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Abstract

Thermoacoustic instabilities are a persistent challenge in the design of jet and rocket engines:
Velocity and pressure oscillations inside the combustion chamber interact with the flame, and
cause unsteady heat release. If moments of higher heat release coincide with moments of
higher pressure and vice versa, acoustic oscillations increase. In the absence of damping,
this may result in a resonance disaster.

In the simplest flame model, the n-tau model, the variation in heat release is proportional
to the velocity perturbation after some time delay t . When combined with a simple acoustic
model, elementary analysis shows that the growth rate of acoustic oscillations is extremely
sensitive to t , which in turn is extremely sensitive to small changes in flame shape or flow
configuration. More sophisticated thermoacoustic models reveal strong sensitivity to other
parameters as well, such as acoustic boundary conditions.

In this work, the time delay t of an electrically heated Rijke tube is determined in a
data-driven approach. Low-order models of the base flow and the acoustics are developed
for this purpose. Several thousand automated experiments have been performed to measure
the growth rates and the frequencies. Bayes’ theorem is applied, and the following kinds of
inference are performed:

• Regression: Find the optimal model parameters in the presence of model deficiencies
and noise.

• Prediction: Evaluate the growth rates and frequencies for other operating regimes or
new experimental set-ups.

• Model assessment: Quantify the fit of the model with respect to the experimental data.
Compare to other models.

Suggestions are given how the models and the design of the experiment may be improved.
It is discussed how the application of Bayes’ theorem may be extended to more complex
experiments and data assimilation.
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Chapter 1

Introduction

After a brief review of thermoacoustics, it is shown how Bayes’ theorem may be applied
to the regression of thermoacoustic models. Regression is a so-called inverse problem [1].
Unlike in the forward problem, the governing equations are not known. A model is proposed,
and parameters are introduced. A metric is chosen to measure the error between model
predictions and measured data.

Bayesian regression takes place on two levels:

1. On a first level, the parameters in the model are estimated from the data as to minimize
the error. So far, the procedure is identical to maximum-likelihood estimation. Bayes’
theorem goes further as it does not rule out other sets of parameters, but merely assigns
lower probabilities to them.

2. On a second level, another model is proposed. Its parameters are again estimated from
the data as to minimize the error. Bayes’ theorem then quantifies the evidence for each
model, regardless of the choice of parameters.

In uncertainty quantification, the notion of epistemic and aleatoric errors exists [2]: An
error is epistemic if one is in theory able to reduce it, e.g. by improving the model or by
collecting more data. All other sources, e.g. noise, are classified as aleatoric. While the errors
in all models are treated – on a first level – as purely aleatoric, Bayesian regression reveals –
on a second level – epistemic differences between the models.

1.1 Thermoacoustics

Thermoacoustic instabilities have been known for over one-and-a-half centuries [3, 4]. The
physical mechanism behind thermoacoustic instability has been correctly identified by Lord
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Rayleigh [5]: In an internal flow, velocity and pressure oscillations interact with the heat
source, and cause unsteady heat release. If moments of higher heat release coincide with
moments of higher pressure and vice versa, acoustic oscillations arise. The phase difference
depends on the time delay between velocity and heat release perturbations [6].

Nowadays, thermoacoustic instabilities are highly relevant in the design of modern
combustors, in particular jet and rocket engines [7]: These devices have high energy densities
and low acoustic damping. Therefore, one unstable acoustic mode is enough to excite high-
amplitude thermoacoustic instabilities. Thermoacoustic instabilities may lead to increased
heat transfer and structural vibrations, which in turn may lead to catastrophic failure [8].
Along with efficiency, emissions, noise and safety, thermoacoustic instabilities make the
design of modern combustors a complex engineering task [9].

Aside from brute-force experimental testing, various computational methods have been
developed to predict the acoustic modes of thermoacoustic instabilities [10]. In industry,
network models are widely used [11–13]. A thermoacoustic network consists of acoustic
elements whose base flow is assumed to be homogeneous. The heat source is assumed to be
compact, and the acoustic elements are coupled by jump conditions. The result is a low-order
model, which is suitable for extensive parameter studies during the design stage.

If the geometrical details of the acoustic element matter, or if the base flow is not
homogeneous, one may resort to solving acoustic perturbation equations, e.g. inhomogeneous
wave equations in the time domain or the linearized Euler equations and inhomogeneous
Helmholtz equations in the frequency domain [14–16]. While saturation terms may be added
to the acoustic perturbation equations in the time domain to account for non-linear effects,
acoustic perturbation equations in the frequency domain have the advantage that different
acoustic modes may be studied separately. In either case, the base flow needs to be provided
either in the form of an analytical solution or from another simulation. The interaction
between the acoustics and the heat source needs to be modelled.

Finally, large-eddy simulations have the potential to provide the most accurate results
[17–19]. The Navier-Stokes equations are solved on a computational mesh that resolves
both the chemical reactions as well as the acoustics. Only the small-scale structures in the
turbulent flow need to be modelled. Nevertheless, the computational cost of large-eddy
simulations prohibits their use during the design stage. And as for the acoustic perturbation
equations in the time domain, only one thermoacoustic instability, the one with the highest
growth rate, can be studied at a time.

All of the computational methods mentioned above which are feasible during the design
stage suffer from the same drawback: They rely on models to describe the interaction between
the heat source and the acoustics. Most often, a variant of the n-t model or – its equivalent
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in the frequency domain – a flame transfer function is used [6]. The proportion of the
heat release rate perturbation converted to mechanical work is proportional to the velocity
perturbation shifted by a time delay t . Alternatively, a transfer matrix linking the heat release
rate perturbation to both velocity and pressure perturbations may be used [20]. In either case,
it has been established that the overall stability is exceedingly sensitive to the time delay t
[21, 22]. Considerable efforts have been undertaken to measure the transfer function and the
time delay t as precisely as possible [23–25]. Nevertheless, their results are associated with
high uncertainties due to a variety of complex physical processes as well as a high sensitivity
to the operating conditions [26–30]. In practical applications, where the data is sparser and
the environment less well controlled, the efforts to predict thermoacoustic instabilities based
on a-priori transfer functions may prove to be a futile endeavour.

Nevertheless, computational methods may still be valuable as diagnostic tools, e.g.
in (linear) stability and sensitivity analysis [31–33]. Both types of analysis are based
on variational formulations, and are as such accessible to adjoint methods [34–36]. The
results may be used to improve the design of the combustor or to devise passive control
strategies. Further insight can be gained through non-linear dynamics, which offers qualitative
explanations for a variety of thermoacoustic phenomena such as limit cycles, period doubling
and intermittency [37–39]. A review of diagnostic tools for thermoacoustic instabilities is
given by Juniper and Sujith [40].

In this work, a data-driven approach is proposed to determine the time-delay t . It is
applied to a simple thermoacoustic system – the Rijke tube. The data-driven approach is based
on Bayes’ theorem. While determining t happens offline in this work, application to an online
system is conceivable: The data-driven approach could be used to devise an active control
strategy, where the Rijke tube has to maintain stability under changing operating conditions.
This requires the time delay t to be regularly updated. The data-driven approach could also
be used to improve the predictive capability of a solver, e.g. investigating thermoacoustic
instabilities in an annular combustor, when experimental data is available which is too sparse
or too noisy to extract a model from. The role of a model in the data-driven approach is
hybrid: At every step, the model has to assess how the incoming data fits in before it predicts
the state at the next step.

1.2 Bayesian Methods

For a given experiment, a model M is hypothesised to describe the system. It involves a set
of governing equations

F(x,y,q) = 0 . (1.1)
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q denotes the parameters in the model. The input variables of the model are denoted by x,
the output variables by y. The output variables y represent the state of the system. They are
predicted from the model M by finding the roots of the function F for given x and q . An
observable scalar quantity Y is derived from the outputs yi = y(xi,q), and it is compared to
data y i measured for a range of inputs xi.

The error E between model predictions yi and measured data y i is defined as

E(q |y,M) = Â
i

✓
Y(yi)�y i

s i

◆2

, (1.2)

where s i denotes the standard deviation in the i-th measurement. It is assumed that con-
secutive measurements are independent. The definition of the error E in Eq. (1.2) is an
application of the `2-norm. Other norms are possible, e.g. the `1-norm, which may result in
more robust approximations [41]. Besides computational considerations, the choice of the
norm is determined by the distribution of the error. If the error is normally distributed, the
`2-norm is the most appropriate choice. According to the central-limit theorem [42], an error
will tend towards a normal distribution when samples are taken. This justifies the choice of
the `2-norm.

In general, the roots of F in y cannot be found analytically. Therefore, the regression
problem has to be posed as an optimisation problem under constraints:

min
q

E(q |y,M) , (1.3)

s.t. F(xi,yi,q)⌘ 0 8i . (1.4)

The solution of Eq. (1.4) can be found iteratively, e.g. via the Newton-Raphson or the
Levenberg-Marquardt method [43]. The implicit function theorem allows us to compute the
necessary derivatives [44]. The first total derivatives of F and y in q are given by

dF
dq j

=
∂F
∂q j

+
∂F
∂y

dy
dq j

, (1.5)

dy
dq j

=�
✓

∂F
∂y

◆�1 ∂F
∂q j

. (1.6)

The second total derivatives of F and y in q are given by

d2F
dq jdqk

=
∂ 2F

∂q j∂qk
+

∂ 2F
∂y∂qk

dy
dq j

+
∂ 2F

∂y∂q j

dy
dqk

+
∂ 2F
∂y2

dy
dq j

dy
dqk

+
∂F
∂y

d2y
dq jdqk

, (1.7)
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d2y
dq jdqk

=�
✓

∂F
∂y

◆�1 ∂ 2F
∂q j∂qk

+
∂ 2F

∂y∂qk

dy
dq j

+
d2F

dydq j

dy
dqk

+
∂ 2F
∂y2

dy
dq j

dy
dqk

�
. (1.8)

1.2.1 Regression

In classical regression, the optimisation problem defined by Eq. (1.3) and (1.4) is solved
with a weighted least-squares approach [41]. When more conveniently expressed in tensor
notation, the error E from Eq. (1.2) is given by

E(q) =
�
Y(yi)�y i�

⇣
S�1

y

⌘

i j

�
Y(y j)�y j� , (1.9)

where S�1
y is the inverse of the measurement covariance matrix

�
Sy
�

i j =
�
s i�2 di j , (1.10)

where di j denotes the Kronecker delta. A necessary condition for the existence of a minimum
of the error E in a set of parameters q̄ is for the first derivative to vanish [44]:

dE
dqk

����
q̄
⌘ 0 8k , (1.11)

dE
dqk

= 2
�
Y(yi)�y i�

⇣
S�1

y

⌘

i j

dY
dy

dy j

dqk
. (1.12)

Eq. (1.11) may be solved iteratively via the Newton-Raphson method [43]:

q n+1 = q n �Dq , (1.13)

d2E

dqkdql

����
q n
(Dq)l ⌘

dE
dqk

����
q n

, (1.14)

d2E

dqkdql
= 2

dY
dy

dyi

dqk

⇣
S�1

y

⌘

i j

dY
dy

dy j

dql

+2
�
Y
�
yi��y i�

⇣
S�1

y

⌘

i j

✓
d2Y
dy2

dy j

dqk

dy j

dql
+

dY
dy

d2y j

dqkdql

◆
. (1.15)

where the superscript n denotes the iteration step. The first term in Eq. (1.15) corresponds
to the Gauss-Newton method, which solves a linear regression problem in every iteration
step. The second term becomes negligible for small ||y�y||2. Eq. (1.14) may be solved via
Cholesky decomposition as the matrix operator on the left-hand side is symmetric. In case of
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the Gauss-Newton method, Eq. (1.14) may be solved more robustly via QR decomposition.
The iteration is terminated when the gradient of the error falls below a certain threshold.

In Bayesian regression, the optimisation problem is interpreted probabilistically. Assum-
ing that the likelihood function p(y|q ,M) has a maximum for the set of parameters q̄ , a
saddle-point approximation is applied [45]. The log-likelihood function log(p(y|q ,M)) is
expanded into a Taylor series in q

log(p(y|q ,M)) = log
�

p(y|q̄ ,M)
�
+

d
dqi

log(p)
����
q̄

�
qi � q̄i

�

+
1
2
�
qi � q̄i

� d2

dqidq j
log(p)

����
q̄

�
q j � q̄ j

�
+O(||q � q̄ ||32) . (1.16)

The zeroth-order term in Eq. (1.16) is constant in q . As a necessary condition, the first-
order term in Eq. (1.16) vanishes [44]. Furthermore, the second derivative of log(p) in
q is symmetric and negative definite. Thus, the likelihood function p(y|q ,M) may be
approximated in the vicinity of q̄ by

p(y|q ,M)⇠ exp
✓
�1

2
�
qi � q̄i

��
S�1

q
�

i j

�
q j � q̄ j

�◆
, (1.17)

�
S�1

q
�

i j =� d2

dqidq j
log(p)

����
q̄

. (1.18)

The approximation of the likelihood function p(y|q ,M) given by Eq. (1.17) is a normal
distribution. The matrix S�1

q defined in Eq. (1.18) is also known as the Fisher information
matrix [46]. In a normal distribution, it represents the covariances between the parameters. If
the Fisher information matrix S�1

q is set to the second derivative of the error E (Eq. (1.15)),
the classical regression problem becomes equivalent to finding the set of parameters q̄ for
which the likelihood function p(y|q ,M) assumes its maximal value.

