by the regulariser. If we use an

uninformative prior, thens 2
q is large and the likelihood dominates over the prior. If the mean

of the prior is zero, the regularisation term becomeslq 2. This is known asL2 regularisation

or weight decay, and is a successful method for avoiding neural network over�tting [71,

Chapter 7]. Over�tting occurs when a model of the data learns some or all of the aleatoric

noise in the data and poorly performs on new data not seen during training. Deep neural

networks have a huge number of model parameters and are therefore especially susceptible

to over�tting.

1.4.2 Regression for heteroscedastic data

In general, the aleatoric uncertainty in the data is heteroscedastic. Assuming, again, that

the aleatoric uncertainty is due to additive Gaussian noise, the regression task then involves

learning the meanm(x;q) and variances 2(x;q) functions of the Gaussian likelihood:

p(yjx;q) =
1

s (x;q)
p

2p
exp

�
�

(y� m(x;q))2

2s 2(x;q)

�
: (1.47)

When the functional form of the mean and variance functions is not known, neural networks

can be used to learn these from the data. This is because neural networks are universal

approximators: they can be used to learn any function to any degree of accuracy, so long as a

large enough dataset of input-output pairsf xi ;yigN is available for training [72]. Learning the

mean and variance functions is known as Mean and Variance Estimation (MVE) [73]. Given

the datasetf xi ;yigN, we wish to maximise the probability of this data under the assumptions

of additive heteroscedastic aleatoric noise. Equivalently, this means minimising the Gaussian

NLL loss function:
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L (q) = � log

 

Õ
i

p(yi jxi ;q)

!

= � å
i

log(p(yi jxi ;q))

= å
i

�
(yi � m(xi ;q))2

2s 2(x;q)
+

1
2

log(2ps 2(x;q))
�

= å
i

�
(yi � m(xi ;q))2

s 2(x;q)
+ log(s 2(x;q))

�
+ const.

(1.48)

When trained with this loss function, a neural network will output the maximum likelihood

mean and variance estimates for any input data point. This means that the aleatoric uncertainty

in the data can be estimated. As before, maximum a-posteriori estimation can be performed

by adding our prior knowledge as a regularisation term to the Gaussian NLL loss. Assuming

a Gaussian priorq � N (mq ;s 2
q ), the loss function becomes:

L (q) = å
i

�
(yi � m(xi ;q))2

s 2(x;q)
+ log(2ps 2(x;q))

�
+

(q � mq )2

s 2
q

+ log(2ps 2
q )

= å
i

�
(yi � m(xi ;q))2

s 2(x;q)
+ log(s 2(x;q))

�
+

(q � mq )2

s 2
q

+ const:

(1.49)

Training in this way means we can learn any function of the data, whether the aleatoric noise

is homoscedastic or heteroscedastic. This method is general but does not provide estimates

of the model uncertainty or epistemic uncertainty in the predictions.

1.4.3 Bayesian model averaging: estimating epistemic uncertainty

In classical neural network training, an optimisation algorithm iteratively updates the param-

eters of the network until convergence to the MLE point estimateqMLE. For an inputx, the

network with parametersqMLE is used to output a single valuey, with no estimate of the

uncertainty in this value. Neural networks are usually highly underspeci�ed by the available

data, and therefore have diffuse likelihoodsp(D jq). Different settings of the parameters can

provide similarly suitable hypotheses for the data. The posteriorp(qjD ) µ p(D jq)p(q) is

therefore not well approximated by a delta function. By training multiple neural networks on

the same training data set but with different initial parameters, an ensemble can be trained.

During training, the parameters of each neural network in the ensemble will converge to

different values because the loss function has many local minima in general. This means that

each neural network will predict different values fory given the same inputx. The uncertainty
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implied by the range of values predicted by the ensemble has been shown to be qualitatively

accurate [74]. Ensembling has been shown to improve both accuracy and generalisation of

neural networks [40]. However, this method only gives qualitative uncertainty estimates as it

does not have a Bayesian interpretation.

Approximately Bayesian ensembling of neural networks [75] extends neural network

ensembling and is a Bayesian model averaging method. In [75], the authors assume a

dataset with additive homoscedastic Gaussian noise such that the likelihood takes the form

yjx � N (m(x);s 2) where the variance is constant and known a-priori. The method involves

initialising an ensemble ofM neural networksf mj (x;q j )gM each with unique initial weights

and biasesq0; j = [ w0; j ;b0; j ]T drawn from a prior distribution:

q0 � N (mprior ;Sprior ) ; (1.50)

with diagonal covariance matrixSprior = diag(s 2
prior ). Each neural network is trained in-

dependently. The loss function for thej-th member in the ensemble comprises the sum of

squared errors and an anchored regularisation term:

L (q j ) = å
i

(yi � mj (xi ;q j ))2 + ( q j � q0; j )TL(q j � q0; j ) (1.51)

whereL = diag( s 2

s 2
prior

). When trained in this way, the parameters of each neural network in

the ensemble converge to point estimates from the approximate Bayesian posteriorp(qjD ).

The M sets of parametersf q jg in the ensemble therefore representM samples from the

posterior. These can be used as Monte Carlo estimates in the predictive distribution:

p(yjx;D ) =
Z

p(yjx;q)p(qjD )dq �
1
M å

j
p(yjx;q j ) ; q j � p(qjD ): (1.52)

The variance in the predictionsp(yjx;q j ) is the epistemic uncertainty, or model error. In [76],

the authors extend this method to heteroscedastic data. The neural networks now estimate

both mean and variance functions,f mj (x;q j );s 2
j (x;q j )gM. The loss function becomes:

L (q) = å
i

 
(yi � mj (xi ;q j ))2

s 2
j (xi ;q j )

+ log(2ps 2
j (xi ;q j ))

!

