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Abstract

A drop-on-demand inkjet printhead is a narrow, ink-filled, channel with a piezoelement
on the upper boundary and a nozzle on the opposite side. The piezoelement oscillates,
pushing a small amount of fluid through the nozzle to create a droplet, and acoustic
waves propagate inside the channel. The printing speed depends on the rate at which
droplets are expelled and therefore on the frequency of the boundary oscillation. As
the frequency increases and approaches the first natural mode, the amplitude of the
acoustic wave increases rapidly. As the previous pulse’s acoustic waves have not decayed
by the start of the next pulse, this leads to an unpredictable oscillatory behaviour inside
the channel and print quality reduction. We aim to adjust the printhead geometry to
increase the decay rate of acoustic oscillations, which should maintain print quality for
higher frequencies.

The incompressible Navier–Stokes and viscous acoustic equations govern the flow
dynamics inside the printhead. Using the adjoint approach, we calculate the mean
flow viscous dissipation and acoustic eigenvalues sensitivities with respect to the shape
of the domain. We apply the decay rate gradient in Hadamard form to change the
Bezier-parameterized boundary shape, and modify the channel’s geometry to increase
the decay rate of acoustic fluctuations. Also, the presence of the domain boundaries
compliance is taken into account to consider their deformation under the influence of
acoustic waves.

Finally we demonstrate the developed computational tool which consists of an
automated geometry and mesh generator, an unsteady incompressible solver, and
a spectral solver for viscous acoustic flow, and adjoint solvers for shape gradients
calculation.
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Chapter 1

Introduction

1.1 Adjoint approach and shape optimization

Many problems in mathematical physics can be written in the form: given an operator
A, find a solution u such that Au = f . In practice, one is usually interested in a
value of linear functional (l, u) instead of the solution u itself. Introducing an adjoint
operator, A†, related to the functional as A†v = l, the relation helds:

(l, u) = (l, A−1f) = ((A−1)†l, f) = (v, f) (1.1)

Thus, instead of solving the direct problem for different source terms f , it is only
necessary to solve the adjoint problem once and calculate a linear functional (v, f).
This concept can be extended to differential operators and optimization problems in
particular.

Consider an objective functional J of a state q, which we want to minimize. The
state is governed by a system of partial differential equations and a set of parameters
a from an admissible parameter space A.

minimize J (q, a) (1.2a)
subject to R(q, a) = 0, (1.2b)

a ∈ A (1.2c)

The parameters can govern the initial or boundary conditions of the system, or
the geometry of the problem. In particular, if positions of the boundary points are
considered as the parameters themselves, i.e. explicitly define the shape optimization
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problem, it is referred as parameter-free optimization. Otherwise, the geometry
is constructed by a set of a design values, and the optimization problem becomes
parameter-based.

Evaluation of the cost function at a given point ã in the parameter space requires
knowing the solution q(ã). Once we want to find an optimal solution, a number of
computationally expensive searches could be performed around the current state, namely
one state calculation for each adjustable parameter: q(a1, a2, . . . , an + ∆an, . . . , aN).
In industrial applications, however, the direct calculation of gradient information can
be extremely costly, especially when the number of control parameters is large or
every trial is expensive. Consequently, adjoint-based methods [16] become promising
for engineering design and shape optimization. Adjoint method allows to calculate
sensitivities with respect to each parameter by only one state calculation and N linear
computation to obtain dJ

dan
, n = 1, . . . , N .

First, let us consider the full cost function and the state equations derivative:

dJ
dan

= ∂J
∂q

∂q
∂an

+ ∂J
∂an

, (1.3a)

dR
dan

= ∂R
∂q

∂q
∂an

+ ∂R
∂an

= 0 (1.3b)

Second, we introduce co-state (adjoint) variable λ and construct the Lagrangian of
the system:

L = J − (λ,R(q, a)) (1.4)

Due to the arbitrary nature of λ, we can choose it to satisfy

∂L
∂q

δq = 0 = ∂J
∂q

δq −
(

λ,
∂R
∂q

δq

)
, (1.5a)

⇒ ∂J
∂q

δq =
(

λ,
∂R
∂q

δq

)
(1.5b)

Using the definition of the adjoint:

∂J
∂q

δq =
(

∂R
∂q

†
λ, δq

)
(1.6)

And therefore, the objective function gradient with respect to parameters
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dJ
dan

= ∂J
∂an

+
(

λ,
∂R
∂q

∂q
∂an

)
= ∂J

∂an

−
(

∂R
∂q

†
λ,

∂q
∂an

)
≡ ∂L

∂an

(1.7)

By introducing a new variable, we eliminated parameter sensitivities of the state
equation, i.e. the so-called grid sensitivity. Now, to calculate the objective gradient,
we only require one solution of the state equation (1.2b), one solution of the adjoint
equation (1.5b), and N evaluations of (1.7), which are cheap.

In present research we apply the continuous adjoint method: the adjoint state
equations are derived analytically and then discretized [17], and we obtain a discrete
approximation of the objective function gradient, (∇J )h. Another approach, the
discrete adjoint method, applies the adjoint operator on the already discretized equa-
tions, which provides us with an exact gradient of the approximated objective function
∇ (Jh).

Parameter-based shape optimization is based on the concept that for each control
point a there is a displacement field, Va, and a change of the system parameter results
in the geometry transformation in the direction of the displacement field. In can be
shown, that for admissible objective functions the gradient can be written in Hadamard
form [6]:

dJ
dan

=
∫

∂Ω
VanG(q, λ)dΓ (1.8)

Applying the continuous adjoint approach, we seek an analytic expression for
G(q, λ), and integrate this function over the optimization boundary to calculate the
objective shape sensitivity.

1.2 Inkjet printers

Inket drop-on-demand printing is a type of printing which recreates an image by
propelling droplets of ink onto substrate, for example, paper. The way a droplet is
formed depends on the printing technology. One of the most common are thermal
and piezo inkjet printers. Thermal inkjet printers contain a resistive heater to create
a vapor bubble that pushes the fluid [25]. Piezo electric inkjet technology applies a
control electric pulse to a piezo-element, which vibrates and sets the ink fluid inside the
printhead into motion. This printing technology is very popular due to its precision
and operational speed: the droplet size can start from 1 pl, and the frequency of the
ink jetting reaches 50kHz, or even more [42]. Target frequency, which we want to
achieve, is in order of several hundred kilohertz.
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A printhead is in general a channel filled with ink, with a small nozzle on the
bottom and a piezoelectric element at the top. There is a slow flow through the
channel, which maintains the ink volume inside. The piezoelement acts as an oscillator
and creates acoustic waves inside the channel. We can distinguish three consecutive
droplet formation stages. At stage 1 (fig. 1.1a), piezo element is undeformed. An
electric trapezoid impulse is applied to it, which displaces the top boundary and pushes
ink though the nozzle. At stage 2 (fig. 1.1b), the piezo bends which forms pressure
waves and a droplet appears at the orifice. Finally, at stage 3 (fig. 1.1c), piezoelement
deforms back and a single drop is created. At the same time, acoustic waves continue
to propagate inside the channel, which can lead to undesired effects, such as formation
of satellite drops.