After the saddle-point approximation, the likelihood function is constructed from the
maximum-likelihood set of parameters q̄ and the Fisher information matrix. The probability
distribution of the parameters is computed from the likelihood function using Bayes’ theorem
(Eq. (A.6)). Given a prior distribution p(q |M), the probability distribution of the parameters
is given by the posterior distribution

p(q |y,M) =
p(q |M)p(y|q ,M)

p(y|M)
, (1.19)

p(y|M) =
Z

p(y|q ,M)p(q |M)dq . (1.20)
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If the prior is a normal distribution

p(q |M) =
1q

det
�
2pSpre

� exp
✓
�1

2
�
qi �q pre

i
��

S�1
pre
�

i j

⇣
q j �q pre

j

⌘◆
, (1.21)

the posterior distribution becomes [47]

p(q |y,M) =
1q

det
�
2pSpost

� exp
✓
�1

2

⇣
qi �q post

i

⌘�
S�1

post
�

i j

⇣
q j �q post

j

⌘◆
, (1.22)

q post
j =

�
Spost

�
jk

h�
S�1

pre
�

kl q pre
l +

�
S�1

q
�

kl q̄l

i
, (1.23)

�
S�1

post
�

i j =
�
S�1

pre
�

i j +
�
S�1

q
�

i j . (1.24)

The posterior distribution is proportional to the likelihood function if a uniform (uninforma-
tive) prior is chosen.

1.2.2 Prediction

Once the regression has extracted the information about the parameters q from the measured
data y , it can be used to make predictions from the model M. In classical regression, the
maximum-likelihood set of parameters q̄ is chosen to make a prediction

E [Y(y(x,q))] = Y
�
y(x, q̄)

�
. (1.25)

The prediction depends on both the model M and the measured data y . In models M where
the observed quantity Y is sensitive to the set of parameters q used, slight changes in the
measured data y may result in significantly altered predictions. In Bayesian regression, the
entire posterior distribution is taken into account to make a prediction

E [Y(y(x,q))] =
Z

Y(y(x,q)) p(q |y,M)dq . (1.26)

Convoluting with the posterior distribution p(q |y,M) is comparable to applying a kernel
smoother. In general, this leads to predictions, which are less extreme than maximum-
likelihood estimations [48]. If the posterior p(q |y,M) is a normal distribution, Eq. (1.26)
may be evaluated using Gauss-Hermite quadrature [43].

There is another difference between classical and Bayesian regression. In classical regres-
sion, a prediction is a single value of Y based on the maximum-likelihood set of parameters
q̄ . No statement is made about the confidence in the prediction. In Bayesian regression,
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the posterior distribution p(q |y,M) quantifies how the precision in the measurements S�1
y

affects the certainty in the estimate of the parameters S�1
q . The certainty in the estimate of

the parameters S�1
q is propagated to the confidence in the prediction of Y.

The posterior distribution p(q |y,M) is used to establish confidence intervals for predic-
tions of Y. The search for sets of parameters q within an n-s radius may be posed as an
optimisation problem under constraints:

max
q

�
Y(y(x,q))�Y

�
y
�
x,q post���2

, (1.27)

s.t.
⇣

qi �q post
i

⌘�
S�1

post
�

i j

⇣
q j �q post

j

⌘
 n2 . (1.28)

The expression in Eq. (1.27) quantifies the deviation of the observed quantity Y(y(x,q))
depending on the set of parameters q . Eq. (1.28) ensures that the set of parameters q stays
within an n-s radius. In linearised form, Eq. (1.27) is given by

max
q

⇣
qi �q post

i

⌘✓ dY
dy

dy
dqi

����
q post

◆✓
dY
dy

dy
dq j

����
q post

◆⇣
q j �q post

j

⌘
. (1.29)

The method of Lagrange multipliers gives the necessary condition [44]

⇣
qi �q post

i

⌘✓ dY
dy

dy
dqi

����
q post

◆✓
dY
dy

dy
dq j

����
q post

◆
+l

⇣
qi �q post

i

⌘�
S�1

post
�

i j ⌘ 0 . (1.30)

Eq. (1.30) is an eigenproblem. The Lagrange multiplier l is the eigenvalue, the deviation
in the parameters qk �q post

k is the eigenvector. The eigenvectors qk �q post
k are candidate

directions in which the solution to the optimisation problem is found. Substituting Eq. (1.30)
and (1.28) into Eq. (1.29), the deviation in the prediction of Y is given by

�
Y(y(x,q))�Y

�
y
�
x,q post���2 ⇡ |l |

⇣
qi �q post

i

⌘�
S�1

post
�

i j

⇣
q j �q post

j

⌘
(1.31)

 |l |n2 . (1.32)

The confidence level that a prediction of Y stays within a n-
p

|lmax| interval is given by the
probability that a set of parameters q stays within an n-s radius. The eigenvectors qk �q post

k
do not have to be explicitly computed.

1.2.3 Model Comparison

Assume that two models M1 and M2 are available to explain the measured data y . The task
is to compare the fitness of each model to predict the data. Bayes’ theorem gives the ratio
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between the posterior probabilities

p(M1|y)

p(M2|y)
=

p(M1)p(y|M1)

p(M2)p(y|M2)
. (1.33)

If we believe all models M to be equally probable a priori, we may choose the (improper)
prior p(M) ⇠ 1. In this case, the ratio between the posterior probabilities is given by the
ratio of the evidences

p(M1|y)

p(M2|y)
=

p(y|M1)

p(y|M2)
. (1.34)

This is the reason why the probability p(y|M) is called the evidence for the model M. As
a marginal probability, it is independent from the particular choice of parameters. It only
depends on the data y and the model M.

The evidence for the model M may be computed from Eq. (A.7). The integrand is
proportional to the posterior probability, and has a distinct maximum for the set of parameters
q post. A saddle-point approximation gives

p(y|M) =
Z

p(y|q ,M)p(q |M)dq (1.35)

⇠ p(y|q post,M)p(q post|M)
Z

exp
✓
�1

2

⇣
qi �q post

i

⌘�
S�1

post
�

i j

⇣
q j �q post

j

⌘◆
dq (1.36)

⇠ p(y|q post,M)p(q post|M)
q

det
�
2pSpost

�
. (1.37)

The term p(q post|M)
p

det(Sq ) is also known as the Occam factor [48]. The evidence for
the model M is approximated by the product of the maximum likelihood and the Occam
factor. The maximum likelihood quantifies the fitness of the model. The Occam factor
rewards model robustness over fine tuning: It compares the volume of the confidence region
in the parameter space for the prior and the posterior. If the volume for the posterior is large
compared to the volume for the prior, the confidence regions are more likely to overlap when
the data y is slightly altered. The Occam factor thus penalizes model complexity. This effect
is also known as Occam’s razor. It is a feature of Bayesian methods [48].





Chapter 2

Modelling of Thermoacoustic
Instabilities in an Electrically Heated
Rijke Tube

In this chapter, models for an electrically heated Rijke tube are developed. First principles
are applied to the system in order to derive equations governing the base flow inside the Rijke
tube and its thermoacoustic stability. Two methods are used to solve the thermoacoustic
equations: a Galerkin ansatz applied to an inhomogeneous Helmholtz equation, and a wave
approach applied to a system of hyperbolic equations. Data from an experimental rig is taken
to fit the parameters in the models. The results are compared with theoretical predictions as
well as further measurements. The experiments are performed by Nicholas Jamieson. The
models are developed by the author in collaboration with Matthew Juniper.

2.1 Electrically Heated Rijke Tube

The electrically heated Rijke tube is a simple system that features the essential physics of
thermoacoustic instability. It is well suited for comparing experimental measurements to
theoretical predictions. The Rijke tube consists of a vertical pipe with an electric heater
installed inside. A switched-on electric heater causes a buoyancy-driven flow to form inside
the tube. For electric powers in the range of 0 to 400W, velocities of the base flow are
measured to be on the order of 1m/s. This corresponds to virtually zero Mach number.

Pressure fluctuations may form and travel through the Rijke tube. The pressure fluctu-
ations are reflected at the ends to form a standing wave. The boundary conditions and the
heat release mechanism determine the shape of the standing wave as well as its growth or
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decay rate. As a result, compression and rarefaction of the air inside the Rijke tube and the
associated changes in the flow speed at the electric heater cause the convective heat transfer
between the electric heater and the air to become unsteady. A small time delay exists between
the velocity and heat release fluctuations. This time delay is crucial in determining the phase
difference between the pressure and heat release fluctuations. The phase difference is used in
the Rayleigh criterion to predict the onset of thermoacoustic instability [5].

On the left-hand side of Fig. 2.1, a one-dimensional schematic of the Rijke tube is
presented. The Rijke tube has a length of lu + lb and a diameter of d. The electric heater
is located at a distance of lu from the bottom. On top of the Rijke tube, an adjustable iris
is installed which acts as an orifice. On the right-hand side of Fig. 2.1, a schematic of the
electric heater is shown. It consists of a ceramic disc with nichrome wire wrapped around it.
Measurements of the Rijke tube and the electric heater are given in Tab. 2.1. More details on
the experimental set-up and the instrumentation are given by Rigas et al. [49]. Note that the
length of the upper section lb is different from their specification. The reason is the iris built
on top of the Rijke tube. It is not treated as a separate element in the schematic, but as an
extension to the upper section.

The electric power is incremented from 0 to 340W in steps of 10W. Twenty repetitions
are performed at each step. A microphone placed 55 mm from the bottom of the Rijke
tube is used to measure the pressure fluctuations over time. The complex amplitudes of
the pressure fluctuations are extracted from the filtered signal via a Hilbert transform [50].
As the electric power increases, the Rijke tube exhibits a subcritical bifurcation. Therefore,
two different measurement techniques are used: Below the Hopf point, the decay rates and
angular frequencies are measured from pulsed forcing. Above the fold point, the growth rates
and angular frequencies are measured by holding the system steady with feedback control
and then releasing it. In each case, a linear regime may be identified where oscillations grow
or decay exponentially. No measurements are taken in the bistable regime. More details
regarding the Hopf and fold points as well as the signal processing of the sampled pressure
fluctuations are given by Rigas et al. [49].
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Fig. 2.1 Schematics of Rijke tube (left) and electric heater (right).

Table 2.1 Measurements of Rijke tube.

Quantity Measurement
d 47.4 mm inner diameter of Rijke tube
dh 1 mm distance between two windings
di 32.2 mm inner diameter of electric heater
dw 0.559 mm wire diameter
lb 784 mm length of upper section of Rijke tube
lh 15 mm length of electric heater
lu 250 mm length of lower section of Rijke tube
nw 12 number of wire windings
t 1.5 mm thickness of Rijke tube
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2.2 Base Flow

The base flow inside the Rijke tube is buoyancy-driven: The electric heater increases the
temperature of the air inside the pipe. The pressure difference due to the surrounding air
begins to overcome the gravitational pull acting on the air inside the Rijke tube. The mass
flow rate increases until the net force is in balance with the various drag mechanisms inside
the Rijke tube. As the acoustic model will depend on the base flow, a model for the base flow
has to be provided.

For a one-dimensional base flow in the vertical x direction, mass balance is given by

∂r
∂ t

+— · (r~u) = 0 . (2.1)

In a steady flow, Eq. (2.1) reduces to

r ūA = const , (2.2)

where A denotes the cross section area of the Rijke tube. The bar indicates that the velocity
in x-direction u is averaged over the cross section. Evaluated at the inlet (subscript 1), right
behind the heater (subscript f ) and at the outlet (subscript 2), Eq. (2.2) gives

r1ū1A1 = r f ū f A1 = r2ū2A2 , (2.3)

where A1 denotes the cross-section area of the Rijke tube, and A2 denotes the cross-section
area of the iris. The density and the temperature between the inlet of the Rijke tube and the
electric heater are assumed to be constant. The condition behind the electric heater may be
different from the condition at the outlet of the Rijke tube due to heat loss.