+ ( q j � q0; j )TL(q j � q0; j ) ; (1.53)
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whereL = diag( 1
s 2

prior
). As before, the predictive distribution is approximated using theM

posterior parameter estimatesf q jgM:

p(yjx;D ) �
1
M å

j
p(yjx;q j ) ; q j � p(qjD ): (1.54)

For ease of computing quantiles and predictive probabilities, this predictive distribution is

often approximated by a Gaussian distribution:

yjx;D � N (m(x);s 2(x)) (1.55)

where the mean and variance functions are aggregated from the ensemble predictions:

m(x) =
1
M å

j
mj (x;q j ) ; (1.56)

s 2(x) =
1
M å

j
s 2

j (x;q j )

| {z }
heteroscedastic aleatoric uncertainty

+
1

M � 1å
j

�
mj (x;q j ) � m(x)

� 2

| {z }
epistemic uncertainty

: (1.57)

This method allows us to quantify both aleatoric and epistemic uncertainties in the predictions.

1.4.4 Alternative uncertainty quanti�cation methods in deep learning

One of the simplest methods for estimating the epistemic uncertainty in neural network

predictions is Monte Carlo dropout [77]. In standard dropout [78], the outputs of each hidden

layer node in a neural network are set to zero with some probabilitya each time the network

is evaluated during training. This helps prevent over�tting by reducing the sensitivity of

the output to nodes in the network that would otherwise dominate due to a large weight

parameter. Monte Carlo dropout extends this method so that the random switching off of

nodes in the network also happens at test time. Multiple evaluations of the network on the

same input give a range of outputs, the variance of which is the epistemic uncertainty in

the prediction. Although the method performs approximate Bayesian model averaging, the

extent to which the method obeys Bayesian theory is debated [79].

Bayesian neural networks [39] are neural networks where each parameter in the

network is replaced by a random variable with a probability distribution parameterised by

parameters which are learned during training. The likelihood of such a network is intractable
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and so no closed form solution to the predictive distribution

p(yjx) =
Z

p(yjx;q)p(qjD )dq (1.58)

exists. In practice, Monte Carlo sampling of each parameter in the network must be performed,

which is prohibitively computationally expensive for Bayesian neural networks of practical

size (thousands of hidden layer nodes, tens or hundreds of layers). Gaussian processes are

more general than Bayesian neural networks (a single layer, in�nitely wide Bayesian neural

network is a Gaussian process). They are seen as the gold standard method for learning a

predictive distribution, though suffer from prohibitive computational costs.

Variational inference (VI) is an alternative, Bayesian, sampling-free method. The

method involves learning a tractable, proxy distributionq(q) for the posterior distribution

of the parameters,p(qjD ). The optimisation task involves maximising the evidence lower

bound (ELBO):

ELBO =
Z

q(q) logp(D jq)dq + KL(q(q)jj p(qjD )) (1.59)

whereKL(q(q)jj p(qjD )) is the Kullback-Leibler divergence, which measures the similarity

between two probability distributions. The main disadvantages of the method are that the

the quality of approximation of the posterior is limited by both how restrictive the proxy

distribution is, and the extent to which the optimisation routine converged. Both of these are

dif�cult to evaluate in practice [80].



Chapter 2

Parameter inference for a kinematic

model of a Bunsen �ame

This chapter is based upon the following conference and journal publications. The �rst two

were double-blind peer-reviewed by at least one reviewer. However, the reviews are not made

available to the authors, but are used by the conference organisers to decide on acceptance.

• U. Sengupta, M. L. Croci, and M. P. Juniper, “Real-time parameter inference in

reduced-order �ame models with heteroscedastic Bayesian neural network ensembles,”

in Machine Learning and the Physical Sciences workshop at the 34th Conference on

Neural Information Processing Systems (NeurIPS), (Virtual), 2020 [81];

• M. L. Croci, U. Sengupta, and M. P. Juniper, “Online parameter inference for the

simulation of a Bunsen �ame using heteroscedastic Bayesian neural network ensem-

bles,” inDeep Learning for Simulation workshop at the 9th International Conference

Conference on Learning Representations (ICLR), (Virtual), 2021 [82].

The third conference paper was submitted to the Machine Learning and Data Assimilation in

Dynamical Systems (MLDADS) at the International Conference of Computer Science (ICCS

2021), and was peer reviewed by 3 reviewers before being further selected for publication

in the Lecture Notes in Computer Science (LNCS) journal. The conference and journal

publications are the following:

• M. L. Croci, U. Sengupta, and M. P. Juniper, “Data Assimilation Using Heteroscedastic

Bayesian Neural Network Ensembles for Reduced-Order Flame Models,” inMachine

Learning and Data Assimilation in Dynamical Systems (MLDADS) at the International

Conference of Computer Science (ICCS), (Virtual), 2021;
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• M. L. Croci, U. Sengupta, and M. P. Juniper, “Data Assimilation Using Heteroscedastic

Bayesian Neural Network Ensembles for Reduced-Order Flame Models,”Lecture

Notes in Computer Science (including subseries Lecture Notes in Arti�cial Intelligence

and Lecture Notes in Bioinformatics), vol. 12746 LNCS, pp. 408–419, 2021 [83].