Piezoelectric element

Printing nozzle
Ink

Stage 1

(a)

Piezoelectric element deforms
Stage 2

creating a droplet at the orifice

and forms pressure waves

(b)

Piezoelectric element bends back,
Stage 3

Residual oscillations
Single droplet is formed

∆ ≪ H

(c)

Fig. 1.1 Inkjet drop-on-demand print cycle.

These residual oscillations inside the channel have been called the primary perfor-
mance limiting factor [20]. The main question is how can one dump these residual
oscillations or make them propagate out of the channel? There are several studies on
wave propagation in inkjet printers [1] and performance optimization [23], based on
feed-forward control, for example, the shape of electric signal [19]. They attempted to
improve the system’s response to high frequency boundary oscillations, namely the
transfer function H(q) : q → y, which relates the piezo input voltage q to the meniscus
(the liquid-air interface at the orifice) velocity y.
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The meniscus dynamics and the subsequent droplet formation are another important
processes. This is a multiphase physical phenomena, involving liquid-solid interaction
on the nozzle surface (wetting and contact angle) [41], and liquid-gas interaction that
involves the dynamics of the interface shape and surface tension [40]. In this report, we
are going to focus on the shape optimization of the channel, omitting the multiphase
effects at the nozzle boundary.

1.3 Report structure

The report consists of four chapters, including introduction. In chapter 2, we derive
two limits of the compressible Navier–Stokes equation. We perform a two-parameter
expansion to split the full problem into the incompressible mean flow and viscous
acoustic flow. Then, we obtain a weak formulation for these two limits, and extend the
concept of the compliant boundary type to the viscous case. In chapter 3, we state the
optimization problem, aiming to minimize viscous dissipation of the unsteady mean
flow, and stabilize the acoustic flow by increasing the decay rate of natural modes.
Starting with one-dimensional optimization examples, we overview the Lagrangian
approach and construct the adjoint-based shape gradient of the objective functions in
Hadamard form. Chapter 4 contains applications of the present method, in particular
shape optimization of a simplified geometry (a two-dimensional channel with adjustable
restriction) and a generic printhead geometry. We continue with coupling the viscous
dissipation and stability optimization problems and discuss the process of multiobjective
optimization.





Chapter 2

Viscous acoustic flow

In this chapter we start with the review of the fully compressible Navier–Stokes
equations and aim to derive two limit cases: incompressible flow and acoustic flow
equations from the power expansion of the initial problem assuming that the flow is
governed by some low characteristic numbers. We will see that in the case of low Mach
number of the base and fluctuating flows the initial problem can be split into two
sub-problems. Then, we discuss both the strong and the weak forms for each of two
cases; finally, we consider possible boundary conditions and their implementation.

2.1 Equations of motion

The full compressible Navier–Stokes equations govern the motion of a fluid with the
presence of viscous effects, heat conductivity, compressibility and external body forces.
In general, the equations in conservative form are given by [24]:

∂

∂t
q + ∂

∂xk

(fc
k(q) − fv

k(q, ∇ · q)) = 0 in Ω (2.1)

Here we use c and v referring to convective and viscous parts of the equations. The
vector of conservative variables q and the fluxex f c(q), f v(q) are defined by

q =


ρ

ρu1

ρu2

ρE

 , f c
k(q) =


ρuk

ρu1uk + Pδ1k

ρu2uk + Pδ2k

ρukH

 , f v
k (q) =


0

τk1

τk2

τkjuj + ∂kκT

 (2.2)
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The viscous stress tensor τij is proportional to the dynamic viscosity coefficient µ

and equals to

τij = µ
(

∇iuj + ∇jui − 2
3div(u) δij

)
(2.3)

Introduced variables ρ, u, P, E and H denote the density, velocity vector, pressure,
total energy and enthalpy of the flow:

P (q) = (γ − 1)ρe, (2.4a)

ρE = ρe + ρu2

2 , (2.4b)

H(q) = ρE + P

ρ
(2.4c)

Static internal energy e is related to the temperature T of the flow by e = cvT ,
where cv denotes the constant volume heat capacity. We can define the Prandtl number
Pr = µγcv

κ
, κ is the thermal conductivity coefficient. For example, in the case of an

ideal gas, a Prandtl number Pr = 0.72. We also need to introduce an equation of state,
which relates the pressure, density and temperature, i.e. ρ = ρ(P, T ).

Usually, solving these equations is a challenge itself, including choosing an ap-
propriate discretization and numerical methods, which is another noticeable research
area. For example, discontinuous Galerkin finite element method [14] is a promising
candidate to solve the full problem.

2.2 Equations of motion in the low Mach number
limit

Now, let us introduce two parameters to describe the flow. Here we follow the results
presented in [27] for the low Mach number asymptotics of the Navier–Stokes equations,
and [5] for two-parameter expansion derivation.

First, consider that we have a steady fluid flow in a channel with rigid boundaries,
and the mean inlet velocity is in order of 1 − 10 m/s. Then the Mach number of the
base mean flow can be characterized by a small parameter, µ = M b, since the velocity
of the flow is much smaller than the speed of sound cb

s =
√

γP b/ρb, such that the local
Mach number is:
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M = u√
γP b/ρb

= u

ub
M b → 0 if M b → 0 (2.5)

where b corresponds to the reference base dimensional values describing the flow. We
choose the reference quantities such that the u/ub is in order of O(1).

Second, the flow is perturbed by small boundary oscillations created by a piezo-
element. These fluctuations are created at the boundary and propagate inside the
channel. The inkjet printing device is designed to create a sequence of small droplets
jetting through a tiny orifice, and these oscillations are the primal mechanism of droplets
formation at the nozzle outlet boundary [25]. Although the boundary displacement is
assumed to be negligibly small, acoustic waves form inside the channel and represent
an additional physical phenomenon to be studied. This type of fluctuating motion
should be small in comparison to the mean quantities, and moreover be described by
another parameter. Introducing a new small characteristic number, ε, we will use it to
define the Mach number of the fluctuating flow.

These two small parameters, µ and ε, represent different physical phenomena.
Consequently, the formal expansion of the governing equations will give us terms with
different orders in µ, ε: O(µk1εk2), where k1, k2 are some integer numbers (e.g., k2 = 0
for a flow with no oscillations). This generally characterize the flow processes. For
example, as will be shown later, setting ε to zero and collecting terms of O(µ) leads to
the well-known momentum equation of an incompressible flow.