Energy balance is given by

rcv
∂T
∂ t

+r~u · cp—T = q̇ . (2.4)

Effects due to viscosity and heat conduction are neglected. The substantial derivative of the
pressure is also assumed to be negligible. Between the inlet of the Rijke tube and the electric
heater, Eq. (2.4) gives

r1ū1A1cp
�
Tf �T1

�
= Q̇ , (2.5)
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where Q̇ denotes the heat release rate due to the electric heater, which is equal to its electric
power. Between the electric heater and the outlet of the Rijke tube, Eq. (2.4) gives

r1ū1A1cp
dT
dx

= pdq̇x(T ) , lu  x < lu + lb , (2.6)

T (lu) = Tf , (2.7)

where q̇x denotes a heat release rate per unit area. The heat release rate per unit area q̇x is
assumed to be only a function of the temperature T . Hence, Eq. (2.6) is a first-order ordinary
differential equation. The matching boundary condition is given by Eq. (2.7).

Momentum balance is given by

r ∂~u
∂ t

+r (~u ·—)~u =�—p+r~g , (2.8)

where~g denotes gravity. Its absolute value is given by g. Losses due to viscous and inviscid
effects will be treated separately. The first integral of a steady streamline between the inlet
and the outlet of the Rijke tube gives

1
2

Z t2

t1
r d

dt
�
u2� dt =�(p2 � p1)�g

Z lu+lb

0
r dx . (2.9)

Integrating by parts, the integral on the left-hand side of Eq. (2.9) gives

1
2

Z t2

t1
r d

dt
�
u2� dt =

✓
1
2

r2u2
2 �

1
2

r1u2
1

◆
� 1

2

Z t2

t1
u2 dr

dt
dt . (2.10)

For buoyancy-driven flows, the Boussinesq approximation states that variations in density
may be neglected unless related to gravity [51]. Strictly speaking, the Boussinesq approxi-
mation may only be applied if the temperature gradients are small. In the Rijke tube, this is
clearly violated for large heat release rates Q̇, where the temperature difference between the
inlet and the outlet of the Rijke tube is of the same order of magnitude as the temperature
inside the Rijke tube. Nevertheless, the Boussinesq approximtion is applied because it
simplifies the analysis. Eq. (2.9) becomes

✓
p2 +

1
2

r2u2
2

◆
�
✓

p1 +
1
2

r1u2
1

◆
+g

Z lu+lb

0
r dx = 0 . (2.11)

Since loss mechanisms are treated separately, it may be assumed that the flow is isentropically
accelerated from ambient conditions before entering the Rijke tube, and isentropically
decelerated to ambient conditions after exiting the Rijke tube. Thus, the sum of the static
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pressure and the dynamic pressure at the inlet of the Rijke tube differs from the sum of the
static pressure and the dynamic pressure at the outlet of the Rijke tube by

✓
p1 +

1
2

r1u2
1

◆
�
✓

p2 +
1
2

r2u2
2

◆
= r1g(lu + lb) . (2.12)

By adding inviscid drag at the inlet and the outlet of the Rijke tube as well as viscous drag at
the electric heater, the final form of the momentum balance is

g
Z lu+lb

lu
(r1 �r(T )) dx�C1

1
2

r1ū2
1 �C2

✓
A2

A1

◆
1
2

r2ū2
2 �C3

µlh
d2

h
ū1 = 0 , (2.13)

where C1, C2 and C3 are dimensionless proportionality constants. Inviscid loss mechanisms
do not depend on viscosity. As such, they are Reynolds independent in theory. They scale
with the dynamic pressure ru2/2, and only depend on the geometry. C1 does not depend
on the area of the cross section at the inlet A1 because the environment is much larger than
the Rijke tube. C2 is a function of the ratio between the adjustable cross-section area of the
iris and the cross-section area of the Rijke tube A2/A1. The form of the viscous drag term is
inspired by the laws for channel and pipe flows as well as the flow around a sphere which
state that the drag coefficient is inversely proportional to the Reynolds number [52]. As the
density in the lower section of the Rijke tube is assumed to be equal to the ambient density,
the buoyancy term only has to be evaluated in the upper section of the Rijke tube.

2.2.1 Adiabatic Model

Eq. (2.3), (2.5), (2.6), (2.7) and (2.13) govern the the buoyancy-driven flow inside the Rijke
tube. In order to evaluate the buoyancy term in Eq. (2.13), the heat release rate per unit area
q̇x in Eq. (2.5) needs to be modelled. In a first approximation, the base flow in the upper
section of the Rijke tube is assumed to be adiabatic (q̇x = 0). Eq. (2.5) gives

T (x) = Tf , lu  x < lu + lb . (2.14)

It will be shown later that this assumption is not justified. Nevertheless, it yields a simple
model which offers a first quantitative understanding of the buoyancy-driven flow inside the
Rijke tube. This is particularly relevant for the mass flow rate and the flow speeds, for which
no measurements exist. Their knowledge allows us to estimate the dimensionless numbers
that characterise the base flow and to classify their respective regimes.
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With density in the upper section of the Rijke tube uniform, Eq. (2.13) becomes

�
r1 �r f

�
glb �C1

1
2

r1ū2
1 �C2

✓
A2

A1

◆
1
2

r2ū2
2 �C3

µlh
d2

h
ū1 = 0 . (2.15)

The flow speeds ū1 and ū2 are given by

ū1 =
Q̇

r1A1cp
�
Tf �T1

� , (2.16)

ū2 =
Q̇

r2A2cp
�
Tf �T1

� . (2.17)

Substituting Eq. (2.16) and (2.17) into Eq. (2.15) gives

(1�J)�C0
1

✓
Q̇0J

1�J

◆2

�C0
2J
✓

Q̇0

1�J

◆2

�C0
3

Q̇0J
1�J

= 0 , (2.18)

C0
1 =

1
2glb

C1 , C0
2 =

1
2glb

C2

✓
A2

A1

◆✓
A1

A2

◆2
, C0

3 =
µlh

r1glbd2
h

C3 ,

Q̇0 =
Q̇

r1A1cpT1
, J =

r f

r1
.

Eq. (2.18) has a single unknown J . J is a non-dimensional density ranging between zero
and one. Finally, Eq. (2.18) gives a cubic equation

J 3 +
�
C0

1Q̇02 �C3Q̇0 �3
�

J 2 +
�
C0

2Q̇02 +C0
3Q̇0+3

�
J �1 = 0 . (2.19)

If the drag is purely viscous (C1 =C2 = 0), it can be mathematically shown that Eq. (2.19)
has a unique physical solution J . Discarding the trivial solution J = 1, the cubic equation is
reduced to a quadratic equation

J 2 �
�
C0

3Q̇0+2
�

J +1 = 0 . (2.20)

As a result of Viète’s theorem [53], Eq. (2.20) has two positive solutions J for positive
C0

3Q̇0, one larger and one smaller than one. Because J has to be between zero and one for
a buoyancy-driven flow, it follows that the physical solution to Eq. (2.19) is indeed unique.
It can be mathematically shown that the physical solution J continues to exist when the
inviscid drag terms are added back to Eq. (2.19).
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Eq. (2.19) represents a model of the Rijke tube. The input variables are the electric power
Q̇ and the cross-section area of the iris A2. The output variable J characterises the state of
the Rijke tube. All other flow variables may be computed from J . The drag coefficients C1,
C2 and C3 are the parameters of the model. They are found from regression. The predicted
temperature at the outlet of the Rijke tube is compared to experimental measurements for an
open iris. The relationship between the observable quantity T2 and the output variable J is
given by

T2 =
T1

J
. (2.21)

Within the experiment, the drag coefficients C1, C2 and C3 all have a similar effect on the
buoyancy-driven flow inside the Rijke tube. If the drag increases, the velocity decreases. If
the heat release rate Q̇ is held constant, a slower mass flow rate results in a larger temperature
jump from T1 to Tf . The buoyancy force increases until it returns to equilibrium with the
drag. Therefore, a simultaneous regression in all three parameters is an ill-posed problem.
Because the inviscid losses at the inlet and the outlet of a pipe are well-studied phenomena,
they are taken from flow charts [54]:

C1 = 0.578 , C2

✓
A2

A1
= 1
◆
= 2 . (2.22)

In Fig. 2.2, the results of the regression are shown. The predicted temperature at the
outlet of the Rijke tube matches the experimental measurements well. The flow speeds at
the inlet and the outlet of the Rijke tube are on the order of magnitude of 0.75 and 1.3 m/s
respectively, which is reasonable. The fitting of the viscous drag coefficient gives

C3 = 49.23 . (2.23)

A theoretical estimation of C3 gives 156. This is based on the crude assumption that the
flow through the electric heater behaves like a collection of nw +1 channel flows [55]. The
pipe Reynolds number is approximately 2350 in the lower section of the Rijke tube, which
is just above the critical Reynolds number of 2300. But since the dynamic viscosity of air
increases with temperature, the buoyancy driven flow in the upper section of the Rijke tube
is expected to be laminar. At the electric heater, the blockage ratio is approximately 50 %,
which results in a wire Reynolds number of approximately 56. A wake region is expected to
form, which would result in a pressure drop on the trailing side of the wire and cause inviscid
drag [56]. The wire Reynolds number is above 45, which marks the onset of vortex shedding.
Nevertheless, it is assumed that the vortices quickly dissipate because of the laminar pipe
flow in the upper section of the Rijke tube.
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Fig. 2.2 Model predictions of outlet temperature (left) and inlet/outlet speed (right).

The magnitudes of the individual drag mechanisms in Eq. (2.13) may be computed from
the parameters C1, C2 and C3. The ratios between the inviscid drag at the inlet and the outlet
of the Rijke tube and the viscous drag due to the electric heater are given by

C1r1u2
1d2

h
2C3µlhu1

⇡ 0.020 ,
C2r2u2

2d2
h

2C3µlhu1
⇡ 0.117 . (2.24)

This shows that the buoyancy-driven flow inside the Rijke tube is dominated by the viscous
drag due to the electric heater. A similar comparison shows that the viscous drag due to the
inside wall of the Rijke tube is also negligible [55]:

32(lu + lb)u1d2
h

2C3lhu1d2 ⇡ 0.010 . (2.25)

Finally, an asymptotic analysis is preformed on Eq. (2.20). Although the adiabatic base-
flow model is not expected to behave pathologically in the limits of small and large heat
release rates Q̇, the same will not necessarily hold for more complicated base-flow models.
Therefore, it will prove advantageous to be able to compare their asymptotic behaviours to
the one of the adiabatic base flow.

Substituting Eq. (2.16) and (2.17) into Eq. (2.15) gives

(1�J)3 =C0
1Q̇02J 2 +C0

2Q̇02J +C0
3Q̇0J(1�J) . (2.26)

The left-hand side of Eq. (2.26) has a value between zero and one, which the right-hand side
of Eq. (2.26) has to match. As Q̇0 goes to infinity, the right-hand side of Eq. (2.26) has to
stay finite. As J goes to zero, the right-hand side of Eq. (2.26) is dominated by the term in
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C0
2. The results of the asymptotic analysis are

J ⇠ 1
C0

2Q̇02 , ū1 ⇠
1

C0
2Q̇0 , ū2 ⇠ Q̇0 . (2.27)

As Q̇0 goes to infinity, so do the temperature T2 and the flow speed ū2 at the outlet of the
Rijke tube. The flow speed ū1 at the outlet of the Rijke tube and the mass flow rate go to zero.
This behaviour is consistent within the adiabatic base-flow model: Because the density in the
upper section of the Rijke tube cannot become negative, the buoyancy term in Eq. (2.15) is
bounded by r1glb. As the change in specific momentum across the electric heater ū2 � ū1

goes to infinity, the mass flow rate has to go to zero.
As Q̇0 goes to zero, J must go to one. The right-hand side of Eq. (2.26) is then dominated

by the term in C0
3. The results of the asymptotic analysis are

1�J ⇠
q

C0
3Q̇0 , ū1 ⇠ ū2 ⇠

s
Q̇0

C0
3

. (2.28)

As Q̇0 goes to zero, so do the flow speeds ū1 and ū2 at the inlet and the outlet of the Rijke
tube as well as the mass flow rate. The temperature at the outlet of the Rijke tube T2 goes to
ambient temperature. This behaviour is physical as zero heat release rate should result in
zero mass flow rate and no change in temperature across the electric heater.

2.2.2 Model with Heat Loss

In the adiabatic base-flow model, the temperature behind the electric heater Tf is equal to
the temperature at the outlet of the Rijke tube T2. While there are no measurements of the
temperature or the flow speed inside the Rijke tube, thermocouples have been installed on
the outside wall of the Rijke tube at x = 0.05, 0.25, 0.50, 0.75 and 0.95m. In Fig. 2.3, the
measured wall temperature profiles behind the electric heater are shown for three different
electric powers Q̇. At an electric power of 300 W, the wall temperatures at the electric heater
(x = 0.25m) and close to the outlet of the Rijke tube (x = 0.95m) differ by more than 150 K.
Hence, it is not justified to assume that the buoyancy-driven flow inside the Rijke tube is
adiabatic. A critical discussion on the relationship between the temperature inside the Rijke
tube and on the outside wall of the Rijke tube is deferred until later.

