Data assimilation in Thermoacoustics

First Year Report

v

g

Jingquan Zheng
Supervisor: Prof. Juniper M. P.

Advisor: Prof. Mastorakos E.

Department of Engineering
University of Cambridge

Robinson College

October 2023






Abstract

Thermoacoustic oscillations cause noise and vibrations in rocket and aero engines and may
severely damage them. Most current thermoacoustic models are qualitatively accurate but do
not give quantitatively-accurate predictions because these systems are extremely sensitive.
In this project, we assimilate experimental data from the SCARLET (SCaled Acoustic
Rig for Low Emission Technologies) rig using physics-based Bayesian inference. We model
the complex geometries of the combustor with a qualitatively-accurate 1D low-order network
model. We then assimilate experimental data to improve model accuracy by minimizing the
negative log posterior likelihood of the parameters of each model, given the prior assumption
and the data. We apply Laplace’s method accelerated with first and second-order adjoint
methods to assimilate data efficiently. Adjoint methods cheaply provide the first and second
derivatives of a model’s state with respect to its parameters. The first derivative is used for
rapid data assimilation and optimization. The second derivative is used for inverse uncertainty

quantification.
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Chapter 1

Introduction

1.1 Thermoacoustic instabilities

Thermoacoustic instabilities, also referred to as combustion instabilities, have puzzled the
designers of combustion chambers in rocket and jet engines for decades. These instabilities in
combustion chambers originate from interactions between ames, sound, and ow dynamics.
They can increase heat transfer, accelerate payload failure and severely damage structures
[7]. Their occurrence under critical conditions must be completely prevented which requires
mitigation during the design stage. Today, forecasting the onset of these instabilities remains
a challenge, impeding the exploration of optimal operational regimes in gas turbine engines
[43].

The mechanism of thermoacoustic instabilities is similar to the Otto cycle which drives a
piston engineZ8]. For an ideal four-stroke Otto cycle, the air is rst compressed isentropi-
cally by the external force. Ata xed volume, the gas is ignited and combusts which releases
heat and raises the pressure further. Then, the gas expands isentropically to its original
volume. There is more work generated during the expansion phase than the compression
phase which is the net conversion of heat to work in the Otto cycle.

We can draw an analogy between the Otto cycle and thermoacoustic instabilities. In a
thermoacoustic system, the acoustic wave can be considered as the piston and the mixture of
vaporized fuel and air can be considered as the gas. The acoustic wave can perturb the ame
and its heat release rate by the compression and expansion of the gas around the ame. If
the perturbed ame heat release rate is higher than usual when the gas is under compression,
which means the pressure perturbation and unsteady heat release rate are 5] ptiese |
there is more work generated during the acoustic expansion phase than the compression
phase. If this net energy is not dissipated, then the amplitude of the pressure perturbation
grows exponentially which leads to thermoacoustic instabilities.
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1.2 Key methodologies to model thermoacoustic systems

There are two primary approaches for modelling thermoacoustics. One is computational uid
dynamics (CFD) and the other is reduced-order models.

Within the CFD framework, there exist three main methods: direct numerical simulations
(DNS), large eddy simulations (LES), and Reynolds-averaged Navier-Stokes equations
(RANS). DNS numerically solves the Navier-Stokes equation without any turbulence models
[40] which requires the most computational resources among these methods. LES ignores the
smallest length scale of turbulence via the low-pass Itering of the governing equadidns [
which can still provide high resolutions when modelling acoustic elB pnd combustion
ames [5]] in thermoacoustic systems. However, although LES is cheaper than DNS, it is
still very computationally infeasible in industrg§]. RANS simulations employ temporal or
ensemble averaging to ignore the turbulence-induced unsteadiness and model the Reynolds
stress 44]. They are much cheaper than LES but cannot capture details in turbulence.
Nevertheless, RANS still has important applications in industry when we want to seek a
balance between accuracy and computational costs [4, 3].