2.2.1 Nondimensionalization

To perform the following analysis of the low Mach number limit of the equations of
motion, it is necessary to define the nondimensional variables. New equations will
include dimensionless quantities such as the Reynolds number (if the flow is viscous),
the Froude number (if gravity is included into the model), or, for instance, those related
to the considered forces acting on the flow.

Dimensional reference quantities can be based on the far-field conditions, but in
the case of the internal flow it seems more natural to refer to the steady flow state
without mean flow: ρb, T b, cb

s, µb (reference density, temperature, speed of sound and
viscosity) and a domain size L as a reference length scale. The reference pressure P b

used here is chosen as a function of density and speed of sound: P b = ρb(cb
s)2. Hence a

new set of variables becomes:
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ρ

ρb
→ ρ,

P

P b
→ P,

T

T b
→ T,

u

cb
s

→ u (2.6a)

E

P b/ρb
→ E,

H

P b/ρb
→ H, (2.6b)

x

L
→ x,

t

L/cb
s

→ t (2.6c)

The dimensionless parameters such as the Reynolds number appear in the equations
at this stage, with Re = ρbcb

sL/µb. These values depend on the choice of the reference
values.

While some approaches [5] are based on the speed of sound dimensionalization, also
in some cases choosing a known velocity of the flow (for example, at the inlet) as a
reference quantity helps obtaining slightly different and more demonstrative results,
such as temporal multiple scales analysis [27]. However, this approach is not suitable
if the inlet velocity is zero, whilst the speed of sound is never a small quantity. We will
use speed of sound as a reference velocity for the compressible flow, and the non-zero
inlet velocity in the incompressible case.

2.2.2 Flow values expansion

As discussed before, physical processes in the flow arise from two different sources: the
mean flow characterized by the parameter µ and the fluctuating flow related to the
second parameter ε. We can then write the flow state q as a sum of mean values q̄
and fluctuating values q̃:

ρ = ρ̄ + ρ̃, u = ū + ũ, . . . (2.7)

Refering back to the original idea of two parameters analysis, fluctuating values
should be of the order in amplitude ε, while some mean values are in order of 1, not µ.
For instance, consider the no-mean flow configuration when µ = 0, so the dimensional
flow density becomes ρ = ρb = O(1).

We substitute (2.7) into the full system of compressible Navier–Stokes equations
(2.1) and gather terms which have the same order of magnitude. We want to keep only
the leading terms in µ, ϵ, i.e. non-zero and non-trivial terms. The rest of the terms
represents the combination of the mean and fluctuating flow with terms containing both
Mach numbers, thus describes the interactions between these two physical processes.The
split mass and momentum conservation equations become:
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[∂tρ̄ + ∇i(ρ̄ūi)] + [∂tρ̃ + ∇i(ρ̄ũi)] + O(ε2, εµ, . . . ) = 0 (2.8)[
∂t(ρ̄ūi) + ∇j(ρ̄ūiūj) + ∇iP̄ − 1

Re
∇j τ̄ij

]
+
[
∂t(ρ̄ũi) + ∇iP̃ − 1

Re
∇j τ̃ij

]
+O(ε2, εµ, . . . ) = 0

(2.9)
The first bracket in both (2.8) and (2.9) contains only terms related to the mean

state q̄, and the second bracket gathers the fluctuating quantities q̃.
Direct consideration of the first bracket in (2.8) shows that all terms are proportional

to the first power of µ: mean density ρ̄ has the leading term of O(1) as shown before,
the temporal derivative is proportional to µ since the speed of sound was chosen to
nondimensionalize it (it can be clearly seen from (2.6) that by choosing ub instead
of cb

s as a reference velocity quantity results in the ub/cb
s = O(µ) term appearing).

Consequently, all terms in the first bracket of (2.8) are O(µ1). Let us denote the terms
proportional to the zeroth order of Mach number as ρ̄0, ūi,0, to the first order as ρ̄1, ūi,1,
and so on.

∂tρ̄0 + ∇i(ρ̄0ūi,1) = 0 (2.10)

The first bracket in (2.9) shows that all terms are proportional to the second power
of µ, except the pressure gradient, which should be in order of O(1). To understand
this seeming discrepancy, let us follow [27] and expand pressure in power series of µ:

P̄ = P̄0 + P̄1 + P̄2 + O(µ3) (2.11)

Now, applying this expansion to the first bracket of (2.9) and gathering terms with
the same power of the small parameter gives:

µ0 : ∇iP̄0 = 0, (2.12a)
µ1 : ∇iP̄1 = 0, (2.12b)

µ2 : ∂t(ρ̄0ūi,1) + ∇j(ρ̄0ūi,1ūj,1) + ∇iP̄2 − 1
Re

∇j τ̄ij,1 = 0 (2.12c)

Now, it becomes clear that the zeroth and first order pressure terms are related to
the total energy density and act like a thermodynamic pressure. The second order term
P̄2 plays a similar role as the pressure in the incompressible Navier–Stokes equation.

Performing similar analysis for the energy equation and considering the mean flow
quantities behavior, we obtain the well-known heat equation:
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ρ̄0∂tT̄0 − ∇jκ∇jT̄0 = 0 (2.13)

We assume there is no external heating thus the zeroth-order temperature is
constant.

To finally derive the incompressible Navier–Stokes equation, assume that the
variation of density and temperature of the flow is small in comparison to the no-flow
state, ||δρ̄|| = ||ρ̄ − ρb|| ≪ ||ρb||, or, in other words, δρ̄ = O(µ). This leads us to the
Boussinesq buoyancy equations [34], which to the lowest order in µ results in:

div(ū) = 0, (2.14a)

ρ̄∂t(ūi) + ρ̄(ūj∇j)ūi + ∇iP̄2 − 1
Re

∇j τ̄ij = 0 (2.14b)

The second brackets in (2.8) and (2.9) are the acoustic motion of the flow; terms
are proportional to ε and do not contain information about the mean flow. Since the
first bracket terms were shown to be zero, we can conclude that the second bracket
terms should also be zero, leading us to the equations of linear acoustics:

∂tρ̃ + ρ̄div(ũ) = 0, (2.15a)

ρ̄∂t(ũi) + ∇iP̃ − 1
Re

∇j τ̃ij = 0 (2.15b)

The energy production term in (2.2) proportional to viscosity is in order of u2

and can be neglected while considering expansion to the first order of ε. The energy
density variable ρE is equivalent to internal energy ρe = P/(γ − 1) up to the the first
order of ε, so the energy conservation equation can be formulated in terms of pressure.
Gathering the first order fluctuating values in the energy equation yields:

1
γ − 1∂tP̃ + γ

γ − 1∇i

(
ũiP̄0

)
− ∇jκ∇jT̃ = 0 (2.16)