In a non-adiabatic base-flow model, it is assumed that heat is lost through the wall of the
Rijke tube. In a first approximation, it is assumed that the heat loss is proportional to the
difference between the temperature inside the Rijke tube and the ambient temperature. The



2.2 Base Flow 21

0.0 0.2 0.4 0.6 0.8 1.0
x [m]

350

450

550

te
m

pe
ra

tu
re

[K
]

50.0 W
150.0 W
300.0 W

Fig. 2.3 Wall temperature profiles behind the heater.

heat release rate per unit area is given by

q̇x =�h(T (x)�T1) , (2.29)

where h denotes the heat transfer coefficient between the buoyancy-driven flow inside the
Rijke tube and the environment. The heat transfer between the buoyancy-driven flow inside
the Rijke tube and the environment consists of two heat transfer mechanisms coupled in
series: the heat transfer between the buoyancy-driven flow inside the Rijke rube and the
pipe as well as the heat transfer between the pipe and the environment. The heat transfer
coefficient is given by

1
h
=

1
hi
+

1
ho

, (2.30)

where hi denotes the heat transfer coefficient between the buoyancy-driven flow inside the
Rijke tube and the pipe, and ho denotes the heat transfer coefficient between the pipe and the
environment. Integration of Eq. (2.6) with Eq. (2.7) as boundary condition gives

T (x) = T1 +(Tf �T1)exp
✓
�pdh(x� lu)

r1ū1A1cp

◆
, lu  x < lu + lb . (2.31)

The buoyancy term in Eq. (2.13) evaluates to

g
Z lu+lb

lu
(r1 �r(T )) dx =�r1g

k
log
✓

T2

Tf

◆
, k =

pdh
r1ū1A1cp

. (2.32)
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In the adiabatic limit, the buoyancy term would evaluate to

� lim
h!0

r1g
k

log
✓

T2

Tf

◆
=�r1g lim

k!0

1
k

log(J +(1�J)exp(�klb)) (2.33)

= r1glb(1�J) , (2.34)

which is in agreement with Eq. (2.15). The indeterminate form is resolved with L’Hôpital’s
rule [57]. Substituting Eq. (2.16), (2.17) and (2.32) into Eq. (2.13) gives

log
✓

T2

T1
J
◆
+C00

1 Q̇0 J
1�J

+C00
2 Q̇0 J

1�J
T2

T1
+C00

3 = 0 , (2.35)

C00
1 =

pdh
2r1A1gcp

C1 , C00
2 =

pdh
2r1A1gcp

C2

✓
A2

A1

◆✓
A1

A2

◆2
, C00

3 =
µlhpdh

d2
hr2

1 gA1cp
C3 .

Evaluating Eq. (2.31) at x = lb gives

T2

T1
J = J +(1�J)exp

✓
� pdhlb

r1A1cpQ̇0
1�J

J

◆
. (2.36)

Eq. (2.35) and (2.36) represent a model of the Rijke tube. The input variables are the
electric power Q̇ and the cross-section area of the iris A2. The output variables J and T2/T1

characterise the state of the Rijke tube. All other flow variables may be computed from J
and T2/T1. The drag coefficients – C1, C2, C3 – and the heat transfer coefficients – hi, ho – are
the parameters of the model. They are found from regression. Like in the adiabatic base-flow
model, the drag coefficients C1, C2 and C3 all have a similar effect on the buoyancy-driven
flow inside the Rijke tube. Hence, the drag coefficients C1 and C2 are again taken from flow
charts (Eq. (2.22)). The heat transfer coefficients hi and ho account for two independent
effects. Firstly, the heat transfer coefficient h determines how much heat the buoyancy-driven
flow inside the Rijke tube loses to the environment. Secondly, the proportions of the inner
and outer heat transfer coefficients hi and ho determine the temperature on the outside wall
of the Rijke tube:

Tw(x) = T1 +
hi

hi +ho
(T (x)�T1) (2.37)

= T1 +
hi

hi +ho
(Tf �T1)exp

✓
�pdh(x� lu)

r1A1cpQ̇0
1�J

J

◆
. (2.38)

Therefore, both the temperature at the outlet of the Rijke tube T2 and the wall temperatures
Tw have to be taken into account to make the simultaneous regression in the three parameters
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C3, hi and ho a well-posed problem. For the multi-objective optimisation, the error becomes
the sum of multiple cost functions in the form of Eq. (1.9)

E(q |y,M) = Â
k

wkEk(q |y,M) , (2.39)

Ek(q |y,M) =
�
Yk(yi)�y i�

⇣
S�1

y

⌘

i j

�
Yk(y j)�y j� , (2.40)

where wk denote weighting coefficients. The predicted temperatures are compared to experi-
mental measurements for an open iris. The relationship between the observable quantities T2

and Tw and the output variables J and T2/T1 is given by

T2 =
T2

T1
T1 , (2.41)

Tw(x) = T1


1+

hi

hi +ho

✓
1
J
�1
◆

exp
✓
�pdh(x� lu)

r1A1cpQ̇0
1�J

J

◆�
. (2.42)

In Fig. 2.4, the results of the regression are shown. Only the measurements from the
thermocouples strictly behind the electric heater are used. The four errors for T2, Tw(0.5m),
Tw(0.75m) and Tw(0.95m) are equally weighted with wk = 0.25. The predicted temperatures
at the outlet of the Rijke tube and the wall temperatures match the experimental measurements
well. In Fig. 2.5, the various flow speeds and temperatures are summarised. The flow speeds
at the inlet and the outlet of the Rijke tube as well as behind the electric heater are on the
order of magnitude of 0.25, 0.45 and 0.8 m/s respectively, which is reasonable. The fitting of
the viscous drag coefficient and the heat transfer coefficients gives

C3 = 287.26 , hi = 5.67
W

m2K
, ho = 19.24

W
m2K

. (2.43)

The viscous drag coefficient C3 is more than five times as large as for the adiabatic base-flow
model (Eq. (2.23)). Nevertheless, it is still of the same order of magnitude as the theoretical
estimate of 156. The pipe Reynolds number is approximately 800 in the lower section of
the Rijke tube, which is clearly below the critical Reynolds number of 2300. Thus, the
buoyancy-driven flow inside the Rijke tube is laminar everywhere.
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(a) Outlet of Rijke tube.
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(d) Wall at x = 0.95m

Fig. 2.4 Model predictions of flow and wall temperatures.

The Nusselt number of a hydrodynamically and thermally undeveloped flow inside a
circular pipe with uniform surface temperature is given by [58, Eq. (3.250), (3.255)]

Nud =

0.05X�1
+ tanh(X+)+

3.66

tanh
⇣

2.264X1/3
+ +1.7X2/3

+

⌘

tanh
⇣

2.43(PrX+)
1/6
⌘ , (2.44)

X+ =
L

dRePr
.

where Re denotes the Reynolds number, and Pr denotes the Prandtl number. Eq. (2.44) is
valid for 0  X+ < • and 0.1  Pr < •. In a long pipe, Nud converges to 3.66, which is
the Nusselt number for a fully developed flow inside a circular pipe with uniform surface
temperature [58]. In the upper section of the Rijke tube, the Reynolds number, the Nusselt
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Fig. 2.5 Model predictions of flow speeds (left) and temperatures (right).

number and the heat transfer coefficient evaluate to

Re ⇡ 700 , Nud ⇡ 5.93 , h̄ ⇡ 5.05
W

m2K
. (2.45)

The kinematic viscosity of air above 500 K is taken at 4⇥10�5 m2/s and the heat conductivity
at 0.04W/(mK) [58, Tab. B.1]. Eq. (2.45) is in good agreement with Eq. (2.43) regarding
the inner heat transfer coefficient hi, considering that the hydrodynamic and thermal entrance
lengths vary depending on the electric power, and that the temperature on the inside wall of
the Rijke tube is not uniform. Nevertheless, the agreement between Eq. (2.45) and (2.43)
confirms that the buoyancy-driven flow inside the Rijke tube is laminar.

The Nusselt number for the free convection at a vertical wall is given by [59]

NuL = 0.68+
0.67Ra1/4

⇣
1+(0.492/Pr)9/16

⌘4/9 , Ra  109 , (2.46)

where Ra denotes the Rayleigh number. Eq. (2.46) also gives the Nusselt number for the
free convection at a vertical cylinder if d/L � 35Gr�1/4, where Gr denotes the Grashof
number [58]. At high electric powers, we assume (b (Tw �T1))

1/4 ⇡ 1, where b denotes
the thermal expansion coefficient. The kinematic viscosity of air above 400 K is taken at
3⇥10�5 m2/s [58, Tab. B.1]. With Gr ⇡ 5.25⇥109 and Ra ⇡ 3.68⇥109, the flow on the
outside of the Rijke tube is in the transitional regime. Nevertheless, Eq. (2.46) is expected to
hold approximately. The Nusselt number and the heat transfer coefficient evaluate to

NuL = 127.11 , h̄ = 4.86
W

m2K
. (2.47)
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The heat conductivity of air above 400 K is taken at 0.03W/(mK) [58, Tab. B.1]. The
value given by Eq. (2.47) is only a quarter of the outer heat transfer coefficient ho given by
Eq. (2.43). There are multiple possible reasons why the outer heat transfer coefficient ho is
underestimated, e.g. increased heat transfer in transitional and turbulent flow, boundary layer
development and heat transfer in the lower section of the Rijke tube or physical differences
between a cylinder and a vertical plate.

The results from Eq. (2.43) may be used to assess the initial assumptions about the heat
transfer. Firstly, the thermal resistance of the pipe is neglected in Eq. (2.30). The thermal
resistance of the pipe is given by

t
lsteel

⇡ 7.5⇥10�5 m2K
W

. (2.48)

The heat conductivity of stainless steel is taken at 20W/(mK). This is negligible com-
pared to the thermal resistances 1/hi = 0.176m2K/W and 1/ho = 0.052m2K/W. Secondly,
Eq. (2.29) implies that the heat transfer inside the Rijke tube is not elliptic but parabolic.
At every location x, the heat loss depends only on the temperature at the location x. This
neglects the heat conduction inside the Rijke tube in the axial direction. The heat conduction
inside the pipe in the axial direction is given by

pDtlsteel
d2Tw

dx2 = pDtlsteel
hi

hi +ho

d
dx2 (T (x)�T1) (2.49)

= pDtk2lsteel
hi

hi +ho
(T (x)�T1) , (2.50)

where k is given in Eq. (2.32). The heat transfer in the radial direction is given by

pdh(T (x)�T1) = pdh
hiho

hi +ho
(T (x)�T1) . (2.51)

The ratio between the two heat transfer mechanisms is given by

pDtlsteel

pdh(T (x)�T1)

d2Tw

dx2 =
lsteelk2t

ho
. (2.52)

The ratio between the two heat transfer mechanisms does not depend on the location x. It is
known from the regression that the value of k does not exceed 10m�1 for electric powers
between 20W and 340W. Thus, the ratio between the heat transfer mechanisms does not
exceed 0.15. This justifies the assumption that the wall temperature on the outside wall
of the Rijke tube only depends on the temperature of the buoyancy-driven flow inside the
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Rijke tube. Thirdly, the heat conduction in the buoyancy-driven flow inside the Rijke tube
may be considered. The ratio between the heat convection and the heat conduction in the
buoyancy-driven flow inside the Rijke tube is given by

Pe =
r1ū1cp

kl
, (2.53)

where Pe denotes the Péclet number. As k is inversely proportional to the mass flow rate, the
Péclet number scales with the square of the mass flow rate. At low electric powers, when
the mass flow rate vanishes, there is a regime where the heat conduction dominates the heat
convection in the buoyancy-driven flow inside the Rijke tube.

In Fig. 2.5, it can be seen that the temperature at the electric heater does not seem to
converge to the ambient temperature. An asymptotic analysis reveals that this result is
intrinsic to the model. Substituting Eq. (2.36) into Eq. (2.35) gives

� log
✓

J +(1�J)exp
✓
� pdhlb

r1A1cpQ̇0
1�J

J

◆◆
(2.54)

=C00
3 +C00

1 Q̇0 J
1�J

+C00
2 Q̇0 J

1�J
+C00

2 Q̇0 exp
✓
� pdhlb

r1A1cpQ̇0
1�J

J

◆
. (2.55)

Two cases are distinguished:

1. limQ̇!0 Q̇0/(1�J)> 0. This implies that J goes to one. It follows that the left-hand
side of Eq. (2.55) vanishes. This is a contradiction because at least C00

3 remains on the
right-hand side of Eq. (2.55).