In this chapter, Mr Ushnish Sengupta conducted the Bunsen �ame experiments and

co-designed and co-implemented the neural network ensembles, using a method originally

proposed in [76]. I implemented the ensemble Kalman �lter [47], LSGEN2D [84] and the

image processing.

2.1 Introduction

In this chapter, the parameters of aG-equation model of a Bunsen �ame are inferred using

two different methods: the ensemble Kalman �lter [44] and heteroscedastic Bayesian neural

network ensembles [76]. The Bunsen �ame experiment is chosen as a precursor to larger

experiments, such as the Volvo combustor in Chapters 3 and 4. Previously, the ensemble

Kalman �lter method has been used to assimilate data fromG-equation simulations [46],

direct numerical simulations (DNS) [85] and Bunsen �ame experiments [47]. Heteroscedastic

Bayesian neural networks ensembles are implemented for faster real-time inference than can

be achieved with the ensemble Kalman �lter. The method requires the creation of a library

of simulated �ame fronts with knownG-equation parameters, which is computationally

expensive. The heteroscedastic Bayesian neural networks are trained using supervised

machine learning, which is also computationally expensive. However, once these two steps

have been performed, the neural networks can infer the the parameters of theG-equation

model six orders of magnitude faster than the ensemble Kalman �lter.

2.2 The Bunsen �ame

2.2.1 Experiment

Fig. 2.1 shows the con�guration of the Bunsen experiment: a Bunsen burner is placed inside

a transparent duct and images of the �ame are taken with a high-speed camera atfs = 2500

frames per second and a resolution of1200� 800pixels. The �ame is forced acoustically

with a speaker from 250 Hz to 450 Hz. For this range of frequencies, the frame rate is high

enough to avoid aliasing effects. The gas composition (methane, ethene and air) and �ow

rate are varied using mass �ow controllers. By varying the forcing frequency and amplitude

and gas composition and �ow rate, as shown in Table 2.1, �ames with different aspect ratios,
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propagation speeds and degrees of cusping of the �ame front are observed. In some cases,

the �ame front cusping leads to pinch-off at the �ame tip. For each of the 270 different �ame

operating conditions, 500 images are taken.

Table 2.1 Bunsen �ame experiment gas and air �ow rates, unstretched �ame speedss0
L and

excitation frequencies. The unstretched �ame speeds are calculated using Cantera [86].

Fig. Ethene (NL/min) Methane (NL/min) Air (NL/min) s0
L (m/s) Exc. Freq. (Hz)

2.11 0.300 0.300 600 0.726 450
2.12 0.400 0.200 600 0.710 425
2.13 0.267 0.400 600 0.585 300
2.14 0.300 0.150 450 0.810 400
2.15 0.200 0.300 450 0.663 325
2.16 0.225 0.225 450 0.848 275
2.17 0.150 0.150 300 1.122 350
2.18 0.200 0.100 300 1.217 375
2.19 0.133 0.200 300 0.764 250
2.20 0.133 0.200 300 0.764 -

The �ame images are processed and the �ame front is extracted as a radial location

x, which is a single-valued function of the axial co-ordinatey: x = f (y). First, the pixel

intensities are thresholded and the �ame locationx for every vertical co-ordinatey is found by

weighted interpolation of the thresholded pixels, where the weights are the pixel intensities.

Next, splines with 28 knots are used to smoothx(y). Each �ame image is therefore converted

into a90� 1 vector of �ame frontx locationsx. They co-ordinates are the same for all

�ames, so are discarded. Observation vectorsz are created by stacking ten consecutivex

vectors. These observation vectors are the inputs to the neural networks. All 500 images of

each Bunsen �ame are processed in this way.

2.2.2 Non-dimensionalisation

The characteristic scales of the problem are the radius of the burnerR, the length of the

unstretched unforced �ame,L, the excitation angular frequency2p f and the time taken by

a particle to convect from the base to the tip of the �ame,L=V, and its inverseV=L which

is called here the spatial frequency. The Strouhal number is the ratio of the spatial time

scale to the excitation time scale (where the time scales are the reciprocal of the frequencies)

St= 2p f L=V. By de�ning the aspect ratio of the unstretched, unforced �ameb = L=R, the

Strouhal number may be written equivalently as St= 2p f bR=V.
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Fig. 2.1 Diagram of the Bunsen �ame experiment setup: a Bunsen burner is placed inside
a tube and a high-speed camera takes images of the �ame through a glass window. The
fuel composition (air, methane and ethene) and �ow rate are controlled using mass �ow
controllers (MFCs). The �ame is forced acoustically using a loudspeaker. This diagram is
due to Mr Ushnish Sengupta.

2.3 TheG-equation and LSGEN2D, theG-equation solver

2.3.1 G-equation model

In this thesis the �ame front is de�ned to be theG = 0 contour (or level-set) of a scalar

�eld G(x;y;t). Regions of negative and positiveG correspond to unburnt and burnt gases

respectively (the magnitude ofG has no physical signi�cance). The evolution ofG is

governed by:

¶G
¶t

+ v � ÑG = sLjÑGj; (2.1)

wherev is a prescribed velocity �eld andsL is the laminar �ame speed: the speed at which

the �ame front propagates normal to itself into the reactants. The �ame speedsL is a function

of the unstretched (adiabatic) �ame speeds0
L, the �ame curvaturek and the Markstein length

L , and is insensitive to pressure variations:

sL = s0
L (1� L k ) : (2.2)