By definition, temperature T equals to P
ρ

1
cv(γ−1) , thus the temperature fluctuation

is:

T̃ = 1
cv(γ − 1)

˜(
P

ρ

)
= 1

cv(γ − 1)
P̄0

ρ̄

(
P̃

P̄0
− ρ̃

ρ̄0

)
(2.17)

Now the first order energy equation becomes:
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∂tP̃ + γP̄0div (ũ) − 1
cv

P̄0

ρ̄
∇jκ∇j

(
P̃

P̄0
− ρ̃

ρ̄0

)
= 0 (2.18)

Now, if we assume that the flow is isentropic P̃ = c2
sρ̃, then using the speed of

sound definition cb
s =

√
γP b/ρb the energy (pressure) equation degenerates to the mass

conservation equation in (2.15).
Summing up, that the problem can be separated in two smaller problems: incom-

pressible mean flow and linear acoustics, only due to the fact that we assumed terms of
O(ε2, εµ, . . . ) to be small and therefore we neglect the interaction between the mean
flow and the fluctuating flow. Otherwise, mean state q̄ and fluctuating state q̃ are
coupled through the higher order terms which represent mass, momentum and energy
transfer between them.
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2.3 Mean flow in the low Mach number limit

Low Mach number expansion of the Navier–Stokes equations results in the mass and
momentum conservation laws of incompressible base flow and classical linear acoustic
problem. In this section we consider both steady and unsteady incompressible flow
and briefly discuss the governing equations and weak formulation.

2.3.1 Problem statement

Incompressible Navier–Stokes equation can be considered as an equation of motion
plus a constraint, that makes the flow divergenceless. The pressure variable is not
directly related to the thermodynamic state, and adjusts in a way that the velocity
constraint is satisfied. The governing equations are:

∂ui

∂t
+ (uj∇j)ui + ∇iP − 1

Re
∆ui = 0, (2.19a)

div(u) = 0 (2.19b)

This dimensionless form contains a characteristic Reynolds number Re, which
defines the flow behaviour. Previously, speed of sound was used as a reference speed;
however, in this case it is necessary to dimensionalize velocity by some known value
related to the base flow itself, for example, inlet velocity, since there is no meaningful
sound speed. Then, Reynolds number is defined as Re = ρUinL

µ
.

We consider four types of boundary conditions:

• Inlet boundary

Velocity is prescribed at the inlet boundary, but not pressure. This is Dirichlet
boundary condition, namely:

u = Uin on Γin (2.20)

• No slip boundary

No slip boundary imposes no flow through the wall, and adhesion condition for
viscous flows. Then, both normal and tangential velocity components are zero
and the no slip Dirichlet boundary condition becomes:

u = 0 on Γnsl (2.21)
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• Slip boundary

In some cases, for example if fluid is inviscid or a symmetry plane is modelled,
slip wall boundary condition is required:

un = 0 on Γnsl (2.22)

Here un is a normal component of the flow velocity. Slip boundary condition
allows non-zero flow along the surface.

• Outlet boundary

Outlet, or no-stress boundary is used to model outflow. Since pressure appears
only in the gradient term, it is defined up to some constant. Let us set the outer
pressure to zero, then the stress-free condition turns into

nj(Pδij − 1
Re

∇jui) = Pni − 1
Re

∂ui

∂n
= 0 (2.23)

Additionally, in the case of unsteady flow, initial condition u(x, t = 0) should be
provided.

2.3.2 Weak formulation

Consider for now that the flow is steady, ∂ui

∂t
= 0, and here we aim to construct a weak

form of the reduced problem. Non-zero time derivative will be taken into account in
the following section.

First, we multiply the incompressible Navier–Stokes equation (2.19a) by vector
test function, vi, and the divergence constraint (2.19b) by scalar function, q, and
integrate both over the computational domain. Second, we integrate the highest order
derivatives, − 1

Re
∆ui and ∇iP by parts and collect all the integrals together. This leads

to:

〈
vi(uj∇j)ui − Pdiv(v) + 1

Re
∇jvi∇jui − qdiv(u)

〉
+
{

vi

(
Pni − 1

Re

∂ui

∂n

)}
= 0

(2.24)
The boundary integral disappears completely due to the boundary conditions. Inlet

and no slip Dirichlet boundaries result in v = 0 since the choice of test function is
arbitrary. Slip boundary sets both uτ , vτ to zero and the remaining term vanishes due
to the symmetry (or, equivalently, no shear stress at the boundary). Outlet boundary
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condition is exactly the last boundary integral multiplyed by some function, such that
the last remaining term is zero everywhere.

Summing up, the weak form of the incompressible Navier–Stokes equation with
the given boundary types contains only a volumetric integral, with Dirichlet boundary
conditions for inlet, slip and no slip boundaries.

2.3.3 Newton method

The problem (2.19) is nonlinear, the convective term is proportional to u2. Let us
recall the weak form (2.24) and a steady residual form R(q) is:

R(q) =
〈

vi(uj∇j)ui − Pdiv(v) + 1
Re

∇jvi∇jui − qdiv(u)
〉

(2.25)

It should be zero if q = (u, P ) satisfies the incompressible Navier–Stokes equation.
Consider we have an initial guess of the flow state q0 = (u0, P0), which can, for instance,
be chosen zero everywhere or satisfy the linear Stokes equation. We employ a Newton
method to solve the nonlinear system with a known initial guess. To find the next
iterate we linearize the residual form by taking the Frechet derivative with respect to
state q. Linearization of the Dirichlet boundary conditions is straightforward, which
finally gives:

R(qn+1) = R(qn) + ∂R
∂q

δq + O(δq2) (2.26)

And the linearized weak problem becomes:

〈
vi ((uj∇j)δui + (δuj∇j)ui) − δPdiv(v) + 1

Re
∇jvi∇jδui − qdiv(δu)

〉
= −R(qn)

(2.27)
Then the initial nonlinear problem turns into a linear system on δq. Setting (2.26)

to zero and finding δq, we update the previous solution as qn+1 = qn + δq and calculate
the l2-norm of the updated residual, ∥R(qn+1)∥2. If the norm is less than the chosen
tolerance, the process is stopped. Otherwise, we continue the convergence procedure.