2. limQ̇!0 Q̇0/(1�J) = 0. All terms on the right-hand side of Eq. (2.55) except for C00
3

vanish. The argument of the exponential term on the left-hand side of Eq. (2.55) goes
to negative infinity. This leaves

log(J) =�C00
3 . (2.56)

Thus, J converges to a value between zero and one. The prediction of the temperature
behind the electric heater Tf is 497.23 K. This is in excellent agreement with the asymptotic
behaviour displayed in Fig. 2.5. In Fig. 2.6, temperature profiles of the buoyancy-driven flow
behind the electric heater are shown for four different electric powers. The temperature at
the outlet of the Rijke tube T2 converges to the ambient temperature T1 while the temperature
behind the electric heater Tf converges to a value above the ambient temperature T1. The
slope in the temperature profile becomes increasingly steep at the electric heater. This is
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in agreement with the previous result that heat conduction in the axial direction plays a
dominant role at low electric powers.
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Fig. 2.6 Flow temperature profiles behind the heater.

2.3 Acoustics

After finding a solution to the base-flow model, the stability of the flow is investigated.
In a linear stability analysis, small perturbations are introduced to the flow [60]. If the
small perturbations decay, the flow is considered (linearly) stable. If the small perturbations
grow, the flow is considered unstable. For frequencies between 20 and 20000 Hz, pressure
perturbations may be perceived as sound by the human ear [61].

In App. B, linearised governing equations are derived. Unlike in the base-flow model,
the Boussinesq approximation is not used because an uncoupling of pressure and density
perturbations would disallow acoustic waves [62]. Instead, the linearised governing equations
are studied in the Low-Mach limit.

2.3.1 Mass-Spring-Damper Model

In order to gain a first quantitative understanding of the acoustics inside the Rijke tube,
a toy model is developed. The buoyancy-driven flow inside the Rijke tube is assumed to
be uniform in both lower and upper section, which is provided by the adiabatic base-flow
model (Chapter 2.2.1). The analysis of the acoustics inside the Rijke tube is based on the
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inhomogeneous Helmholtz equation (Appendix B.1). It is simplified to an algebraic equation
that contains the essential mathematics of thermoacoustic instability.

The three-dimensional inhomogeneous Helmholtz equation (Eq. (B.19)) is reduced to
the one-dimensional form

s2

g p
p̂� d

dx

✓
1
r

dp̂
dx

◆
=�g �1

g p
n
r1

d p̂
dx

����
l�u

exp(�st)d (x� lu) . (2.57)

Eq. (2.57) is based on first principles in the Low-Mach limit. Effects due to viscosity and
heat conduction are neglected. The weak formulation of Eq. (2.57) is given by

s2

g p

Z lu+lb

0
p̂f dx�


1
r

dp̂
dx

f
�lu+lb

0
+
Z lu+lb

0

1
r

dp̂
dx

df
dx

dx

=�g �1
g p

n
r1

dp̂
dx

����
l�u

exp(�st)f(lu) , (2.58)

where f denotes a test function. The boundary conditions to Eq. (2.58) are given by [63]

� 1
r1

d p̂
dx

����
0
=

sp̂(0)
Zu

, � 1
r2

dp̂
dx

����
lu+lb

=�sp̂(lu + lb)
Zb

, (2.59)

where Z denotes the acoustic impedance. Substituting Eq. (2.59) for the surface term on the
left-hand side of Eq. (2.58) gives

s2

g p

Z lu+lb

0
p̂f dx+ s


p̂(0)f(0)

Zu
+

p̂(lu + lb)f(lu + lb)
Zb

�
+
Z lu+lb

0

1
r

d p̂
dx

df
dx

dx

=�g �1
g p

n
r1

dp̂
dx

����
l�u

exp(�st)f(lu) . (2.60)

On the left-hand side of Eq. (2.60), the first term represents an inertial force, the second term
represents a damping force, and the third term represents an elastic force. The term on the
right-hand side of Eq. (2.60) represents delayed forcing.

The volume integrals in Eq. (2.60) may be evaluated by means of the Galerkin method
[64]. The same basis is chosen for both test and trial functions. The basis for the test and
trial functions is derived from the homogeneous version of Eq. (2.57). The shape f (k) of the
k-th mode is given by

f (k)(x) =

8
<

:
sin(kux)/sin(kulu) , 0  x  lu .

sin(kb(lu + lb � x))/sin(kblb) , lu  x  lu + lb .
(2.61)
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ku =
w(k)

c1
, kb =

w(k)

c2
,

The angular frequency w(k) of the k-th mode is determined by the jump condition defined at
x = lu, which is derived from Eq. (B.29) as

c1 cot(kulu)+ c2 cot(kblb) = 0 . (2.62)

Assuming that c1 = c2 approximately holds, Eq. (2.62) may be analytically solved to

w(k) =
kp

lu
c1
+ lb

c2

. (2.63)

Hence, the test functions f (k) form a set of harmonics. Physically speaking, the first mode
f (1) corresponds to a sound wave traveling from one end to another, at the local speed of
sound in each section, without any disturbance from the electric heater. Note that Eq. (2.63)
does not account for the phase shift at the base-flow temperature discontinuity, which even
occurs in the presence of a ’passive’ heat source [16].

If the Galerkin ansatz is truncated after the first mode, the volume integrals in Eq. (2.60)
evaluate to

Z lu+lb

0
p̂f dx = p̂(1)

Z lu+lb

0

⇣
f (1)(x)

⌘2
dx (2.64)

= p̂(1)


lu
2sin2(kulu)

+
lb

2sin2(kblb)

�
, (2.65)

Z lu+lb

0

1
r

dp̂
dx

df
dx

dx = p̂(1)
Z lu+lb

0

1
r

 
df (1)

dx

!2

dx (2.66)

=

⇣
w(1)

⌘2
p̂(1)

g p


lu

2sin2(kulu)
+

lb
2sin2(kblb)

�
. (2.67)

Substituting Eq. (2.65) and (2.67) into Eq. (2.60) gives

s2 +
g p

p̂(1)F(1,1)


p̂(0)f(0)

Zu
+

p̂(lu + lb)f(lu + lb)
Zb

�
s+
⇣

w(1)
⌘2

=� g �1
F(1,1)

ncuw(1)

g p
cot(kulu)exp(�st) = 0 , (2.68)
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where the inner product of the test functions F(1,1) in Eq. (2.65) and (2.67) is given by

F(1,1) =
lu

2sin2(kulu)
+

lb
2sin2(kblb)

. (2.69)

The left-hand side of Eq. (2.68) resembles the description of a mass-spring-damper
system. All terms that do not explicitly depend on the complex frequency s are summarised
into coefficients. Finally, Eq. (2.68) is reduced to

s2 +2Bs+W2 +N exp(�st) = 0 . (2.70)

B represents a damping coefficient. N represents a modified interaction index that is different
from the interaction index n in the n-t model (Eq. (B.16)). W is the natural angular frequency
of the mass-spring-damper system. It corresponds to the angular frequency w(1) of the first
mode. t represents the time delay in the n-t model (Eq. (B.16)). Eq. (2.70) captures the
essential physics of the Rijke tube: oscillatory behaviour coupled with growth or decay,
depending on the balance between damping and the heat release.

After simplifying the inhomegeneous Helmholtz equation to Eq. (2.68), the coefficients
need to be empirically correlated to the buoyancy-driven flow inside the Rijke tube. The
damping coefficient B and the natural angular frequency W are modelled as [65]

B = kB , (2.71)

W =
pc1

(lu + kW)+(lb + kW)
p

J
, (2.72)

where kW denotes an end correction, assumed to be identical at both ends of the Rijke tube.
This takes into account that the ends of the Rijke tube may not be perfectly open in the
acoustic sense. It is assumed that the pressure nodes lie slightly outside the Rijke tube. The
first-order end correction is theoretically estimated to 0.3d ⇡ 14.1mm [66]. The modified
interaction index N and the time delay t are modelled as [65]

N = kNQ̇ , (2.73)

t = kt
0.2dw

u1
. (2.74)

The proportion of the heat converted to mechanical work is assumed to be constant. The time
delay t is assumed to scale as 0.2dw/u1. The latter is the result of a perturbation analysis
performed on the boundary layer of a laminar flow around a cylinder [67]. It holds for low-
frequency fluctuations. For u1 ⇡ 0.65m/s (Fig. 2.2), the threshold is 20u1/dw ⇡ 23000s�1.
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The natural angular frequency of the Rijke tube is on the order of pc1/(lu + lb)⇡ 1000s�1,
clearly below the threshold.

Eq. (2.70) represents a model of the acoustics inside the Rijke tube. The input variables
are the electric power Q̇ and the cross-section area of the iris A2. The complex frequency s is
the output variable. The parameters are kB, kW, kN and kt . They are found from regression.
The predicted growth rates and frequencies are compared to experimental measurements for
an open iris. Unlike in Chapter 1.2.1, the formulation involves complex variables. Therefore,
Eq. (1.9), (1.12) and (1.15) are replaced by

E(q) =
�
Y(yi)�y i�⇤

⇣
S�1

y

⌘

i j

�
Y(y j)�y j� , (2.75)
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where the asterisk denotes the complex conjugate.
In Fig. 2.7, the results of the regression are shown. The fitting of the parameters gives

kB = 3.90s�1 , kW = 26.04mm ,

kN = 112.53s�2W�1 , kt = 21.45 . (2.80)

The predicted frequencies match the experimental measurements well. Nevertheless, the end
correction kW is about twice as large as the theoretical estimate of 14.1 mm. This corresponds
to a natural frequency of approximately 158 Hz. In Fig. 2.7, it can be observed that, at
low electric powers, the predicted frequencies converge to a value significantly below the
measured 164 Hz.
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Fig. 2.7 Predictions of linear growth rates (left) and frequencies (right) from mass-spring-
damper model.

The predicted growth rates follow the same trend as the experimental measurements at
high electric powers. At low electric powers, the fitting of the growth rates is poor. There
are two reasons. For the first reason, the mass-spring-damper model has to be studied in the
limit of zero electric power. Eq. (2.70) reduces to

s2 +2Bs+W2 = 0 . (2.81)

At zero electric power, the predicted decay rate becomes kB = 3.90s�1. This is clearly
smaller than the measured decay rate of approximately 8s�1 (Fig. 2.7). Secondly, the time
delay t becomes infinite because the flow speed goes to zero (Fig. 2.2). This means that the
imaginary part of the argument of the exponential term st in Eq. (2.70) is unbounded, and
that the heat release rate perturbation q̇0 rapidly switches between being a source term and
being a sink term. In Fig. 2.7, the locations of the local minimum and the local maximum of
the growth rates are approximately at 85 and 25 W. In Fig. 2.8, the results for the coefficients
B, W, N and t are shown. The difference in t between the aforementioned electric powers
is approximately 3 ms. If the frequency is taken at 165 Hz, the difference in t roughly
corresponds to a half-period, which supports the explanation.

In Fig. 2.9, the results of a regression restricted to electric powers above 100 W are shown.
The fitting of the parameters gives

kB = 0.19s�1 , kW = 27.41mm ,

kN = 80.52s�2W�1 , kt = 24.31 . (2.82)

The predicted frequencies again match the experimental measurements well. The end correc-
tion kW remains relatively unchanged. The predicted growth rates match the experimental



34 Modelling of Thermoacoustic Instabilities in an Electrically Heated Rijke Tube

0 100 200 300
power [W]

3.7

3.8

3.9

4.0

4.1

B
[s
�

1 ]

0 100 200 300
power [W]

1000

1100

1200

W
[s
�

1 ]

0 100 200 300
power [W]

5000

15000

25000

35000

N
[s
�

2 ]

0 100 200 300
power [W]

0.002

0.006

0.010

t
[s

]

Fig. 2.8 Coefficients from mass-spring-damper model.

measurements well within the restricted range of electric powers. kB and kN now assume
lower values than before. But it can be observed that, towards lower electric powers, the
growth rate increases. It follows from Eq. (2.81) that, in the limit of zero electric power, the
growth rate converges to �kB, which is clearly greater than the measured 8s�1.
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Fig. 2.9 Predictions of linear growth rates (left) and frequencies (right) from mass-spring-
damper model.

2.3.2 Network Model

A more realistic as well as versatile model is provided by the wave approach (Appendix B.2).
The Rijke tube is divided into two segments with uniform flow properties. The electric
heater is treated as a discontinuity. This is valid because the heater Helmholtz number is
approximately 0.015, which is much smaller than one. The segments hold standing waves that
are coupled by jump conditions. The forward and backward-travelling waves are governed
by a set of hyperbolic partial differential equations. The equations are solved by finding
complex frequencies that satisfy the jump and boundary conditions. The network model
allows for greater flexibility than the toy model because each section as well as the jump and
boundary conditions may be modelled separately.