For reduced-order models, we introduce the low-order network method and the Helmholtz
method in this section. The low-order network meth8d [also known as the travelling
wave method, simpli es complex geometries of thermoacoustic systems with a combination
of acoustic elements and jump conditions. In each acoustic element, we can decompose
the acoustic eld into a forward-travelling wave and a backwards-travelling wave. During
preliminary designs of gas turbines, the network method is fast and ef cient and is therefore
widely used in the industr§]. Nonetheless, this method can only achieve qualitative accuracy
because it cannot account for the detailed geometries of a combustor. The Helmholtz method
solves the Helmholtz equation with heat release in the frequency domain based, in this
case, on the nite element metho89. This method can be applied to model 3D complex
geometries of a combustor and can achieve higher accuracy than the network method.
However, this method is based on the inviscid Euler equations at zero Mach number which
means it cannot model the regions accurately where there are interactions between the mean
ow aerodynamics and acoustic waves, such as entropy waves [38].
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1.3 Data assimilation and thermoacoustics

As discussed in section 1.2, CFD or reduced-order models are not perfect and cannot predict
thermoacoustic instabilities with quantitative accuracy. However, combining data assimilation
machine learning with physics-based modelling is promising [29].

We are living in a century with overwhelming quantities of data — certainly far more
than we can possibly store. To use this data ef ciently, researchers in data-driven machine
learning train surrogate models (e.g. neural netwo2i$ ¢r Gaussian processedy]) to
represent the data, and then use these, for example, to obtain useful information from the
data. However, these data-driven methods are usually computationally expensive and not
physically interpretable.

Rather than using these methods in thermoacoustics, our group has a data assimilation
thermo-acoustic network model solver (DATANDH that combines classical physics-based
models in thermoacoustics with adjoint-accelerated Bayesian inference, one of the founda-
tions of data assimilation. This is physically interpretable, computationally cheap, and can
extrapolate to situations that share the same physics. We usually have some a priori physics-
based candidate models. These models typically contain a few input parameters, many state
variables, and some observable outputs. We structure the forward governing equations based
on the inputs and outputs and then derive either continuous or discrete adjoint equations
depending on the problem at hand. Adjoint methods can cheaply provide the rst and second
derivatives of a model's state with respect to its parame®3fk [The rst derivative is
used for rapid data assimilation and optimization. The second derivative is used for inverse
uncertainty quanti cation. We then construct the Bayesian Inference problem by de ning a
cost function to measure the discrepancy between the model predictions and experimental
data given priors. This converts Bayesian Inference into an optimization problem, which
we solve with gradient-based optimization using the adjoint-accelerated rst derivatives.
Combining the rst derivatives and second derivatives, we can then rigorously propagate
experimental uncertainties into model parameter uncertainties and also calculate the evidence
(marginal likelihood) for the model, given the data and prior. Finally, we use the evidence to
compare and select the best candidate physics-based models. Without adjoint acceleration,
Bayesian inference is usually too computationally expensive to be implemented. The penalty
of the adjoint acceleration is that the physical models should be differentiable, and the
distribution of uncertainties should be approximately Gaussian. These penalties mean that
this solver will not be suitable for all problems. However, the acceleration more than justi es
the approximations required in many practical situations. The detailed implementation of
DATAN will be given in Chapter 2.
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1.4 Aim and objectives

The primary aim of my PhD project is to predict thermoacoustic instabilities within the
SCARLET combustor with a quantitative level of accuracy. This will be achieved through the
combination of low-order network methods and data assimilation based on physics-informed
Bayesian inference. To achieve this aim, we can decompose it into several research objectives
as follows:

» Scale up our low-order networks in DATAN from the Rijke tube r&§][to the non-
reacting SCARLET rig without the outer annulus and acoustic liners [16].

» Assimilate candidate models for the SCARLET injector and make them quantitatively
accurate.

* Include outer annulus and acoustic liners of the non-reacting SCARLET combustor in
our low-order networks.

» Assimilate candidate models for the SCARLET acoustic liners and make them quanti-
tatively accurate.

* Build up the low-order networks for the reacting SCARLET rig.