A damped Newton method can be useful for some problems. It means, that the
solution is updated by weighed step, αwδq, which is dynamically chosen to maintain
better convergence rate. In present research, we used the undamped Newton algorithm.
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2.3.4 Unsteady mean flow

Now, consider time-dependent Navier–Stokes equation, with a new residual form to be
introduced:

N(q(t)) =
〈

vi
∂ui

∂t

〉
+ R(q(t)) (2.28)

There are several methods of solving the unsteady problem, for example, fractional
step method [8]. However, we want to employ the existing solution of the steady
problem, and we aim to derive an implicit scheme for time integration. The idea is to
perform the temporal discretization first, and then reduce new system to previous case.
The Euler approach presents time derivative as

∂u

∂t
→ un+1 − un

∆t

Here we perform time discretization as tk = k∆t, where ∆t is time step. The
unsteady weak formulation then becomes:

〈
vi

un+1
i

∆t

〉
+ R(qn+1) =

〈
vi

un
i

∆t

〉
(2.29)

This is still a nonlinear problem, and we follow the same strategy as for the steady
problem. Taking the Frechet derivative of (2.29), the iterative scheme is given by:

〈
vi

δui

∆t
+ vi ((uj∇j)δui + (δuj∇j)ui) − δPdiv(v) + 1

Re
∇jvi∇jδui − qdiv(δu)

〉
=

(2.30a)

−R(q) +
〈

vi
un

i − ui

∆t

〉
(2.30b)

Here linear system is solved for δq, un corresponds to the known velocity at the
previous time step, and ui is the velocity iterate updated as ui → ui + δui until the
convergence criteria is met. As the right hand side (2.30b) goes to zero, a new solution
is found for time tn+1.

The advantage of this approach is only a little difference from the steady formulation.
First, the time derivative term vi

δui

∆t
is added to the bilinear form, and second, the

semi-time derivative un
i −ui

∆t
appears on the linear form. Essentially, the solution process

doesn’t differ from that previously discussed.
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2.4 Acoustic flow in low Mach number limit

In the previous sections we discussed the technique of splitting the initial set of
compressible Navier–Stokes equations into two smaller problems, the incompressible
mean flow and the acoustic flow, governed by two small parameters, µ and ε, respectively.
Here we consider the acoustic, or the fluctuating flow created by an oscillating piezo-
element boundary. We develop the general strong and weak formulation of the acoustic
problem, types of boundary conditions relevant to the problem, to finally obtain the
adjoint system and the stability sensitivity to the changes in shape.

2.4.1 Problem statement

We recall the result of the low Mach number expansion, and the linear acoustic
equations (2.15) will be the primal object of interest. Since the viscous source term in
the energy equation (2.2) is proportional only to the squared amplitude of the velocity
O(u2), this allows us to assume that the energy production due to the viscosity is
small thus making our flow isentropic for the purpose of relating P̃ to ρ̃. Note that we
retain viscosity in the momentum equation, where it appears at first order in u. The
isentropic flow property allows us to eliminate the pressure term in the momentum
equation which in dimensional case is related to density through the speed of sound,
cs: ∇P̃ = c2

s∇ρ̃. Summing up, the remaining dimensional continuity and momentum
equations are:

∂tρ̃ + ρ0div(ũ) = 0, (2.31a)

ρ0∂tũi + c2
s∇iρ̃ − µ

(
∆ũi + 1

3∇idiv(ũ)
)

= 0. (2.31b)

For the purpose of the stability analysis of the acoustic problem, instead of solving
the unsteady problem we move to the frequency domain assuming solutions in form
of q̃(x, t) = q̂(x)est, such that ∂t(ρ′, u′) → s(ρ̂, û), where ρ̂, û are complex amplitudes
and s is a complex frequency of a mode. New dimensionless variables become: ρ̃/ρ0 →
ρ̂, ũi/cs → ûi, µ/(ρ0csL) → ν ≡ Re−1, sL/cs → s. We look for a normal mode solution,
so the eigenvalue problem can finally be written as:
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−div(û) = sρ̂, (2.32a)

∇iρ̂ − ν
(

∆ûi + 1
3∇idiv(û)

)
= −sûi. (2.32b)

The sign of the first equation becomes important for the symmetry of the weak form.
The momentum equation can be rewritten in the form of the Newton’s law, by introduc-
ing a new variable for the stress tensor σ̂ij = −ρ̂δij + ν (∇jûi + ∇iûj − 2/3δijdiv(û)).
The divergence of the stress tensor is an acting force, thus

sûi = ∇jσ̂ij (2.33)

Now the acceleration term on the left hand side equals to the force term on the
right hand side. We will use the stress tensor notation while formulating the weak
problem and the boundary conditions.

2.4.2 Weak formulation

Now, the weak form of the given dimensionless eigenvalue problem is introduced.
Multiplying the first scalar equation by a scalar test function, w, and the momentum
equation by a vector test function, vi, and integrating over the domain we have:

⟨−div(û)w⟩ = ⟨sρ̂w⟩ , (2.34a)
⟨−vi∇jσ̂ij⟩ = ⟨−sûivi⟩ (2.34b)

After summation and integration by part the highest order derivatives once we will
have several boundary integrals, namely:

⟨−div(û)w + σ̂ij∇jvi⟩ − {vinjσ̂ij} = s ⟨ρ̂w − ûivi⟩ . (2.35)

The volumetric terms ⟨. . . ⟩ and the boundary terms {. . . } of the weak form are not
yet symmetric to the swap of the test functions to trial functions. We won’t symmetrize
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the boundary integrals at this point, but after the boundary conditions are considered.
Regarding the volume integrals, from the symmetry of the stress tensor it is clear that:

⟨σ̂ij∇jvi⟩ =
〈1

2 σ̂ij(∇jvi + ∇jvi)
〉

= (2.36a)〈
−ρ̂div(v) + ν

2

(
∇jûi + ∇iûj − 2

3δijdiv(û)
)

(∇jvi + ∇ivj)
〉

= (2.36b)〈
−ρ̂div(v) + ν

2

(
∇jûi + ∇iûj − 2

3δijdiv(û)
)

(∇jvi + ∇ivj − 2
3δijdiv(v))

〉
(2.36c)

Substituting (2.36c) back to the (2.35), one can see, that by rearranging terms in
the volume integral it is possible to maintain symmetry between the test and trial
functions.

The weak formulation can be alternatively written in matrix form:

Aqk = skBqk (2.37)

Here A,B are the matrix representation of the left and right hand side differential
operators in (2.32), qk is the state vector (ρ̂, û), i.e. a natural mode of the system, and
sk is the k-th eigenvalue.

2.4.3 Boundary conditions

Since the acoustics is decoupled from the mean flow, we will call inlet and outlet
boundaries free boundaries, while the slip and noslip boundaries still have the same
meaning as for the mean flow problem. Then, boundary conditions for two state
variables - density and velocity perturbations ρ and u, can be written as:

σ̂ijnj = 0 on Γfree, (2.38a)
ûi = 0 on Γnsl, (2.38b)
ûini = 0 on Γsl (2.38c)

The free boundary condition reads as zero stress on the inlet and outlet boundaries,
and in the limit of zero viscosity ν → 0 it acts like a pressure (density) node.