The system of three-dimensional hyperbolic equations (Eq. (B.28) and (B.29)) is reduced
to the one-dimensional form

r̄ ∂u0

∂ t
+

∂ p0

∂x
= 0 , (2.83)

∂ p0

∂ t
+ g p

∂u0

∂x
= (g �1)q̇0 , (2.84)

where an apostrophe denotes a first-order perturbation. Integration of Eq. (2.83) and (2.84)
gives the jump conditions ⇥

p0
⇤l+u

l�u
= 0 , (2.85)

⇥
u0
⇤l+u

l�u
=

g �1
g p

nu0(l�u , t � t) . (2.86)
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The heat-release rate perturbation q̇0 is modelled with an n-t model (Eq. (B.16)). In the wave
approach, the pressure and velocity perturbations are expressed as

p0(t,x) = g
✓

t � x� lu
c̄

◆
+h
✓

t +
x� lu

c̄

◆
, (2.87)

u0(t,x) =
1

r̄ c̄


g
✓

t � x� lu
c̄

◆
�h
✓

t +
x� lu

c̄

◆�
. (2.88)

g and h represent the forward and backward travelling waves respectively. The Laplace
transforms of Eq. (2.87) and (2.88) are given by

p̂(s,x) = ĝ(s)exp
✓
�s

x� lu
c̄

◆
+ ĥ(s)exp

✓
s
x� lu

c̄

◆
, (2.89)

û(s,x) =
1

r̄ c̄


ĝ(s)exp

✓
�s

x� lu
c̄

◆
� ĥ(s)exp

✓
s
x� lu

c̄

◆�
. (2.90)

At the ends of the Rijke tube, the ingoing waves are reflected as outgoing waves. The
boundary conditions are expressed as

ĝu(s) = Ruĥu(s)exp(�stu) , tu =
2lu
c̄u

, (2.91)

ĥb(s) = Rbĝb(s)exp(�stb) , tb =
2lb
c̄b

, (2.92)

where Ru and Rb are the complex reflection coefficients at the respective ends of the Rijke
tube. The network model of the Rijke tube is illustrated in Fig. 2.10.
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Fig. 2.10 Network model of Rijke tube.
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Substituting Eq. (2.89) to (2.92) into Eq. (2.85) and (2.86) gives the jump conditions

[1+Rb exp(�stb)] ĝb(s)� [1+Ru exp(�stu)] ĥu(s) = 0 , (2.93)

1
r̄bc̄b

[1�Rb exp(�stb)] ĝb(s)+
1

r̄uc̄u
[1�Ru exp(�stu)] ĥu(s)

=�g �1
g p

n
r̄uc̄u

exp(�st) [1�Ru exp(�stu)] ĥu(s) . (2.94)

The jump conditions may be expressed as a linear system of equations
 

L11 L12

L21 L22

! 
ĥu

ĝd

!
⌘ 0 , (2.95)

L11 = 1+Ru exp(�stu) ,

L12 =�1�Rb exp(�stb) ,

L21 =

✓
1+

g �1
g

n
p

exp(�st)
◆
[1�Ru exp(�stu)] ,

L22 =
1p
J
[1�Rb exp(�stb)] .

The linear system of equations is homogeneous. The means that Eq. (2.93) has exactly one
solution, the trivial solution ĥu = ĝd = 0, unless the matrix L is singular [68]. The condition
for singularity is given by

det(L)⌘ 0 . (2.96)

Thus, Eq. (2.96) is an eigenproblem in the complex frequency s.
Eq. (2.96) may be solved iteratively. The first and second derivatives of a determinant are

given by Jacobi’s formula [68]:

∂
∂qi

det(A(q)) = det(A(q)) tr
✓

A�1(q) ∂A
∂qi

◆
, (2.97)

∂ 2

∂qi∂q j
det(A(q)) = det(A(q)) tr

✓
A�1(q) ∂A

∂qi

◆
tr
✓

A�1(q) ∂A
∂q j

◆

+det(A(q)) tr
✓

A�1(q) ∂A
∂q j

A�1(q) ∂A
∂qi

◆

+det(A(q)) tr
✓

A�1(q) ∂ 2A
∂qi∂q j

◆
, (2.98)
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where A is a regular square matrix. The following identity is used:

∂
�
A�1�

∂qi
= A�1(q) ∂A

∂qi
A�1(q) . (2.99)

As the matrix L comes closer to being singular, each iteration step tends to become more
ill-conditioned. This needs to be considered in the numerical implementation. Firstly, the
order in which matrices are multiplied may matter. For example, the second trace term on
the right-hand side of Eq. (2.98) may be computed from right to left:

tr
✓

A�1(q) ∂A
∂q j

A�1(q) ∂A
∂qi

◆
= tr

✓
A�1(q)

✓
∂A
∂q j

✓
A�1(q) ∂A

∂qi

◆◆◆
. (2.100)

Alternatively, it may involve substitutions without forming the inverse of any matrix:

tr
✓

A�1(q) ∂A
∂q j

A�1(q) ∂A
∂qi

◆
= tr

�
B j(q)Bi(q)

�
, (2.101)

A(q)Bi(q) =
∂A
∂qi

, A(q)B j(q) =
∂A
∂q j

.

Both implementations have in common that they are not cyclically permutative in the
numerical sense, in particular if the matrix A is ill-conditioned. This may be alleviated by
replacing the trace of a matrix product with a tensor product:

tr
✓

A�1(q) ∂A
∂q j

A�1(q) ∂A
∂qi

◆
=
�
A�1�

kl
∂Alm

∂q j

�
A�1�

mn
∂Ank

∂q j
. (2.102)

Secondly, matrix inversion becomes ill-conditioned. In the case of a 2⇥2-matrix such as L,
it is feasible to replace the inverse in Eq. (2.97) and (2.98) with the adjugate matrix:

∂
∂qi

det(A(q)) = tr
✓

adj(A(q)) ∂A
∂qi

◆
, (2.103)

∂ 2

∂qi∂q j
det(A(q)) = tr

✓
adj
✓

∂A
∂q j

◆
∂A
∂qi

+ adj(A(q)) ∂ 2A
∂qi∂q j

◆
. (2.104)

The adjugate of a 2⇥2 matrix is given by

adj

 
A11 A12

A21 A22

!
=

 
A11 �A21

�A12 A22

!
.
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Thus, it is feasible for a 2⇥2 matrix to bypass the ill-conditioned matrix inversion by using
the adjugate matrix (Eq. (2.3.2)).

The coefficients in Eq. (2.95) again need to be empirically correlated to the buoyancy-
driven flow inside the Rijke tube. The complex reflection coefficients at both ends of the
Rijke tube are assumed to be identical. They are modelled as

Ru = kRe + jkIm , (2.105)

Rb = kRe + jkIm . (2.106)

The complex reflection coefficients are assumed to be frequency-independent. The interaction
index n and the time delay t are again modelled as

n = knQ̇ , (2.107)

t = kt
0.2dw

u1
. (2.108)

While Eq. (2.97) and (2.98) are used to solve Eq. (2.96), the sensitivities of the complex
frequency s with respect to the parameters can be computed more cheaply by adjoint methods
[69]. This is particularly relevant if many parameters are involved. The first and second
derivatives of the eigenvalues of a regular matrix A are given by

ds
dqk

=�
q†

i

⇣
∂A
∂qk

⌘

i j
q j

q†
i

⇣
∂A
∂ s

⌘

i j
q j

, (2.109)
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, (2.110)
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where q denotes the right eigenvector and q† denotes the left eigenvector. In the case of a
two-dimensional matrix A with non-degenerate eigenvalues, the eigenvectors and the first
derivative of the right eigenvector are given by

q =

 
�A12

A11

!
, q† =

 
�A21

A11

!
, (2.111)

∂q
∂qk

=

0

BBB@

�
∂A12

∂qk
�

∂A12

∂ s
ds

dqk
∂A11

∂qk
+

∂A11

∂ s
ds

dqk

1

CCCA
. (2.112)

In Fig. 2.11, the results of the regression are shown. The fitting of the parameters gives

kRe =�0.9704 , kIm = 0.0944 ,

kn = 106.37kg/(ms2W) , kt = 8.96 . (2.113)

The predicted frequencies match the experimental measurements very well. The parameters
kRe and kIm form reflection coefficients Ru and Rb close to �1, which would be the value
for an acoustically open pipe. The absolute value of the reflection coefficients Ru and
Rb is 0.9749. This means that the ends of the Rijke tube radiate acoustic energy, which
is consequently lost to the system. The phase of the reflection coefficients Ru and Rb is
�0.0970rad. This means that the reflected wave lags behind the incident wave. At the lower
end of the Rijke tube, the phase corresponds to an end correction of 16.7 mm, which matches
the theoretical estimate of 14.1 mm well. In the limit of zero electric power, Eq. (2.96)
simplifies to

1�RuRb exp(�s(tu + tb))⌘ 0 . (2.114)

The frequency at zero electric power evaluates to 161.21 Hz, which is close to the measured
value of 164 Hz. The predicted growth rates also match the experimental measurements well
overall. The growth rate at zero electric power evaluates to �8.47s�1, which is close to the
measured value of �8s�1. The fact that the growth-rate curve is concave rather than convex
may be attributed to the break-down of the n-t model at low electric powers as discussed in
Chapter 2.3.1.

The result of Bayesian regression is not only the maximum-likelihood set of parameters,
but the whole probability distribution in form of a covariance matrix. In Fig. 2.12, the
marginal distributions of the parameters kRe, kIm, kn and kt are shown. The width of each bell
curve represents the uncertainty independent from the other parameters. If the uncertainties
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Fig. 2.11 Predictions of linear growth rates (left) and frequencies (right) from network model.

are compared to the respective maximum-likelihood values of the parameters, it can be seen
that there is more uncertainty in the parameters kn and kt than in the parameters kRe and kIm

by at least one order of magnitude. This leads to the conclusion that the acoustic behaviour
of the electric heater is less well captured by the n-t model than the acoustic behaviour of
the pipe by the use of reflection coefficients.

Further insight may be gained by studying the covariances between the parameters. In
Fig. 2.13, the joint distribution of the parameters kn and kt is shown. The influence of the
parameters kRe and kIm has been marginalised. The 1-s , 2-s and 3-s confidence regions,
which correspond to 39, 86 and 99 % confidence levels respectively, are coloured and form
ellipses. Note that the axes of the ellipses are almost perfectly parallel to the axes of the
coordinate system. This means that the parameters kn and kt are practically independent.
This is a favourable property because it improves the condition of the regression problem.
An example where the parameters are dependent is the simultaneous regression of the drag
parameters in the base-flow (Chapter 2.2.1).

Finally, the probability distributions in the parameters are used to predict the growth
rates and the frequencies. In Fig. 2.14, the upper and lower bounds of the 3-s confidence
intervals are shown, corresponding to 99 % confidence levels. For the frequency predictions,
the upper and lower bounds are barely distinguishable. For the growth-rate predictions, the
distances between the upper and lower bounds are much larger. Nevertheless, some of the
measured growth rates lie outside the confidence intervals. The reason is not the sensitivity
of the parameters in the model to the noise in the data but the fitness of the model itself. The
error in the growth-rate predictions is presumably epistemic in nature.



42 Modelling of Thermoacoustic Instabilities in an Electrically Heated Rijke Tube

�0.972 �0.971 �0.970 �0.969
kRe [-]

p(
k R

e|d
at

a,
m

od
el
)

0.093 0.094 0.095 0.096
kIm [-]

p(
k I

m
|d

at
a,

m
od

el
)

100 105 110 115
kn [kg/(ms2W)]

p(
k n
|d

at
a,

m
od

el
)

8.5 9.0 9.5
kt [-]

p(
k t
|d

at
a,

m
od

el
)

Fig. 2.12 Marginal distributions of parameters from network model.
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(right) from network model.





Chapter 3

Further Work and Conclusions

In Chapter 2, the flow stability is investigated for the adiabatic base-flow model (Chapter
2.2.1). The same can be done for the base-flow model with heat loss (Chapter 2.2.2). In
Fig. 3.1, the results of the regression are shown for the network model (Chapter 2.3.2). The
fitting of the parameters gives

kRe =�0.9541s�1 , kIm = 0.2696 ,

kn = 230.27kg/(ms2W) , kt = 13.60 . (3.1)

The values have the same order of magnitude as in Eq. (2.113). Nevertheless, the predicted
growth rates and frequencies do not match the experimental measurements well. The
amplitude switching of the heat release rate perturbation q̇0 is present even at intermediate
electric powers. For u1 ⇡ 0.25m/s (Fig. 2.5), the threshold for the model of t is 20u1/dw ⇡
9000s�1 [67]. With the natural angular frequency of the Rijke tube on the order of pc1/(lu +
lb) ⇡ 1000s�1, it is not clear whether the natural angular frequency of the Rijke tube is
sufficiently below the threshold.

In this chapter, ways to make the acoustic models applicable to the base-flow model
with heat loss and eventually a flame-driven Rijke tube are explored. Firstly, the acoustic
properties of the Rijke tube independent from the heat source are determined as precisely
as possible. This insight may be formulated as a prior, which is then used in the Bayesian
regression. Secondly, the model of t needs to be improved. In a flame-driven Rijke tube, this
can be done by visually determining the time delay t . Finally, an outline is given how all the
work may be tied into the tuned passive control of a flame-driven Rijke tube.
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Fig. 3.1 Predictions of linear growth rates (left) and frequencies (right) from network model.