The unstretched �ame speeds0
L depends only on the �ame chemistry. The velocity �eldv

comprises a parabolic base �ow pro�leV(x) and superimposed continuity-obeying velocity
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perturbationsu0(x;y;t) andv0(x;y;t):

v =
�
V(x)+ v0� j + u0i; (2.3)

V(x)
V

= 1+ a
�

1� 2
� x

R

� 2
�

; (2.4)

v0(x;y;t)
V

= esin
�

St
�

Ky
R

� t
��

; (2.5)

u0(x;y;t)
V

= �
eKStx

bR
cos

�
St

�
Ky
R

� t
��

; (2.6)

wherea determines the shape of the base �ow pro�le (a = 0 is uniform �ow, a = 1 is

Poiseuille �ow), e is the amplitude of the vertical velocity perturbation with phase speed

V=K, St = 2p f Rb=V is the Strouhal number with forcing frequencyf and �ame radius

R, andb is the aspect ratio of the unperturbed �ame. These velocity perturbations model

experimental observations [87, 24] and DNS results [29].

The parametersK;e;L ;a ;St andb are tuned to �t an observed �ame shape. Fig.

2.2 shows a diagram of the �ame front under theG-equation model. This model allows cusps

to form at the �ame front and pockets of unburnt reactants to detach from the �ame tip, as is

observed in some experiments. It has proven to be a versatile �ame front model in several

previous studies, despite having only a few parameters [88].

2.3.2 LSGEN2D: theG-equation solver

Starting from a validG �eld state that satis�es Eq. 2.1, LSGEN2D ([84]) evaluates¶G=¶t

and then updatesG in a narrow band around theG = 0 contour. The �ame wrinkling and

cusping are assumed to be symmetric about the centre-line. Axial and radial oscillations

of the �ame (but not non-axisymmetric oscillations) are therefore modelled. Because the

imposed velocity �eld is periodic, the states converge to a forced cycle, typically within 4

periods. The normalised area variation over one period can be calculated from the forced

cycle states, which for uniformsL
1 is proportional to the normalised heat release rate [9, 27].

LSGEN2D iterates theG-equation for a non-dimensional �ame, scaled vertically by

bR, horizontally byRand withV = 1. The transformation from non-dimensional LSGEN2D

coordinates(x� ;y� ) into dimensional coordinates(x;y) of a �ame with parametersRandb is

(x;y) = ( Rx� ;bRy� ). Thex coordinates take values between 0 and2R (0 corresponds to the

1AlthoughsL is not uniform in regions of high curvature, such as at the �ame tip, this effect is small.
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Fig. 2.2Left: An image of a Bunsen �ame.Middle: In theG-equation model, the �ame
front is represented by theG = 0 contour (or level-set) of a continuous scalar �eldG(x;y;t).
Unburnt and burnt gases are regions whereG < 0 andG > 0 respectively. The �ame front
travels normal to itself into the unburnt gases with speedsL. The �ame front advects under
the prescribed velocity �eld, which comprises continuity-obeying velocity perturbations
u0(x;y;t) andv0(x;y;t) superimposed onto a steady base �ow pro�leV(x). Right: A G �eld
solution in LSGEN2D, a level-set solver. Blue and red regions are unburnt and burnt gases
respectively, and the thin white band represents the �ame front.

centreline,R to the radius width and2R to G �eld domain boundary), and they coordinates

range from 0 to 1:8bR.

2.3.3 Evidence of transients and implications for data assimilation

Starting from a steadyG �eld solution and forcing the �ame with a prescribed oscillating

velocity �eld, theG �eld shows transient behaviour before reaching a forced cycle. A linear

perturbation analysis (see appendix A) predicts this transient behaviour to last for a duration

tc:

tc =
(1+ b2)

b
R
V

: (2.7)

This agrees with our intuition for �ames with largeb (tall, slender �ames):tc � bR=V is the

time it takes for a perturbation travelling with speedV to travel from the base of the �ame to

its tip, a distancebR downstream. For a forced cycle with periodT = 1=f , the number of

periods it takes for the system to reach the forced cycle,pc, is:

pc =
tc
T

=
(1+ b2)

b
f R
V

:
(2.8)
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These transients are indeed found when solving theG-equation with LSGEN2D, as shown in

Fig. 2.3. This happens with both pinned and �oating (where the �ame attachment point is

free to move along the burner lip) boundary conditions at the burner lip. Furthermore, if the

parameters of the model are varied at any point in the simulation, transients reappear until

the system reaches a new forced cycle for this new set of parameters. This same behaviour is

con�rmed using the MATLAB solver, as seen in Fig. 2.4.

(a) t = 0:1T. (b) t = 0:5T. (c) t = 0:8T. (d) t = T.

Fig. 2.3 One cycle of transient nature in the LSGEN2D solution.

The implication of this fact is that when assimilating data into theG-equation

model, one must either study cases for which the transients are very short-lived, or the data

assimilation process must be slowed down to allow for the transients to die away.

2.4 Library of forced �ame simulations

A library of �ame front locations is created with the �ame front model at known parameter

valuesK;e;L ;a ; St;b and f =fs in the same format as the observation vectors,z. The

parameter values are sampled using quasi-Monte Carlo sampling to ensure good coverage of

the parameter space. The parameters are sampled from the ranges in Table 2.2. The values of

St are calculated usingSt= 2p f Rb=V. The parameters are sampled 8500 times, normalised

to between 0 and 1 and recorded in target vectorsf p = [ K;e;L ;a ;St;b ]g.