» Assimilate candidate models for the ame in the SCARLET combustor and make them
quantitatively accurate.

During my rst year, | successfully completed the initial objective. Presently, | am
actively engaged in pursuing the second objective. The remaining objectives are the future
work for my PhD. Comprehensive explanations for my future plans are provided in the
dedicated section 5.2.



Chapter 2

DATAN

2.1 Bayesian Inference

Bayesian inference is one of the foundations of data assimilation. It can not only calcu-
late optimal parametemsyp in speci ed candidate models, but also nd the best physical
model among other candidates, given prior assumptlfagt;), and experimental daa
Therefore, we can understand Bayesian inference at 2 levels. One is obtaining the optimal
parameters in a speci ed model. The other is model selection (828.1 of [32]).

In equation (2.1), we have different candidate physical models and we denote each
model asH;, with some input parametees The prior probability,P(ajH;), de nes an
initial parameter searching space for a candidate model based on our physical knowledge,
experience and con dence in this model's current parameters. Given the speci ed model
and parameter, the likelihooB(Dja; H;), gives the probability of producing the data. The
normalized constanB(DjH;), is the evidence or marginal likelihood, which can be calculated
from the marginalisation of the numerator of equation (2.1) with respect to the parameters
while P(ajD; H;) is the posterior which tells you the probability of having these parameters,
given the speci ed model and data.

At the rst level of inference, we want to ndyp to maximise the posterior of (2.1) but
we can ignore the evidence because it is independent of the infereaandfthen only
maximize the numerator with the gradient-based optimisation.

P(Dja; Hi) P(ajHi)

P(@iDH) = s

(2.1)
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z
P(DjH)) =  P(Dja;H;)P(ajH;)da (2.2)

At the second level of inference, we want to nd the best model given the data, which
means the model that gives the maximum posterior probaBi(it}jD) of equation (2.3).
Notice that the likelihood in (2.3) is the evidence in (2.1). The prior probaliiity;) is the
subjective justi cation for the candidate models before the data arrives. If we know some
models can explain the current problem better, then we can give higher prior probabilities
for these models. Typically, when we are not quite sure which model is better, the safe way
is to give the same prior probability for each candidate model so that the model selection
will be totally dependent on the evidené®DjH;). The normalized constant at the second
level of inferenceP(D), is ignored in (2.3) because the inference is open-ended during
data assimilation and we always want to nd the best candidate model either from our own
derivation or other literature.

P(HijD) 1 P(DjHi)P(Hi) (2.3)

2.2 Laplace method

To do the model selection, the key dif culty is how to calculate the marginal likelihood (ML)
for each model. The Laplace method (828.13#f]] provides an easy way to do this by
approximating all distributions in Bayesian inference as normalised Gaussian distributions.
Then, we can approximate the evidence as the peak of the integrand in (2.2) times its width
which is actually dependent on the covariance malxjy in avp.

P(DjH) ' P(Djawp; Hi)P(ampiHi)det 2(Cvp=2p) (2.4)

The covariance matrix represents the uncertainty information around the optimal param-
etersayp and can be evaluated as the curvature of the posterior distribution centred at the
optimal parameters.

Cup= NZlog(P(ampiD;Hi)) (2.5)
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Based on equation (2.4), we can de ne two important quantities in model selection below:

» The Best-Fit Likelihood (BFL)P(Djawp; Hi), indicates the probability of producing
the data given the optimal parameters and speci ed model. We usually take the
logarithmic form of the BFL and hence the more positive log(BFL), the better candidate
model ts the data.

» The Occam Factor (OFR(avpjH;)det %(CMp=2p), can be also written as follow:

SajD
Sa

OF =

(2.6)

wheres 4p is the posterior uncertainty in parametanshile s 4 is the prior uncertainty.
Based on (2.6), the Occam factor is the ratio of the posterior parameter space of the
speci ed modelH; to the prior parameter space. This factor does not favour very
complex models because they will have a lasgewhich penalizes the evidence.
Besides, the models that require precise tuning to t the data will also be penalized
due to the smak 5. Therefore, a small OF usually indicates that the speci ed model

is complex and the variances around the optimal parameters are small. In other words,
complex models that have to be nely tuned to t the data are penalized by the Occam
Factor.