Additionally, the presence of a slip boundary imposes the symmetry of the system.
Then, every variable implies to be either an even or an odd function. In case of the
normal velocity, un, it is odd as a result of the uini = 0 boundary condition. Then
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it is clearly seen (e.g. from the continuity equation), that two other variables, ρ and
uτ must be even with respect to the normal symmetry. This gives us an additional
boundary condition ∂

∂n
uτ = 0 on the symmetry plane.

Now, we can apply these boundary conditions to the weak formulation by introducing
different boundary terms. Moreover, it becomes clear how to make the full weak form
symmetric and still consistent with the strong form.

• Free boundary, Γfree

First, free boundary models an open end; thus, a zero force boundary condition
is considered. This yields:

{vinjσ̂ij}Γfree
= 0 (2.39)

A possible way to enforce the zero force boundary condition is to impose it weakly
by introducing a penalty boundary term [33], [10]. We add a symmetric term
consistent with the primal formulation, such that the boundary integral over the
free surface becomes

β

h

{
σijnj, σ†

iknk

}
Γfree

(2.40)

Here β is a constant coefficient, and h is the triangulation cells size; the ”daggered”
stress tensor takes test functions as variables: σ†

ik = σik(w, v). The updated form
of the boundary term is consistent with the initial problem, since σijnj vanishes
on Γfree.

• No slip boundary, Γnsl

Second, the no slip boundary represents a rigid wall with no flow through it, so
the velocity is zero at Γnsl and no restriction on density is applied. Even if the
no slip boundary is curved, i.e. if the normal and tangential directions depend
on the position on the boundary, the Dirichlet boundary condition can be easily
applied and thus the test function can be set to zero on Γnsl. Note, that the
boundary term in (2.35) is linear on vi thus it vanishes.

• Slip boundary, Γsl

Third, the slip or symmetry boundary implies that there is no normal flow, but
the tangential velocity is not specified. The slip boundary in viscous flows usually
appears as a plane of symmetry, which is a line in 2D or a plane surface in 3D,
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thus the Dirichlet boundary condition should be generally easy to implement. In
other words, the normal velocity should vanish un = 0 as well as the normal test
function can be set to zero vn = 0. Assuming the surface normal being constant
along the slip boundary, the surface integral becomes:

{viσijnj}Γsl
= {vnniσijnj + vτ τiσijnj}Γsl

={
vτ ν

(
∂uτ

∂n
+ ∂un

∂τ

)}
Γsl

= 0
(2.41)

The first term vanishes due to the symmetry of the symmetry of the slip plane,
and the second term is zero since the normal velocity component is constant in
the tangent direction.

• Robin (compliant) boundary

Finally, the last boundary type to be presented is a mixed Robin boundary, or
a compliant boundary. Previous boundaries were defined by either Dirichlet or
Neumann type of boundary conditions. Furthermore, we can assume a mixed
case or equivalently a boundary condition which relates the components of the
state vector q̂ to each other; or, a value to its gradient. The velocity Robin
boundary condition generally appears in the following form:

∂u

∂n
= 1

ε
(u − u0) + f on ΓRob

As the parameter ε approaches two limit cases, ε → 0 or ε → ∞, the Robin
boundary condition turns into a inhomogeneous Dirichlet or Neumann boundary
condition, respectively. The quantities of u0 and f then play role of prescribed
velocity or velocity gradient at the boundary. Boundary condition becomes
homogeneous when u0 or f are zero.

Following [18], it is possible to extend the Nitsche approach for imposing Dirichlet
boundary condition [33] to broader range of boundary types with ϵ ≥ 0. The
final weak formulation is consistent, symmetric and successfully compared to the
traditional techniques. We refer to [18] for the detailed derivation of the general
method, and the following section will consider the particular case of the Robin
condition.
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2.4.4 Compliant boundary

We consider the following problem: the domain now acts as a solid structure which
boundaries are not fixed and can displace, reacting to the flow. This is a fluid-structure
interaction (FSI) problem, and the modeled geometry and thus the computational
domain may change as a result of boundary displacement. When the displacement is big
enough to actually affect the mean flow, computational meshes and structure position
should be moved. A number of methods describing the motion of fluid particles and
mesh nodes exists, for instance the Arbitrary-Lagrange-Eulerian (ALE) approach [7].
Moving boundary condition prescribes equality of the flow and solid surface quantities,
namely kinematic and dynamic conditions. First, as soon as the surface is compliant
(in contrast to permeable), the continuity of displacements and velocities is required;
second, the stresses in the fluid and the body should be the same [9]. These conditions
couple the fluid-structure system.

Moreover, one can consider a FSI problem when boundaries are compliant, but
surface deformation is tiny in comparison to the domain’s size. This is the case of
the inkjet printer chamber, whose height is in order of 100 µm and the boundary
displacement is less than 100 nm. Then the relative displacement is lower than 10−3

and modelling this phenomena as a full FSI problem with the mesh movement is
excessive. However, the flow can differ from those obtained with rigid slip or no slip
boundary, especially for the oscillating acoustic quantities. This leads us to the idea of
treating the compliant boundary in a more suitable way: with no actual domain and
mesh deformation but taking into account the nature of the solid-fluid interaction on
this boundary type.

The Robin boundary can describe a boundary which act like a moving membrane,
reacting to the perturbations in the flow. The acoustic compliant boundary condition
links the flow density (or pressure) and velocity at a certain surface point and a complex
boundary impedance Z is a function which relates the normal velocity component to
pressure [28]:

uini = −P

Z
(2.42)

Furthermore, we should extend this definition for the viscous acoustic problem.
Recalling the idea of the impedance concept, “impedance denotes originally the ratio
between a force amplitude and a velocity amplitude” [35]. Now, a force is represented
not only by pressure, but also by viscous stress tensor. Then, the impedance-based
relation becomes:
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Zui = σijnj = (−Pδij + τij)nj (2.43)

We would neither restrict the velocity to be zero in the tangential direction, nor
allow only normal displacements of the compliant boundary. Boundary impedance
describes the physical properties of the boundary, such as stiffness, elasticity, thickness
and others. Usually, the impedance value is known for harmonic motion with a
given frequency, making the boundary condition frequency dependent: Z = Z(s). As
discussed before, both acoustic pressure and velocity are considered to be proportional
to (P̃ , ũ) ∼ est thus they can become out of phase due to the complex impedance
boundary condition.

To apply the compliant boundary condition to viscous acoustic flow, we need to
rearrange some terms in (2.43). First, performing low Mach number expansion of
the impedance expression and nondimensionalizing it, we obtain an equation of the
velocity and density fluctuations coupled through the dimensionless acoustic impedance,
Ẑ = Z

ρbcb
s
. Second, the pressure fluctuation is substituted with density. Summing up:

Ẑûi = σ̂ijnj on Γcom (2.44)

Now, we can derive boundary integrals of the weak problem on the compliant
boundary. The boundary relation (2.44) can now be inserted into the weak form.