3.1 Multi-Microphone Technique

The reflection coefficients at the ends of the Rijke tube can be directly determined from multi-
microphone measurements. In Fig. 3.2, a schematic of the Rijke tube with two microphones
is shown (here without electric heater). A speaker is located at the bottom end of the Rijke
tube, and emits sound waves at different frequencies. At the top end of the Rijke tube, the
sound waves are reflected. The forward and backward travelling waves form a standing wave.
The microphones measure the pressure signals at their respective locations. The phases and
amplitudes of the pressure signals are used to determine the reflection coefficient at the top
end of the Rijke tube.

h

 

t +
x� (lu + lb)

c

!

g

 

t� x� (lu + lb)

c

!

Fig. 3.2 Schematic of multi-microphone set-up.

The speaker is operated at 21 frequencies between 100 and 300 Hz. The sampling
frequency is 10000 Hz, which is significantly higher than both the forcing frequencies and
the natural frequency of the Rijke tube. In Fig. 3.3, a representative pressure signal is shown
for an open iris forced at 100 Hz. The electric heater is removed, and the pressure probe is
located at x = 0.75m. On the left-hand side, the pressure signal is shown in the time domain
between zero and two seconds. The amplitude of the pressure signal is mostly constant. On
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the right-hand side, the pressure signal is shown in the frequency domain between 50 and
800 Hz. There is a distinct peak at the forcing frequency of 100 Hz and its higher harmonics.
There is another distinct peak between the forcing frequency and its first harmonic located at
164 Hz, which is the natural frequency of the Rijke tube.
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Fig. 3.3 Pressure signal in time (left) and frequency domain (right).

The pressure signal is given by the superposition of the forward travelling wave g and the
backward travelling wave h as

p0(t,x) = g
✓

t � x� (lu + lb)
c

◆
+h
✓

t +
x� (lu + lb)

c

◆
. (3.2)

The Fourier transform of Eq. (3.2) gives

p̂(w,x) = ĝ(w)exp
✓
�jw x� (lu + lb)

c

◆
+ ĥ(w)

✓
jw x� (lu + lb)

c

◆
. (3.3)

The complex amplitudes ĝ and ĥ are only functions of the angular frequency w , but not
of the location x. If the pressure signals are known for at least two locations, the complex
amplitudes ĝ and ĥ are the solution to a linear system of equation. If the pressure signals are
known for more than two locations, the complex amplitudes ĝ and ĥ are the solution to a
least-squares problem. The reflection coefficient is given by the ratio between the amplitudes
of the backward travelling wave ĥ and the forward travelling wave ĝ.

In Fig. 3.4, the reflection coefficients are shown for different forcing frequencies. The
circle represents the level set for an absolute value of 1. On the left-hand side, the pressure
signals are measured from two microphones located at x = 0.75m and x = 0.15m. Between
100 and 200 Hz, the reflection coefficient takes on reasonable values around �1, which
corresponds to an acoustically open end. At certain forcing frequencies, the two microphones
measure very similar amplitudes and phases. This creates an ill-conditioned linear system
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of equations that is very sensitive to noise. For example, this happens at 300 Hz where
the reflection coefficient assumes an unrealistic value. On the right-hand side, the pressure
signals are measured from four microphones located at x = 0.15m, x = 0.35m, x = 0.65m
and x = 0.75m. The increased number of microphones reduces the chance that the least-
squares problem becomes ill-conditioned. It can be seen that the reflection coefficients stay
close to the expected value of �1. In summary, multi-microphone measurements should
always be preferred over two-microphone measurements if available. The experiments are
repeated for different iris diameters. The knowledge about the reflection coefficients can be
used to devise frequency-dependent boundary conditions.
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Fig. 3.4 Reflection coefficients from two-microphone (left) and multi-microphone measure-
ments (right).

3.2 Estimation of Thermoacoustic Time Delay

In Chapter 2.3.2, the uncertainty quantification of the parameters came to the conclusion
that the uncertainty in the acoustic properties of the electric heater is at least one order of
magnitude higher than the uncertainty in the acoustic properties of the pipe. The reason was
identified not to be the noise in the data but the fitness of the acoustic model. Therefore, the
acoustic model needs to be significantly improved.

At a Helmholtz number of 0.015, the presence of the electric heater does not significantly
affect the frequency of the thermoacoustic instability. Nevertheless, it can be shown that
the viscous drag due to the electric heater enters the jump condition between the lower and
the upper section of the Rijke tube. Based on the base-flow model with heat loss, Eq. (2.95)
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needs to be corrected as follows:

L11 = 1+Ru exp(�stu)+C3
µlh
d2

h

1
r̄uc̄u

[1�Ru exp(�stu)] . (3.4)

It is assumed that the viscous drag coefficient C3 is identical for both the base-flow and the
acoustic model. Because the viscous drag in the acoustic model is active even for zero mass
flow rate, Eq. (3.4) may be verified with the multi-microphone technique (Chapter 3.1).

As a next step, the n-t model may be replaced by King’s law adapted to the electric
heater [70]:

Q̇ = lair(Tw �T1)nwdi

"
1+

s
2pcpdw

lair
|u+u0(t � t)|

#
. (3.5)

This implies that the temperature of the electric heater needs to be known. King’s law also
relies on the knowledge of the time delay t . It has already been observed that Lighthill’s law
is unfit for the base-flow model with heat loss [67]. The fitting of the acoustic model gives a
time delay t that is twenty times as large as predicted by Lighthill’s law. Furthermore, the
flow speed u1 in the base-flow model with heat loss is so low for most electric powers that
the angular frequency of the thermoacoustic instability does not stay far enough below the
threshold of 20u1/dw dictated by Lighthill’s law. Therefore, the derivation has to be revisited.
Alternatively, it has become computationally feasible since King’s and Lighthill’s days to
perform direct numerical simulations in two dimensions over a large range of parameters
[71]. For example, the vortex shedding behind a cylinder has become a standard testcase for
tutorials [72]. Thus, a low-order model for the heat transferred from the electric heater may
be inferred.

While Lighthill’s law is based on a perturbation analysis performed on the boundary
layer of a laminar flow around a cylinder, other analytical methods are available for the
flame-driven Rijke tube. In a premixed flame without equivalence ratio fluctuations, the
heat release rate primarily depends on the speed and the surface area of the flame front.
While the laminar flame speed depends on the topology of the reaction zone, i.e. flame
curvature and stretching, their effects are of second-order compared to the composition of the
mixture as well as the pressure and the temperature [73]. For small velocity perturbations,
the heat release rate perturbations are thus primarily a function of the surface area of the
non-stationary flame front. Note that the velocity perturbations are not necessarily convected
at flow speed. Physically speaking, the convection speed is related to the wave speed of a
Kelvin-Helmholtz instability [60]. The convection speed may be extracted from a direct
numerical simulation [74].
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For large velocity perturbations, non-linear effects such as flame curvature and stretching
must be included. In Fig. 3.5, the results of a numerical simulation are shown. The results are
obtained from a G-equation solver provided by Alessandro Orchini [75]. It is based on the
assumptions of fast chemical reactions and thin flame fronts. Integration of the flame speed
over the surface area of the flame front gives the amplitude and the phase of the heat release
rate perturbation. The G-equation solver is computationally speaking relatively inexpensive.
The numerical simulation may be repeated a number of times in order to determine the time
delay t as a function of forcing frequency and amplitude.

Fig. 3.5 Two snapshots of forced oscillation of Bunsen flame from G-equation solver (not
true to scale).

Alternatively, the flame front may be observed experimentally. In Fig. 3.6, the results
from a flame-driven Rijke tube are shown. The experiment is designed and performed by
Nicholas Jamieson [76]. The flame-driven Rijke tube consists of a 750mm quartz pipe.
The Bunsen burner is fed with methane, ethylene and air. The exit of the Bunsen burner is
positioned at 175mm from the bottom end of the Rijke tube. The pictures show the visible
light emitted by the Bunsen flame. The pictures are extracted from a video taken by a
hi-speed camera at 3000 frames per second.
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Fig. 3.6 Two snapshots of self-excited oscillation of Bunsen flame from experiment [77].

3.3 Conclusions and Future Work

In this work, it is shown how Bayes’ theorem may be applied to the regression of thermoa-
coustic models. In the base-flow model, the predictions of the temperature at the outlet of the
Rijke tube match the experimental measurements well. Nevertheless, the greatest difficulty
remains that the mass flow rate is unknown. This is partially compensated by measurements
of the temperature on the outside wall of the Rijke tube. The mass flow rate can be inferred
from the profile of the wall temperature if a model of the heat loss is provided. At the
moment, three temperature probes are placed in the upper section of the Rijke tube at approx-
imately equal distances. Because most heat is expected to be lost close to the electric heater,
more temperature probes are required, especially close to the electric heater. In the acoustic
model, the predictions of the frequencies match the experimental measurements well. The
predictions of the growth rates do not match the experimental measurements well because
the acoustic characterisation of the electric heater is unsatisfactory. Firstly, the viscous drag
due to the electric heater has to be taken into account in both the base-flow model and the
acoustic model. It can be inferred from multi-microphone measurements, along with the
frequency-dependent reflection coefficients for various iris contractions. Secondly, the n-t
model is found to be invalid in the base-flow regime under investigation. A low-order model
of t may become available through extensive numerical simulation. These issues need to
be addressed in collaboration with an experimentalist. Nevertheless, it has been shown that
Bayes’ theorem is able to provide useful information about the uncertainty in the parameters
as well as the confidence in the predictions.
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While Bayes’ theorem is applied to algebraic models in this work, the framework holds for
eigenproblems in general. An example would be the stability analysis of an annular combustor
[78]. In a first study, Magri et al. demonstrate how the sensitivities of the eigenvalues with
respect to the parameters can be computed efficiently with adjoint methods [69]. In a second
study, Magri et al. propose how the sensitivities may be employed to identify active subspaces
and to quantify the uncertainties in the forward problem [79]. Bayes’ theorem naturally
extends this procedure to the inverse problem [48]. Unlike in the forward problem, the
deterministic eigenvalue is not known. Taking the average of the eigenvalue measurements
may result in an estimator incompatible with the model. Hence, the average is replaced with
the maximum-likelihood prediction from a saddle-point approximation. In consequence,
the covariance matrix from the forward problem needs to be replaced with Eq. (1.15). The
first term in Eq. (1.15) is equivalent to the covariance matrix from the forward problem.
It represents the sensitivity of the model to perturbations in the parameters. The second
term in Eq. (1.15) is new. It represents the error between the model predictions and the
measurements, weighed against the robustness of the model. Afterwards, the covariance
matrix may be used to identify the active subspace and to develop surrogate models. It would
be interesting to compare the active subspaces between the forward problem and the inverse
problem. In particular, the question arises whether the active subspace from the inverse
problem has a physical interpretation [80].

Another application of Bayes’ theorem is data assimilation [81]. It is highly relevant in
areas with non-linear dynamics such as weather forecasting, where small errors can grow
rapidly in time [82]. The idea is to introduce experimental data into a numerical simulation
during its initialization or while it is running. One approach is the Kalman filter as well as
its derivatives – the Extended Kalman filter and the Ensemble Kalman filter. In a regular
simulation, the result is a single realisation of the initial and boundary conditions. Similar
to a sensitivity analysis, the Kalman filter maximises the amount of information gained
from a single simulation. This is accomplished by evolving probability distributions instead
of variables in time. Bayes’ theorem then allows for experimental data to be injected as
priors at every timestep. In a first step, the Kalman filter needs to be implemented into a
regular solver, e.g. for large-eddy simulations or for the linearized Navier-Stokes equations.
The large-eddy simulation of an annular combustor would be a challenging testcase [83].
High-fidelity data needs to be provided, either from an experiment or from a highly resolved
large-eddy simulation [84–86]. In a second step, the Kalman filter may be enhanced with
adjoint methods [87]. In an annular combustor with 19 burners each described by an n-t
model, this could reduce the computational cost by a factor of 38 [78]. The variational
formulation of the Kalman filter suggests that a dual space exists.
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Appendix A

Statistics

A.1 Probabilities

For a random experiment, the (continuous) sample space W represents the set of all possible
outcomes. The event space A is a set of subsets of the sample space W, and forms a s algebra
[88]. An element A of the event space A is a collection of outcomes in the sample space
W. The density function p : A! [0,•) assigns non-negative values to events A in A. The
probability space (W,A, p) is a measure space with p(W) = 1 [88]. The random variable
X : A!R assigns values to events A in A. It partitions the event space A, and induces a new
density function

pX(X = a) = p
⇣[

A
���X(A) = a

⌘
. (A.1)

For simplicity, pX may be denoted as simply p.
For the probability space (W1,A1, p1) with the random variable X1 and (W2,A2, p2) with

X2, the joint probability p(X1 = a1,X2 = a2) gives the probability for X1 = a1 and X2 = a2.
Two events X1 = a1 and X2 = a2 are said to be independent if

p(X1 = a1,X2 = a2) = p(X1 = a1)p(X2 = a2) . (A.2)

The conditional probability p(X1 = a1|X2 = a2) gives the probability for X1 = a1 given
X2 = a2. It is related to the joint probability p(X1 = a1,X2 = a2) via the product rule [48]

p(X1 = a1,X2 = a2) = p(X1 = a1|X2 = a2)p(X2 = a2) . (A.3)
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The marginal probability p(X1 = a1) is a function of X1 and independent from X2. It may be
retrieved from the joint distribution via the sum rule [48]

p(X1 = a1) =
Z

p(X1 = a1,X2 = a2)dX2 (A.4)

=
Z

p(X1 = a1|X2 = a2)p(X2 = a2)dX2 . (A.5)

Before Bayes’ theorem is introduced, a short discussion about the nature of probability
is appropriate. On the one hand, a probability is traditionally associated with a random
experiment. It predicts the frequency of a certain outcome. This is the so-called frequentist
interpretation of probability. On the other hand, a probability may describe the degree of
belief in a proposition. The proposition is not necessarily subject to randomness. This is
the so-called Bayesian interpretation of probability. The conditions under which degrees of
belief may be mapped onto probabilities are given by Cox’ theorem [48]. In order to apply
Bayes’ theorem, the Bayesian interpretation of probability is used.