2.3 Gradient-based optimization and adjoint accerleration

After approximating all distributions as Gaussian with Laplace method, we can consider the
Bayesian inference process as an optimization problem and reformulate the numerator of (2.1)
as a cost functiod. In a thermoacoustic system, the typical experimental measurements are
growth rates, frequencies and acoustic pressures at various points in the rig, etc. Therefore,
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DATAN de nes the cost function as follows:

J=log(P(Dja; H;)P(ajHi))

- (50 2)'CH@ 2, 100P ryeesy)--

, 53 a)TCZSil(s(a) 2) 4 log(® [@p)detCe))::

. (R@ Qr)Tchrl(Pr(a) D, 10u” EoydeCR):- @)
. (R(@) QoTczpil(P.(a) ) | 100 GoydEC)

L@ 0@ a0, o e

2

where the column vecta contains the model parametegg; is the prior estimation of

the parameters whilé,; is the prior covariance matrix of the input parametey&) and

s(a) are the model growth rate and frequengyandz are the measured growth rate and
frequency, whileCs, andCs; are the covariance matrices of the growth rate and frequency
measurementsk(a) andP(a) are the real and imaginary parts of the model predicted
pressure values at each micropho@g;andQ; are the real and imaginary parts of the
measured pressure values at each microphone, @hilandCp; are the covariance matrices

of the pressure measurements. Naeandn in the normalized constant terms are the number
of model parameters and pressure measurements respectively.

Then, if we know each variance term, we can simply ignore all normalized constant terms
in (2.7) and nd the optimal parameteagp which minimize the cost function J using, for ex-
ample, the gradient-based optimisation with the BFGS (Broyden—Fletcher—Goldfarb—Shanno)
method. To get the gradient informati%é, we need to use the chain rule as follows:

di(s(a);s(a);R(a):R(&);a) _ I fJ ds(a) 1J ds(@)..
da “fa’ Ts(a da  fs(a da

2.8
13 dR(2), 13 dR(@ 29)
TR(a) da  fR(a) da
J 1 J J - -
wherel, ﬂg(a) ﬂ;‘(a) ﬂpr(a) and ﬂlﬂ(a) can be easily calculated from the equation (2.7),

while the derivatives 0%, s, P, andP, are calculated from the rst order adjoint methods
[34, 29]. Besides, the uncertainty quanti cation mentioned in equation (2.5) requires the
second derivative of with respect to the input parameters, which can be also cheaply
provided by the adjoint method[33].



2.4 Low-order thermoacoustic networks 9

If we do not know the measurement noiskg Csj, Cpr andCpj, we can let them oat,
which requires considering these variances as input model parameters. Therefore, we should
not drop the normalized term in equation (2.7), especially when we take the derivadive of
with respect to these variances. The new gradient information can be included in the BFGS
algorithm to nd the optimal parametegyp, Csr, Csi, Cpr andCpj whereJ is minimized.

For the SCARLET rig, we only focus on forcing experiements. Therefore, the growth
rate is always 0 and the frequency is the forcing frequency, which means we do not need to
include thes; ands related terms in equation (2.7).

2.4 Low-order thermoacoustic networks

In DATAN, for a rig with no mean ow or weak ow like the Rijke tube set by Yok@9),
we can divide this rig intdN acoustic elements, witN 1 jump conditions. In each acoustic
element, the acoustic waves can be modelled as a forward-travellingfiftavel) and a
backwards-travelling wavé(t + %). The acoustic pressurefis= f + g, while the velocity

ist= 19 whereCis the speed of sound amdis the density. At the interface between

rc’
two acoustic elements, they are connected by one jump element, which can represent a
sudden area increase, area decrease or a compact ame, etc. Amplitudes of forward and
backwards travelling waves in adjacent acoustic elements are related via jump conditions
for the momentum and energy equations. The linear in uence of the jump conditions can
be expressed as local feedback coef ciemlts( kmp, keu andkep) accounting for acoustical
effects from velocities and pressures in upstream elements to the momentum and energy

equations [26].