{vinjσ̂ij}Γcom
= {Zviui}Γcom

(2.45)

The boundary integral is symmetric; for the same reason as we did in the free
boundary case, additional penalty term should be added to impose compliant boundary
condition. Consequently, the compliant boundary integral becomes:

{
Ẑviui

}
Γcom

+ β

h

{
Zui − σ̂ijnj, Zvi − σ̂†

ijnj

}
Γcom

(2.46)

The initial acoustic problem is an eigenvalue problem, and previously the boundary
terms were independent of s. Both terms in (2.46) is proportional to Ẑ(s), so the
impedance needs to be moved to the right hand side of the weak form. But then the
problem becomes nonlinear on s, which requires to introduce some complication to
the calculation routine. While this is not preferable, we assume Ẑ to be fixed and
only rearrange the term directly dependent on s. We solve the simplified eigenvalue
problem iteratively, substituting the complex frequency into the known impedance
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function until the convergence criteria is reached. The algorithm for the direct and
adjoint problems will be discussed separately.

Finally, two limit cases should be discussed. Compliant boundary condition is in
close relation to both free and no slip conditions, which is clearly seen from (2.44).
As Ẑ → 0, the compliant boundary turns into the free surface, i.e. njσ̂ij → 0. The
boundary integral (2.46) approaches the free boundary term as well. If the impedance
amplitude is high, Ẑ → ∞, we can expect no slip behavior, and the terms proportional
to Ẑ in (2.46) dominate, weakly imposing Dirichlet boundary condition on Γcom by
penalty formulation. The concept of one universal parameter, Ẑ in this case, which
describes each of the existing boundary types with only one quantity, is quite convenient,
since the development of a numerical solver becomes more generalized in comparison
to boundaries with different physics behind.





Chapter 3

Adjoint based shape optimization

Modern engineering problems in aircraft design, turbomachinery, or internal flows
focus on systems optimization, and shape optimization in particular, maximizing or
minimizing objective function aiming to increase performance or stability. Adjoint-
based optimal control methods [4] provide us with information of the system’s sensitivity
with respect to given parameters, for instance a channel’s shape or the fluid suction
rate, without additional costly computation of the system state.

We start with an introduction to shape calculus and one-dimensional examples
of adjoint-based parameter optimization for unsteady Burgers equation and shape
optimization for Helmholtz equation stability. Then, we follow [38], [3] and discuss
viscous dissipation minimization in incompressible steady Navier–Stokes equation.
Furthermore, we extend the problem to unsteady case, in particular for time-periodic
flows. While we only consider time averaged viscous dissipation as an objective function,
one can refer to [11] for unsteady viscous dissipation minimization and to [12] for
deviation from a target velocity, drag and vorticity in incompressible viscous flows. A
comprehensive overview of discrete time-dependent direct and adjoint formulation is
given in [43]. An optimal control studies of drag and lift optimization for unsteady
inviscid compressible flow are given in [30] and in [29], [31] for viscous compressible
flow. Another application of optimal control of boundary layer flows is presented in [36].
Finally, worth mentioning adjoint-based optimization for stability of incompressible
flows: investigation of vortex shedding suppression around a cylinder is given by [15],
and stabilization of positive (unstable) eigenvalues via shape optimization is discussed
in [32], [3].

In the last section, we present a shape optimization approach to control eigenvalues
of viscous acoustic problem with compliant boundaries. This boundary condition
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relates surface stress and velocity, which can be useful for modelling boundaries which
are deformed by fluctuations inside the flow.

Here and later we use the following labels for scalar products:

⟨·, ·⟩ =
∫

Ω
dx(·, ·), (3.1a)

{·, ·} =
∫

∂Ω
dΓ
∫

T
dt(·, ·), (3.1b)

[·, ·] =
∫

Ω
dx
∫

T
dt(·, ·) (3.1c)

3.1 Introduction to shape calculus

We aim to study the shape optimization problem for two systems: incompressible
Navier–Stokes equation and spectral viscous acoustic problem, derived in the previous
chapter. Given a cost function J(u), we are interested in the objective gradient with
respect to the change in shape Ω, subject to the problem constraints. Here we briefly
formulate the basics of shape calculus, and refer to [38] for more comprehensive review.

We call the unperturbed domain Ω = Ω0. Consider a family of mappings

Tξ : (ξ, x) → Tξ(x)

Here ξ denotes the displacement amplitude. Then the domain deformation reads as

Ωξ ≡ Tξ(Ω0) (3.2)

The mapping operator Tξ(x) can be presented as a sum of identity operator I and
a displacement operator V (also known as the speed method):

Tξ(x) = (I + ξV) x = x + ξV (x) (3.3)

It denotes, that for x ∈ Ω the material derivative is defined by

dx

dξ
≡ V (ξ, x), x(0) = xΩ0 (3.4)

In general, the gradient of the domain cost function J(u, Ω) is the object of interest:

dJ(Ω)[V ] = limξ→0
J(uξ, Ωξ) − J(u0, Ω0)

ξ
(3.5)
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Here [V ] implies the differentiation with respect to the shape perturbation (3.3),
and notation ξ corresponds to the shifted boundary point or the solution in the changed
domain.

Consider a function q defined as q = qb on the unperturbed boundary ∂Ω0, not
dependent on surface normal. This essentially represents a Dirichlet boundary condition.
We can present the full variation (or the material derivative) dq[V ] as a sum of local
and spatial derivatives:

dq[V ](x) = d

dξ

∣∣∣∣∣
ξ=0

qξ(xξ) = ∂

∂ξ

∣∣∣∣∣
ξ=0

qξ + ∂q

∂x

∣∣∣∣∣
ξ=0

dxξ

dξ
= dqb[V ](x) (3.6)

According to (3.4), the total derivative becomes:

dq[V ](x) = q′[V ] + (V, ∇)q = dqb[V ](x) (3.7)

In the case where the displacement field V is normal to the surface V = (V, n)n,
the total derivative yields

dq[V ](x) = q′[V ] + (V, n) ∂q

∂n
= dqb[V ](x) (3.8)
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3.2 Pedagogical one-dimensional optimization

To start with, we consider two one-dimensional optimization problems: parameter-
based unsteady Burgers equation, and Helmholtz equation with adjustable shape.
These examples are aimed to give an insight into construction of adjoint systems and
explain how to obtain cost function gradient with respect to different changes in the
initial problem.