TheG �eld is iterated forward in time for a duration oftc seconds (Eq. 2.7) (pc

periods , Eq. 2.8, where the period is1=f ). This allows any transient �ame behaviour to

die away. For parameters sampled according to Table 2.2,pc varies between0:2 and20.

Then, theG �eld is iterated forward for a further period. The value of theG �eld (which

varies between the range of -0.03 and 0.03) atNT = 200equally spaced timesteps within

this period is recorded:f G1;G2; : : : ;GNT g. For eachG �eld in the sequencef Gig, the �ame

front y = f (x) is extracted from theG = 0 contour for allx in the range of the experiment

observation window. The �ame fronty coordinates are recorded in a column vectorxi . The
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(a) t = 0 (b) t = 0:15

(c) t = 0:3 (d) t = 0:45

(e) t = 0:6 (f) t = 0:75

Fig. 2.4 MATLAB solution (blue solid line) to theG-equation �ame model with parameters
R= 1:335, b = 13:2, St= 40, K = 0:5 ande = 0:03. The LSGEN2D solution (red circles)
is superposed onto one half of the MATLAB solution for comparison. Note that only the
G = 0 contour is shown, and the plots are scaled vertically by1=b. A long-lasting transient
can be seen, with period of 0.3 seconds.

resulting sequencef x1;x2; : : : ;xNT g represents the �ame front position atNT equally spaced

timesteps in the period. Next, the sum of squared errors between the �rst and lastG �elds in

the sequencef Gig is calculated. If this error is below a tolerancetol, the frame sequence

f Gig is deemed to be a valid forced cycle. If the error is above the tolerance, the frame

sequence is deemed unconverged, and is discarded along with its target parameters. The



2.4 Library of forced �ame simulations 29

frame rate of the forced cycle sequence isNT=T which is not, in general, equal to the frame

rate of the experimental data (fs = 2:5� 103 Hz). To create a sequence of ten simulated

�ame fronts with the same frame rate as the experimental data starting from a timestept1, we

calculate the ratioD= NT f =fs and select the sequencef xt1;xt1+ D; : : : ;xt1+ 9Dg. The vectors

in this sequence are appended together to make a column vectorz. This is repeated for allNT

of the starting timestepst1; t2 : : : tNT , and forP = 8500combinations of parameters sampled

from the ranges shown in Table 2.2. The result is a library ofPNT = 1:7� 106 observation -

parameter pairs. This is summarised in algorithm 1.

The algorithm can be trivially parallelised because each iteration of thefor loop

(sampling the parameters, iterating LSGEN2D and calculating the �ame fronts) is inde-

pendent and can be performed on a single CPU core. The library is generated using the

Cambridge Service for Data Driven Discovery's Peta4 supercomputer2. The computational

budget allows for a maximum of 320 Intel Xeon Skylake CPU cores3 to be used concurrently.

One loop of algorithm 1 takes one to two hours, depending on the transient dissipation timetc.

An upper bound for the library generation's computational cost is8500� 2 = 1:7� 104 CPU

core-hours. This takes approximately 54 hours when at the limit of maximum concurrent

CPU core usage.

Table 2.2 Ranges of parameter values. The parameters are sampled using quasi-Monte Carlo
sampling from between these ranges.

Parameter ranges Description

0:0 < K � 1:5 Ratio of mean base �ow speed to perturbation phase speed
0:0 < e � 1:0 Amplitude of the vertical velocity perturbation
0:0 � a � 1:0 Base �ow shape

0:02� L � 0:08 Markstein length
2:0 � b � 10:0 Aspect ratio of the unperturbed �ame

0:002 m< R� 0:004 m Flame radius
1:0 m/s< V � 5:0 m/s Mean base �ow speed
200 Hz� f � 500 Hz Excitation frequency

2https://www.hpc.cam.ac.uk/systems/peta-4
3Following an upgrade in November 2021, this number was increased to 448 Intel Xeon Platinum CPU

cores.
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Algorithm 1: Generate a library of simulated Bunsen �ame fronts with
known parameters.

Data: Number of parameter samplesP, number of timesteps per periodNT ,
frame ratefs, tolerancetol.

Result: Library of pairs(pi ;zi)
PNT
i= 1

for 1 � p � P do
K;e;L ;a ; f ;b ;R;V  sample() ; . Sample parameters from Tab. 2.2.
St  2p f bR=V;
p  [K;e;L ;a ;St;b ]; . Record the target parameters.
T  1=f ;
tc  R(1+ b2)=bV; . Calculate the transient duration (see Appendix A).
t  0;
dt  T=NT ;
LSGEN2D:initialise(p); . Initialise LSGEN2D with target parameters.
while t � tc do

. Iterate theG-equation forward in time for the duration of the transient
period.

LSGEN2D:iterate() ;
t  t + dt;

end
while tc � t � tc + T do

. Once the transient period is over, iterate for a further period and record
the �ame frontx coordinates.

LSGEN2D:iterate() ;
Gt  LSGEN2D:G;
xt  Gt :extractFront() ;
t  t + dt;

end
if jGtc+ T � Gtcj < tol. then

. Verify that the convergence of the forced cycle by comparing the �rst
and lastG �elds in the cycle.