P+1 Pi=  Kmuli  KmpPi (2.9)

Gir1 0= Keli Keppi (2.10)

where index indicates upstream acoustic elements, while indes indicates downstream
elements. We can also combine equations (2.9) and (2.10) as a transfer matrix
7 " # 7
F,)i+1 _ 1 kmp Kmu F’)i 2.11)
Ui+ 1 kep 1 keu Ui
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As to the boundary conditions for the networks in DATAN, we de ne two complex
re ection coef cients below:

fu

= 212

Ru % (2.12)

Ry= M (2.13)
fq

where the indexi indicates the upstream inlet addhe downstream outlet. Then, we can
convert these equations to the frequency domain via the Laplace transformation such as
f(t x=c) = Fedle ¢ while F is the amplitude of the forward travelling wave asits
the complex eigenvalue for the thermoacoustic system. After combirig(lkhe 1) jump
conditions and 2 boundary conditions mentioned above, we will Bavequations fo2N
unknown variables (F and G M acoustic elements). Therefore, this is a nonlinear eigenvalue
problem fors, which can be solved by the Newton method.

Compared with the low-order network models LOTA9 23] and OSCILOS 81], the
current version of DATAN does not consider entropy waves, which can be included based
on Aguilar's work 2] in the future. Furthermore, DATAN can account for viscous-thermal
dissipation effects from boundary layers in acoustic elds when the strengths of heat release
rate and acoustic energy are comparable to this energy loss, as demonstrated in the Rijke
tube R9]. However, in this project, our focus is on exploring the thermoacoustic effects in
the SCARLET engine, where has much stronger heat release rate and acoustic energy than
the Rijke tube. Consequently, we will not consider any viscous-thermal dissipation within
boundary layers for this study.



Chapter 3

Data assimilation of the SCARLET
combustor's scattering matrix

3.1 Experiment set-up of the SCARLET rig

The Rolls Royce SCARLET rig3] enables experimental characterization of the acoustic
response of a full-scale aero-engine injector, operating under realistic conditions. Fig.3.1
illustrates the schematic experimental setting of the SCARLET rig when forcing upstream.
The SCARLET annular combustor is the test section, which connects two straight ducts with
ve microphones in each duct to measure acoustic pressure uctuations. The acoustic waves
are excited by sirens, located at each duct when forcing upstream or downstream, which
have spinning disks to produce high-amplitude monotone acoustic waves. The nozzle put
in the downstream exit controls the mass ow rate. Additionally, at the end of each duct,
dampers are installed to suppress the longitudinal modes that might arise from other forcing
tests. These dampers will effectively prevent interference among the different tests, ensuring
accurate and reliable measurements.

In this chapter, we only investigate the non-reacting experimental setting. The rig is
operated by supplying heated and high-pressure air, which simulates the conditions at the
compressor outlet. The operating conditions include a temperature of 465@éhe
upstream and downstream ducts, an upstream pressure of 24 bar, downstream pressure of 23
bar and a mass ow rate of 3.6Kg=s. The forcing frequency changes from 1H@to 1160
Hz
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Fig. 3.1 The schematic of the experimental setting of the SCARLET rig when forcing
upstream.

3.2 The scattering matrix and two-source method

3.2.1 Introduction to the scattering matrix

To experimentally characterize the acoustical effects of the SCARLET combustor, Rolls-
Royce used the acoustic scattering matrix meth®2 3] de ned in egn (3.1), to connect the
upstream and downstream acoustic elds linearly via relevant transmission and re ection
coef cients, wherg™ andr® represent the transmission and re ection coef cients for the
forward incident wave in the upstream duct, whileandr represent the transmission and

re ection coef cients for the backward incident wave in the downstream duct.

n + #
f2 _ t r fl (3.1)
01

+
Ly %

Scattering matrix

Therefore, following the same idea and also considering the complex geometries of the
SCARLET combustor, in Chapter 3, we treat this combustor as a 'black box' and use a jump
condition de ned in section 2.4 to represent the combustor when we build up the low-order
networks for the SCARLET rig as shown in Fig. 3.2. The axial position of the jump condition
is speci ed as 0 so that the scattering matrix connects the wave amplitudes in the upstream
and downstream ducts directly.
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Fig. 3.2 The low order networks for the SCARLET rig when the combustor is represented by
a jump condition.