A.2 Bayes’ Theorem

A model M of a random experiment with parameters q generates data in a random variable
X . The forward problem is concerned with the propagation of uncertainty from the model
M and its parameters q to predictions in the random variable X . The inverse problem is
concerned with the inference of the unknown model M and its parameters q from measured
data in the random variable X . This task is most naturally expressed in terms of Bayes’
theorem as [48]

p(q |X ,M) =
p(X |q ,M)p(q |M)

p(X |M)
. (A.6)

Bayes’ theorem is a direct consequence of the relationship between joint and conditional prob-
abilities (Eq. (A.3)). Nevertheless, the probabilities in Eq. (A.6) have special interpretations
in the context of inference problems:

• The term p(q |M) in the numerator on the right-hand side of Eq. (A.6) is also known
as the prior (probability). It describes the probability of a set of parameters q in the
model M without any knowledge of measured data in the random variable X . The
prior probability represents subjective belief, and usually depends on assumptions.

• The term p(X |q ,M) in the numerator on the right-hand side of Eq. (A.6) is also known
as the likelihood of a set of parameters q . It describes the probability of measuring
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data in the random variable X given a model M and its parameters q . The likelihood
function represents the propagation of uncertainty in the forward problem.

• The term p(q |X ,M) on the left-hand side of Eq. (A.6) is also known as the posterior
(probability). It describes the probability of a set of parameters q in the model M.
Unlike the prior probability, the posterior probability takes measured data in the random
variable X into account.

The term p(X |M) in the denominator on the right-hand side of Eq. (A.6) is also known
as the evidence for the model M. It describes the probability of measuring data in the random
variable X . It is independent from the choice of parameters q . The evidence is a marginal
probability, which can be computed from Eq. (A.5) to

p(X |M) =
Z

p(X |q ,M)p(q |M)dq . (A.7)

The integrand is the numerator on the right-hand side of Eq. (A.6). Note that Eq. (A.7) gives
a different result than a maximum-likelihood estimation.

In Eq. (A.6), the evidence for the model M acts as a normalising constant. Nevertheless,
it may also be interpreted as the likelihood of a model M in a second application of Bayes’
theorem (Eq. (A.6)) in the form of

p(M|X)⇠ p(X |M)p(M) . (A.8)

This may be used to compare the probabilities of two models M1 and M2 given measured
data in the random variable X . The prior p(M) again requires assumptions to be made about
the probability of a model M. For the comparison of models, the evidence for the measured
data p(X) is not needed in the denominator on the right-hand side of Eq. (A.8) because it is
a normalising constant independent from any specific model M.

A.3 Normal Distributions

The (univariate) normal distribution N (µ,s2) is given by the density function

p(X |µ,s2) =
1p

2ps2
exp
✓
�1

2
(x�µ)2

s2

◆
, (A.9)
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where µ denotes the mean value, and s2 denotes the variance. The multivariate normal
distribution N (µ,S) is given by the density function

p(X |µ,S) = 1p
det(2pS)

exp
✓
�1

2
(x�µ)T S�1(x�µ)

◆
, (A.10)

where µ denotes the mean (vector), and S denotes the covariance matrix. For a prior
N (µpre,Spre) and a likelihood that is proportional to a normal distribution in the parameters
N (µlik,Slik), the posterior is given by a normal distribution N (µpost,Spost) with

µpost =
�
S�1

pre +S�1
lik
��1 ⇥S�1

preµpre +S�1
lik µlik

⇤
, (A.11)

S�1
post = S�1

pre +S�1
lik . (A.12)

For a (univariate) normal distribution, the cumulative distribution function is given by

F1

✓
�n  X �µ

s
 n
◆
= erf

✓
np
2

◆
. (A.13)

where erf denotes the error function

erf(x) =
Z x

�x
exp(�t2)dt . (A.14)

For a bivariate normal distribution, the cumulative distribution function is given by

F2

⇣
(X �µ)T S�1 (X �µ) n2

⌘
= 1� exp

✓
�n2

2

◆
(A.15)

For higher-order multivariate normal distributions, the cumulative distribution functions are
given by

Fk

⇣
(X �µ)T S�1 (X �µ) n2

⌘
=

21� n
2

G
�n

2
�Gk(n2) , (A.16)

where G denotes the gamma function. Gk(n2) is recursively given by

G1
�
n2�=

r
p
2

erf
✓

np
2

◆
, (A.17)

G2
�
n2�= 1� exp

✓
�n2

2

◆
, (A.18)

Gk
�
n2�=�nk�2 exp

✓
�n2

2

◆
+(k�2)Gk�2

�
n2� . (A.19)
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The first four 1-s , 2-s and 3-s confidence levels are given in Tab. A.1.

Table A.1 Confidence levels in 1-s , 2-s , 3-s regions.

n k = 1 k = 2 k = 3 k = 4
1 68.27 % 39.35 % 19.87 % 9.02 %
2 95.45 % 86.47 % 73.85 % 59.40 %
3 99.73 % 98.89 % 97.07 % 93.89 %





Appendix B

Governing Equations

B.1 Wave and Helmholtz Equation

In this section, the inhomogeneous wave equation and the inhomogeneous Helmholtz equa-
tion are derived. The procedure follows the derivation presented by Nicoud et al. [16].

In the Low-Mach limit, the governing equations of a non-reacting flow read

∂r
∂ t

+— · (r~u) = 0 , (B.1)

r ∂~u
∂ t

=�—p , (B.2)

r ∂ s
∂ t

+r~u ·—s =
q̇
T

, (B.3)

p = rRT , (B.4)

s� sref =
cp

T
dT � R

p
dp . (B.5)

Density is denoted by r , velocity by~u, pressure by p, specific entropy by s, heat release rate
per unit volume by q̇, temperature by T , the specific gas constant by R, and constant-pressure
heat capacity by cp. For Ma ⌧ 1, the convective term, which would normally appear in the
momentum balance (Eq. (B.2)), is negligible because

r (~u ·—)~u ⇠ PU2

L
⇠ Ma2P

L
⌧ P

L
⇠ —p , (B.6)

where P, U , P and L denote characteristic density, velocity, pressure and length scales
respectively. Effects due to viscosity and heat conduction are also neglected.
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The linearised governing equations read

∂r1

∂ t
+r0— ·~u1 +~u1 ·—r0 = 0 , (B.7)

r0
∂~u1

∂ t
=�—p1 , (B.8)

∂ s1

∂ t
+~u1 ·—s0 =

q̇1R
p0

, (B.9)

p1

p0
� r1

r0
� T1

T0
= 0 , (B.10)

s1 =
cp

T0
T1 �

R
p0

p1 . (B.11)

Subscript 0 denotes the base flow, subscript 1 denotes a first-order perturbation. For Ma ⌧ 1,
the base-flow heat release rate q̇0 is negligible.

Taking the partial derivative of the mass balance (Eq. (B.7)) with respect to time and
taking the divergence of the momentum balance (Eq. (B.8)) gives

∂ 2r1

∂ t2 �—2 p1 = 0 . (B.12)

Eq. (B.10) and (B.11) replace entropy in Eq. (B.9) as

cv

p0

∂ p1

∂ t
�

cp

r0

∂r1

∂ t
�~u1 ·

cp

r0
—r0 =

q̇1R
p0

, (B.13)

where cv denotes the constant-volume heat capacity. For Ma ⌧ 1, the term containing —p0,
which would normally appear in Eq. (B.13), is negligible. Taking the partial derivative of
Eq. (B.13) with respect to time, Eq. (B.12) and (B.13) give

1
g p0

∂ 2 p1

∂ t2 �— ·
✓

1
r0

—p1

◆
=

g �1
g p0

∂ q̇1

∂ t
, (B.14)

where g denotes the heat capacity ratio. Eq. (B.14) is an inhomogeneous wave equation
in the first-order perturbation pressure p1. The waves travel on top of a non-uniform base
flow. Note that the base-flow density r0 is subject to the divergence operator. Otherwise,
Eq. (B.14) would represent a classical wave equation.

The right-hand side of Eq. (B.14) contains an unsteady term. The heat release rate is
modeled with an n-t model [6]. In the n-t model, the heat release rate perturbations q̇1 are
localised at a position x f , and proportional to the velocity perturbations u1 at an earlier time.
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The n-t model reads

q̇1(x, t) = nu1(t � t,x�f )d (x� x f ) , (B.15)

∂ q̇1

∂ t
= n

∂u1

∂ t

����
x�f ,t�t

d (x� x f ) (B.16)

=� n
r0(x�f )

—p1|x�f ,t�t d (x� x f ) . (B.17)

n denotes the interaction index, t denotes the time delay. Eq. (B.14) and (B.17) give

1
g p0

∂ 2 p1

∂ t2 �— ·
✓

1
r0

—p1

◆
=�g �1

g p0

n
r0(x�f )

—p1|x�f ,t�t d (x� x f ) . (B.18)

By applying a Laplace transform1 to Eq. (B.18), the corresponding Helmholtz equation
is derived as

s2

g p0
p̂�— ·

✓
1
r0

— p̂
◆
=�g �1

g p0

n
r0(x�f )

— p̂|x�f exp(�st)d (x� x f ) , (B.19)

where s denotes a complex frequency, whose real part represents the growth or decay rate,
and whose imaginary part represents the angular frequency. Eq. (B.19) is an inhomogeneous
Helmholtz equation in p̂.

B.2 Wave Approach

In this section, a system of hyperbolic partial differential equations is derived. In the Low-
Mach limit, the governing equations of a non-reacting flow read

∂r
∂ t

+— · (r~u) = 0 , (B.20)

r ∂~u
∂ t

=�—p , (B.21)

rcv
∂T
∂ t

+r~ucv ·—T =�p— ·~u+ q̇ . (B.22)

p = rRT . (B.23)

1 Laplace transform: p̂(x,s) = L {p1}(s) =
Z •

0
p1(x, t)exp(�st)dt .
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Eq. (B.20), (B.21) and (B.23) are identical to Eq. (B.1), (B.2) and (B.4) from App. B.1. The
entropy balance in App. B.1 (Eq. (B.3)) is replaced with an energy balance (Eq. (B.22)).
The same assumptions like in App. B.1 apply: For Ma ⌧ 1, the convective term, which
would normally appear in the momentum balance (Eq. (B.21)), is negligible. Effects due to
viscosity and heat conduction are neglected.

The linearised momentum and energy equations read

r0
∂ ~u1

∂ t
=�—p1 , (B.24)

r0cv
∂T1

∂ t
+r0cv~u1 ·—T0 =�p0— ·~u1 + q̇1 . (B.25)

In the linearised energy balance (Eq. (B.25)), temperature may be expressed in terms of
pressure and density (Eq. (B.4), (B.10)) as

∂ p1

∂ t
� p0

r0

∂r1

∂ t
� p0

r0
~u1 ·—r0 =�(g �1)p0— ·~u1 +(g �1)q̇1 . (B.26)

The linearised mass balance (Eq. (B.7)) is applied. Eq. (B.26) reduces to

∂ p1

∂ t
=�g p0— ·~u1 +(g �1)q̇1 . (B.27)

Eq. (B.24) and (B.27) form a system of hyperbolic equations as

r0
∂ ~u1

∂ t
+—p1 = 0 , (B.28)

∂ p1

∂ t
+ g p0— ·~u1 = (g �1)q̇1 . (B.29)

A wave approach may be used to solve this system of hyperbolic equations. Alternatively,
taking the partial derivative of Eq. (B.29) with respect to time and taking the divergence of
Eq. (B.28) would retrieve Eq. (B.14). Hence, the system of hyperbolic equations is equivalent
to the inhomogeneous wave equation.
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