D NT f =fs;
for t0 = 1 : NT do

z  concatenate(xt0;xt0+ D; : : : ;xt0+ 9D); . Create observation vector.
library:addPair(p;z); . Save the parameter - observation pair.

end
end

end
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2.5 Parameter inference for theG-equation model of the

Bunsen �ame

2.5.1 The heteroscedastic Bayesian neural network ensemble (BayNNE)

methodology

We assume that the posterior probability distribution of the parameters, given the observations,

can be modelled by a neural network,pq (pjz), with its own parametersq. Here,q comprises

all of the weights and biases in the neural network. We assume that this posterior distribution

has the form:

pq (pjz) = N (mmm(z);SSS(z)) ; (2.9)

whereSSS(z), the posterior covariance matrix of the parameters given the data, is diagonal

with sss 2(z) on its diagonal. This enforces our assumption that the parameters are mutually

independent, given the observationsz. We use an ensemble ofM = 20neural networks. The

architecture of each neural network is shown in Fig. 2.5. Each neural network comprises

an input layer, four hidden layers with ReLU activations and two output layers: one for the

mean vectormmm(z) and one for the variance vectorsss 2(z). The output layer for the mean uses

a sigmoid activation to restrict outputs to the range(0;1). The output layer for the variance

uses an exponential activation to ensure positivity. Each neural network in the ensemble is

initialised with unique weightsqqq j ;anc sampled from a Gaussian prior distributionN (0; 1
NH

)

and biasesb j ;anc sampled from a uniform prior distribution in the range [� 1p
NH

, 1p
NH

].

For a single observationz, the j-th neural network in the ensemble produces a mean

and variance estimate of theG-equation parameters:

mmmj (z);sss 2
j (z): (2.10)

This is achieved by minimising the loss functionL j :

L j =
�

mmmj (z) � p
� T

SSSj (z)� 1
�

mmmj (z) � p
�

+ log
�
jSSSj (z) j

�

+
�
qqq j � qqqanc; j

� T SSS� 1
prior

�
qqq j � qqqanc; j

�
:

(2.11)

The �rst two terms of the loss function are the negative logarithm of the normalised Gaussian

likelihood function up to an additive constant. The third term is a regularising term that

penalises deviation from prior anchor valuesqqqanc; j . The NNs produce samples from the

posterior distribution. This is called randomised maximum a-posteriori (MAP) sampling [75].
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Fig. 2.5 Architecture of each neural network in the ensemble of 20. The input and hidden
layers have 900 nodes each, while each output layer has six nodes each. All layers are fully
connected (FC). Recti�ed Linear Unit (ReLU) activation functions are used for the hidden
layers and sigmoid and exponential (Exp) activation functions are used for the mean and
variance output layers respectively.

For a single observation vectorz, the prediction from the ensemble of neural net-

works is therefore a distribution ofM Gaussians, each centred at their respective means

mmmj (z). Following similar treatment in [74], this distribution is then approximated by a

single multivariate Gaussian posterior distributionp(pjz) � N (mmm(z);SSS(z)) with mean and

variance:

mmm(z) =
Sj mmmj (z)

M
; SSS(z) = diag

�
sss 2(z)

�
; (2.12)

sss 2(z) =
Sjsss 2

j (z)

M
+

Sj mmm2
j (z)

M
�

�
Sj mmmj (z)

M

� 2

: (2.13)

This is repeated for every observation vectorz. The posterior distributionp(pjzi) with the

smallest total variances 2
i;tot = jjsss 2(zi)jj1 is chosen as the best guess to the true posterior.

TheM parameter samples from the chosen posterior are used for re-simulation, which allows

us to check the predicted �ame shapes and to calculate the normalised area variation over

one cycle.

2.5.2 The ensemble Kalman �lter

The Kalman �lter iteratively performs Bayesian inference to �nd the probability distribution

of the state of a system given noisy observations of the system and an imperfect model of the
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system dynamics. In this study, the state comprises the location of the �ame front and the

parametersK ande. These parameters are assumed to be independent given the observations

of the �ame front and constant for each of the Bunsen �ame experiments. The �ame front is

modelled using theG-equation (Eq. 2.1). The ensemble Kalman �lter [44] (EnKF) evolves

an ensemble of simulations forward in time. The covariance matrix of these ensembles is

assumed to approximate the covariance matrix of the state evolved over the same period of

time. The EnKF is more practical when the state contains many variables and the evolution is

nonlinear, as discussed in Chapter 1, subsection 1.3.1. In this study, the state containsO(102)

variables and the governing equation (Eq. 2.1) is nonlinear.

The parametersL ;a ;b andStare calculated by solving theG-equation (Eq. 2.1)

when steady and do not need to be inferred with the EnKF. This reduces the cost of the

EnKF but increases the number of steps compared with the BayNNE method. The forcing

frequencyf is manually set when running the Bunsen �ame experiments. The unperturbed

laminar �ame speeds0
L is calculated using Cantera4 and knowledge of the methane and

ethene �ow rates.V is calculated froms0
L andb: V = s0

L

p
1+ b2. The Strouhal number can

then be calculated:St= 2p f bR=V. Ref. [42] contains details about the implementation of

the EnKF.

An ensemble size of 32 is used in this study. A multiplicative in�ation factor of 1%

is chosen to mitigate the underestimation of the error covariances due to the �nite ensemble

size [89]. Once the EnKF has converged, the parametersK ande calculated by each ensemble

member are recorded. These are samples from the posterior distribution of the parameters

given all the �amex-location vectors:p(K;ejx1;x2; : : : ;xN). This differs from the BayNNE,

which was givenx-location vectors in groups of ten.

2.6 Results and discussion

2.6.1 Neural network training and evaluation

The ensemble of 20 Bayesian neural networks is trained on the forced cycle library for

5000 epochs, with a80 : 20train-test split and an Adam optimiser with learning rate10� 3.