3.2.2 From the two-source method to the scattering matrix

The two-source method, employed by Rolls-Roys2 B(], allows us to obtain a scattering
matrix at a speci c forcing frequency. For example, as illustrated in Fig. 3.1, the SCARLET
rig is forced from upstream and downstream ends. There are 10 microphone measurement
values in each case which are denotedb@s) (i = 1;2;:::;10). In Fig. 3.2, there are

only 2 acoustic elements in the low-order networks and each acoustic element includes 5
microphones. Based on the wave decomposition and Laplace transformation, we can extract
the complex amplitudes of forward and backwards travelling wavg$(; F> andGy,) in

each acoustic element.

SX SX

3
e Gful @ u p(xl)

2 2
:sx s:x F '
Ee G ed 0 Gl = Ep(x@ (3.2)
1 .

X5 SX5 z
e tituy  @f U P(Xs)
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2 s¥g X 3 2 3
e =% e b (e
.s>% s>g F ; '
e %% e2 %y o = 6 p(xg) (3.3)
2 .
e 021182 eiﬁ% P(X10)

As shown in equations (3.2) and (3.3), instead of ignoring the mean ow in the Rijke
tube R9], we should consider the strong mean ow in the SCARLET rig, wherend
up are mean ow velocities in the upstream and downstream ducts respectively. There are
only two unknowns in each acoustic element which means two microphones are enough to
calculate the amplitudes. However, we can extract more accurate wave amplitudes from the
pressure measurements as the number of microphones increases. When there are more than
two microphones sitting in one acoustic element, it leads to an over-constrained problem
which can be solved by Moore-Penrose pseudoinverse method (Chapter 80D .ot his
pseudoinverse method is actually the same as the least square regression, which gives the
same weighting to each microphone.

After getting the complex amplitudes in two acoustic elements when forcing upstream
and downstream, we can get the scattering matrix of the SCARLET combustor as follows:

" # " . #" #
fon fs _ t7 r fia fig (3.4)

Oi1a OiB r' 't goa Oz

whereA represents the forcing upstream case, Bmelpresents the forcing downstream case.

3.2.3 Transformation between the scattering matrix and local feedback
coef cients in DATAN

In DATAN, we de ne jump conditions via the local feedback coef cients described in
equations (2.9) and (2.10). Therefore, after obtaining the scattering matrix of the combustor,
we should transfer it to the local feedback coef cients of the jump condijarepicted in
Fig. 3.2 basedop= f+ gandu= % as follows:
" # " #" #" # 4
1 Kmp ko _ 1 1 t© L

N | 1 1 1
kep 1 ku mg  Rm N

(3.5)
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3.3 Nonlinear uncertainty propagation

After extracting the scattering matrix and its associated local feedback coef cients of the
SCARLET combustor from the pressure measurements, we can use tRearghimaginary
| parts of the feedback coef cients as input parameters for the data assimilation process
in DATAN. As described in Chapter 2, DATAN can nd the optimal feedback coef cients
kvwp and uncertaintie€y,,, around these parameters when letting the noise of pressure
measurements oat. To get the uncertainty informafigg, around the optimal scattering
matrix elementSyp, it is necessary to propagdig, . to the optimal scattering matrix, which
is complex due to the nonlinear relationship between the local feedback coef cients and
scattering matrix elements described in equation (3.5). To handle this, rst and second-order
Taylor expansions and approximations are commonly empldy@d p]. For example, we
simply denote the scattering matrix eleme@tss a nonlinear function of the local feedback
coef cients,S= f(k), whereSandk are column vector®® 1 de ned as follows:
h iT
S= R(t*) I(tY) R(r ) I(r) Rr™) I(r*) Rt ) I(t) (3.6)

h [
k= R(kmp) I(kmp) R(kmd) I(kmy) R(kep) I(kep) R(kew) I(keu) ' (3.7)