Training takes approximately twelve hours per neural network on an NVIDIA P100 GPU. The

ensemble is trained in parallel on the Cambridge Service for Data Driven Discovery's GPU-

accelerated cluster (Wilkes5). Once the neural networks are trained, ensemble prediction

takesO(10� 3) seconds on an Intel Core i7 processor on a laptop.

4Cantera is a suite of tools for problems involving chemical kinetics, thermodynamics, and transport
processes [86].

5https://www.hpc.cam.ac.uk/systems/wilkes-2
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2.6.2 Ensemble Kalman �lter training and evaluation

For each test case, the ensemble Kalman �lter technique requires an hour to calculate

estimates ofL ;a ;Standb on an Intel Core i7 processor on a laptop, followed by 2 hours of

data assimilation on a pair of Intel Xeon Skylake 6142 processors to produce estimates ofK

ande. The EnKF is fully parallelised: the processors have 32 cores in total, one for each

member in the ensemble.

2.6.3 Results on simulated data

To con�rm the validity of the EnKF and BayNNE methods, twin experiments are performed:

the EnKF and BayNNE ensembles must recover the parameters of simulated �ames generated

in LSGEN2D. These �ames do not appear in the BayNNE's library but have parameters

within the library's parameter space. The parameter estimates are then re-simulated using

LSGEN2D to compare the �ame shapes and the normalised �ame surface area variation over

one period,a(t)=ā. Twin experiments are performed for ten different simulated �ames, of

which �ve are reported in this thesis, which cover a wide range of �ame shapes and behaviour.

The ground truth parameters for each of the �ve reported twin experiments are shown in

Table 2.3.

Table 2.3 Ground truth parameter values of the twin experiments.

Twin experiment b a L St K e Fig.

Steady 9.217 0.319 0.058 - - - 2.6
1 8.128 0.707 0.029 28.83 0.306 0.490 2.7
2 9.833 0.462 0.070 21.05 0.095 0.474 2.8
3 4.389 0.931 0.043 17.03 0.892 0.214 2.9
4 9.359 0.992 0.053 33.92 0.681 0.268 2.10

Both methods perform equally well in recovering the ground truth parameters. The

normalised surface area variations agree with the ground truth as well. For cases where

pinch-off of the �ame tip occurs (�gures 2.9, 2.10), the BayNNE predicted parameters are

more uncertain. This is expected because pinch-off is a rare occurrence and so there will

be fewer examples of pinch-off in the simulated �ame-front library than examples without

pinch-off. This means that the BayNNE will have had less training data with which to learn to

infer the ground truth parameters. This limitation could be addressed by identifying regions

of parameter space which give rise to pinch-off behaviour and sampling parameters more

frequently in these regions. In contrast, the EnKF predicted parameters are more certain.

This is also to be expected because rare behaviour contains more information compared to
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common behaviour. By assimilating multiple periods of data during which pinch-off occurs,

the EnKF can converge to the ground-truth parameters much more quickly by learning from

this information. These results give us con�dence in the validity of both methods, which can

now be use to assimilate data from experiments.
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Fig. 2.6 Results of inference on the steady state twin experiment. Top four rows: LSGEN2D
�ame whose parameters are to be estimated, the detected �ame front, predicted �ames using
EnKF estimated parameters and predicted �ames using BayNNE estimated parameters. The
green and orange bands are regions of high likelihood of the �ame in the EnKF and BayNNE
plots. Fifth row: area variations over one period. Bottom: table of assimilated parameters.
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Fig. 2.7 Results of inference on the �rst forced twin experiment. The non-dimensional forcing
frequencyf R=V(= St=2pb) is 0.564. Top four rows: LSGEN2D �ame whose parameters are
to be estimated, the detected �ame front, predicted �ames using EnKF estimated parameters
and predicted �ames using BayNNE estimated parameters. The green and orange bands
are regions of high likelihood of the �ame in the EnKF and BayNNE plots. Fifth row: area
variations over one period. Bottom: table of assimilated parameters.
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Fig. 2.8 Results of inference on the second forced twin experiment. The non-dimensional
forcing frequencyf R=V is 0.341. Top four rows: LSGEN2D �ame whose parameters are to
be estimated, the detected �ame front, predicted �ames using EnKF estimated parameters
and predicted �ames using BayNNE estimated parameters. The green and orange bands
are regions of high likelihood of the �ame in the EnKF and BayNNE plots. Fifth row: area
variations over one period. Bottom: table of assimilated parameters.
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Fig. 2.9 Results of inference on the third forced twin experiment. The non-dimensional
forcing frequencyf R=V is 0.614. Top four rows: LSGEN2D �ame whose parameters are to
be estimated, the detected �ame front, predicted �ames using EnKF estimated parameters
and predicted �ames using BayNNE estimated parameters. The green and orange bands
are regions of high likelihood of the �ame in the EnKF and BayNNE plots. Fifth row: area
variations over one period. Bottom: table of assimilated parameters.
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Fig. 2.10 Results of inference on the fourth forced twin experiment. The non-dimensional
forcing frequencyf R=V is 0.577. Top four rows: LSGEN2D �ame whose parameters are to
be estimated, the detected �ame front, predicted �ames using EnKF estimated parameters
and predicted �ames using BayNNE estimated parameters. The green and orange bands
are regions of high likelihood of the �ame in the EnKF and BayNNE plots. Fifth row: area
variations over one period. Bottom: table of assimilated parameters.
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2.6.4 Results on experimental data

Figs. 2.11 to 2.20 show the results of inference on ten different Bunsen �ames. Both

techniques produce good parameter estimates, in that the predicted �ame shapes are in

good agreement with the experiments. Furthermore, the BayNNE predicts normalised

area variation curves at least as accurate as those predicted by the EnKF. However, the

EnKF's predictions ofK ande are more con�dent than the BayNNE's predictions of all six

parameters. The difference between the predicted uncertainties of the EnKF and BayNNE

can be explained by the difference between the posterior distributions calculated by both

techniques. The EnKF calculatesp(K;ejx1;x2; : : : ;x500): the probability distribution of the

parametersK ande given the location vectorsx from all 500 images. For the BayNNE

technique, the posteriorp(pjzi) = p(pjxi ;xi+ 1; : : : ;xi+ 9) with the smallest total variance is

chosen. This is the probability distribution of the parametersp given only ten image location

vectors, as opposed to the 500 used by the EnKF. Therefore, it is expected that the BayNNE

technique produces more uncertain parameter estimates.

This raises the question as to whether it is possible to increase the certainty of

the parameters by providing the BayNNE with more data. It is not possible to infer a

posteriorp(pjz1;z2; : : : ;zN) from the individual posteriorsp(pjzi) without knowledge of

the dependence between any two observations,p(zi jz j ). Two observation vectors are not

independent, because the information gained from a �rst observation restricts the expected

subsequent observations to a likely set of forced cycle states. One solution is to increase the

number of location vectorsx in each observation vector, which increases the computational

cost of training the neural networks. Another solution is a recurrent neural network, which

can have variable length sequences of data as inputs. However, a Bayesian ensembling

method with recurrent neural networks has not yet been proposed.
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Fig. 2.11 Results of inference on the �rst Bunsen �ame experiment. Top four rows: Bunsen
�ame whose parameters are to be estimated, the detected �ame front, predicted �ames using
EnKF estimated parameters and predicted �ames using BayNNE estimated parameters. The
green and orange bands are regions of high likelihood of the �ame in the EnKF and BayNNE
plots. Fifth row: area variations over one period. Bottom: table of assimilated parameters.
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Fig. 2.12 Results of inference on the second Bunsen �ame experiment. Top four rows:
Bunsen �ame whose parameters are to be estimated, the detected �ame front, predicted
�ames using EnKF estimated parameters and predicted �ames using BayNNE estimated
parameters. The green and orange bands are regions of high likelihood of the �ame in the
EnKF and BayNNE plots. Fifth row: area variations over one period. Bottom: table of
assimilated parameters.
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Fig. 2.13 Results of inference on the third Bunsen �ame experiment. Top four rows: Bunsen
�ame whose parameters are to be estimated, the detected �ame front, predicted �ames using
EnKF estimated parameters and predicted �ames using BayNNE estimated parameters. The
green and orange bands are regions of high likelihood of the �ame in the EnKF and BayNNE
plots. Fifth row: area variations over one period. Bottom: table of assimilated parameters.
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Fig. 2.14 Results of inference on the fourth Bunsen �ame experiment. Top four rows: Bunsen
�ame whose parameters are to be estimated, the detected �ame front, predicted �ames using
EnKF estimated parameters and predicted �ames using BayNNE estimated parameters. The
green and orange bands are regions of high likelihood of the �ame in the EnKF and BayNNE
plots. Fifth row: area variations over one period. Bottom: table of assimilated parameters.
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Fig. 2.15 Results of inference on the �fth Bunsen �ame experiment. Top four rows: Bunsen
�ame whose parameters are to be estimated, the detected �ame front, predicted �ames using
EnKF estimated parameters and predicted �ames using BayNNE estimated parameters. The
green and orange bands are regions of high likelihood of the �ame in the EnKF and BayNNE
plots. Fifth row: area variations over one period. Bottom: table of assimilated parameters.
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Fig. 2.16 Results of inference on the sixth Bunsen �ame experiment. Top four rows: Bunsen
�ame whose parameters are to be estimated, the detected �ame front, predicted �ames using
EnKF estimated parameters and predicted �ames using BayNNE estimated parameters. The
green and orange bands are regions of high likelihood of the �ame in the EnKF and BayNNE
plots. Fifth row: area variations over one period. Bottom: table of assimilated parameters.
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Fig. 2.17 Results of inference on the seventh Bunsen �ame experiment. Top four rows:
Bunsen �ame whose parameters are to be estimated, the detected �ame front, predicted
�ames using EnKF estimated parameters and predicted �ames using BayNNE estimated
parameters. The green and orange bands are regions of high likelihood of the �ame in the
EnKF and BayNNE plots. Fifth row: area variations over one period. Bottom: table of
assimilated parameters.
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Fig. 2.18 Results of inference on the eighth Bunsen �ame experiment. Top four rows: Bunsen
�ame whose parameters are to be estimated, the detected �ame front, predicted �ames using
EnKF estimated parameters and predicted �ames using BayNNE estimated parameters. The
green and orange bands are regions of high likelihood of the �ame in the EnKF and BayNNE
plots. Fifth row: area variations over one period. Bottom: table of assimilated parameters.
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Fig. 2.19 Results of inference on the ninth Bunsen �ame experiment. Top four rows: Bunsen
�ame whose parameters are to be estimated, the detected �ame front, predicted �ames using
EnKF estimated parameters and predicted �ames using BayNNE estimated parameters. The
green and orange bands are regions of high likelihood of the �ame in the EnKF and BayNNE
plots. Fifth row: area variations over one period. Bottom: table of assimilated parameters.
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