Apply the rst and second-order expansions to the nonlinear func8en f (k)

S= f(k) = f(kvp)+ J(kmp)(k kMP)‘*'[%(k kmp) THi(kmp)(K  knp)]; (3.8)

whereJ(kvp) 2 R® 8is the the Jacobian matrix &k) andH;(kwp) 2 R® 2 is the Hessian
matrix of eachS(k) at the optimal point. Besidek,is subject to a Gaussian distribution
k N(kwp;Ck,p) and henceis also subjected to a Gaussian distribut®n N(Sup;Cs,p).
which can be calculated ef ciently by the rst and second-order Taylor approximations.

* First-order Taylor approximation:

Svp = g(kwvp) (3.9)

Caup = I(kuP) Cigye I (ki) T (3.10)



16 Data assimilation of the SCARLET combustor's scattering matrix

» Second-order Taylor approximation:

Sup = 0(kup) + SItr(Hi (k)] 311)

Coyr = I(KP)CiypI(kp) T + St CeyoHi )Gy el (3.12)

We validate the accuracy of the rst and second-order Taylor approximations by compar-
ing them with the results obtained from Monte Carlo sampling. The relative differences of
Svp estimated by rst and second-order Taylor approximations compared with the Monte
Carlo estimations are at the order@10 4) andO(10 °) respectively, while the relative
differences ofCsg,, are roughly at the same order ©{10 2). Therefore, for simplicity,
we use only the rst-order Taylor approximation to propagate fiogy, to Cg,,. The
corresponding uncertainty information of the scattering matrix is described in Fig. 3.4.

Fig. 3.3 The joint covariance of the local feedback coef cigbts, with 1,2 and 3 standard
deviations centred & p assimilated from the pressure measurements at 360 Hz.

Furthermore, the correlations in the joint covariance between param@tgssaidCsg,,,)
shown in Fig. 3.3 and Fig. 3.4 indicate the current parameter space is too large and we lack
enough information to assimilate these parameters.
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Fig. 3.4 The joint covariance of the scattering ma@,, with 1,2 and 3 standard deviations
centred aByp assimilated from the pressure measurements at 360 Hz.

3.4 Assimilation of the scattering matrix

After guring out how to propagate uncertainty information fragy,, to Cg,,, we can
investigate the variation of the assimilated scattering matrix coef cients and their uncertainties
when the forcing frequency changes from 110 Hz to 1160 Hz. Fig. 3.5 shows the variations in
the assimilated scattering matrix elements, accompanied by uncertainties, compared with the
experimental results obtained from pressure measurements as the forcing frequency changes.
The uncertainty information is displayed as 1 standard deviation (std) from the diagonal
elements of the propagated scattering covariance nmagpix

Notably, the expected values of the real and imaginary parts of the scattering matrix
elements change smoothly as the forcing frequency increases, which indicates there are
potential physical models to constrain the parameter space. Besides, the large error bars in
the variations oRgt™) andIm(t*) between 560 Hz and 860 Hz indicate some systematic
errors in the pressure measurements. For example, if the natural frequency of the SCARLET
rig is between 560 Hz and 860 Hz, it would be understandable to have large errors in this
frequency range. Therefore, we can increase the test points within the frequency range and
perform forcing experiments to nd the source of errors.



18 Data assimilation of the SCARLET combustor's scattering matrix

(a) Variations of the real parts of the scattering matrix

(b) Variations of the imaginary parts of the scattering matrix

Fig. 3.5 The comparison between the experimental and assimilated scattering matrix elements
with uncertainties (1 standard deviation) as the forcing frequency changes.
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