3.2.1 Burgers equation: sensitivity to control parameters

Burgers equation (3.9) is a nonlinear partial differential equation describing one-
dimensional viscous fluid. We consider it to be defined in closed spatial domain
x ∈ [A, B] and for time interval t ∈ [0, T ].

ut + uux − νuxx = 0 (3.9)

Initial condition u(x, 0) is given, as well as two Dirichlet boundary conditions:

u(x, 0) = u0(x), (3.10a)
u(A, t) = f(t), (3.10b)

u(B, t) = 1. (3.10c)

Here the left boundary condition, f(t), will act as a control parameter. We would
like to optimize it in order to minimize a cost function, for instance, time-averaged
viscous dissipation:

J =
ν

(
∂u

∂x

)2
 (3.11)

Following [4], in this example we will treat initial and boundary conditions (3.10)
as given constraints, i.e. in the same way as the Burgers equation. Another approach,
which leads to the same result, is to apply given boundary conditions after the
augmented cost function is formed.
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The first step is to form the Lagrangian of the system, by adding all state equations
multiplied by Lagrange variables to the cost function. This gives:

L = J − [λ, ut + uux − νuxx] − (3.12a)
− ⟨b, u(x, 0) − u0⟩ − {Cα, u(A, t) − f(t)} − {Cβ, u(B, t) − 1} (3.12b)

Here λ is an Lagrange state multiplier, b and Cα, Cβ are Lagrange multipliers for
initial and boundary conditions, respectively. One can see, that partial derivatives of
L with respect to λ produce initial state equation, and initial and boundary equations
while differentiation with respect to b, Cα, Cβ. To construct the adjoint operator, we
integrate the differential form in (3.12a) by parts and apply the divergence theorem,
which results in:

L = J −
[
−λt − 1

2uλx − νλxx, u
]

− (3.13a)

− ⟨λ, u⟩T
0 −

{1
2λu − νλx, u

}B

A
+ {νλ, ux}B

A − (3.13b)

− ⟨b, u(x, 0) − u0⟩ − {Cα, u(A, t) − f(t)} − {Cβ, u(B, t) − 1} (3.13c)

Now, the total variation of the Lagrangian δL can be written as:

0 = δL = δJ + [λt + uλx + νλxx, δu] − (3.14a)
− ⟨λ(x, T ), δu(x, T )⟩ + ⟨λ(x, 0), δu(x, 0)⟩ − (3.14b)

− {λu − νλx, δu}B
A + {νλ, (δu)x}B

A − (3.14c)
− ⟨b, δu(x, 0)⟩ − {Cα, δu(A, t)} − {Cβ, δu(B, t)} (3.14d)

Unspecified variation of the cost function, δJ , is:

δJ = [−2νuxx, δu] + {2νux, δu}B
A (3.15)

Finally, gathering terms with the same variation quantity, extracts the adjoint set
of equations. The [·, δu] terms give the adjoint state equation:

λt + uλx + νλxx = 2νuxx (3.16)
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Worth mentioning that despite this equation is quite similar to the original Burgers
equation - it has temporal derivative, convective, and a viscous term, it is linear on
λ, and has a source term. Moreover, viscosity has a different sign in comparison to
the direct problem, thus the adjoint problem will be well-posed only propagating back
in time, starting with ’initial data’ at the final time t = T [13]. This means, that
integration in time should follow the direct solution backwards.

Gathering the rest terms provides the necessary adjoint boundary and initial
conditions:

δu(x, 0) : λ − b = 0 ⇒ b = λ(x, 0), (3.17a)
δu(x, T ) : λ = 0 ⇒ λ(x, T ) = 0, (3.17b)
δux(A, t) : νλ = 0 ⇒ λ(A, t) = 0, (3.17c)
δux(B, t) : νλ = 0 ⇒ λ(B, t) = 0, (3.17d)
δu(A, t) : 2νux − λu − νλx + Cα = 0, (3.17e)
δu(B, t) : 2νux − λu − νλx − Cβ = 0 (3.17f)

The first two conditions (3.17a) and (3.17b) are the sensitivities to the initial
condition u(x, 0) = u0 and the adjoint initial condition, which says that λ(x, T ) = 0;
the following two are the adjoint boundary conditions, and the last two give us the
values of Cα, Cβ at x = A and x = B, respectively.

Finally, from (3.13) it is clear, that the sensitivity with respect to the boundary
condition u(A, t) = f(t) equals to:

∂L
∂f

δf = {Cα, δf(t)} (3.18)

And consequently, the gradient of the cost function with respect to f(t) becomes:

dJ [f ] = {Cα} = {−2νux(A, t) + νλx(A, t)} (3.19)

3.2.2 Shape optimization of linear acoustic problem

Now we consider the one-dimensional wave equation in frequency domain, or the
Helmholtz equation:

Pxx − s2P = 0 (3.20)
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This is a spectral problem, where Pk and sk represent a k−th eigenfunction (or
natural mode) and an eigenvalue of the given system. The general solution can be
written as: Pk = akeskx + bke−skx, where ak, bk are some constants subject to boundary
conditions.

We aim to perform shape optimization to minimize eigenvalues of the problem;
namely, since the problem is 1D, we will find the derivative of the eigenvalue with
respect to the position of the left boundary. Without loss of generality, let the initial
domain be x ∈ [0, 1], and let us call V the boundary displacement field at x = 0, such
that the deformed domain is x ∈ [tV, 1]. Here t is a parameter which governs the
amplitude of the displacement. Additionally, we can recast the cost function to become
J = σ = s2.

The augmented cost function for the problem is defined by:

L = J + ⟨λ, Pxx − σP ⟩ (3.21)

Note, that we can construct the Lagrangian without knowing the boundary condi-
tions; in contrast to the previous section, we will apply boundary conditions after the
Lagrangian variation is obtained.

Integrating by parts and taking the variation of the augmented cost function (3.21)
leads to:

0 = δL = δσ + ⟨λxx − σλ, δP ⟩ − δσ ⟨λ, P ⟩ − (3.22a)
− (λx, δP )|10 + (λ, δPx)|10 (3.22b)

We can extract two relevant equations from this expression: first, gathering the
terms of ⟨·, δP ⟩ and the terms proportional to δσ. These yield:

δP : λxx − σλ = 0, (3.23a)
δσ : 1 − ⟨λ, P ⟩ = 0. (3.23b)

The first equation is a differential equation of the adjoint state; the second one is a
normalization condition.

Now, we have two boundary terms left, and further derivation of the adjoint
boundary condition will depend on the choice of the direct formulation. Here we
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consider three different cases: dual Dirichlet boundary conditions, dual Neumann
boundaries, and a Dirichlet plus a Robin boundary conditions.

Case 1. Dual Dirichlet boundary conditions.
Let us fix the boundary values P (0) = P (1) = 0, therefore the variation δP vanishes

on the boundaries: δP (0) = δP (1) = 0. This leads to the following representation of
the Lagrangian variation:

δL = (λ, δPx)|10 = 0 (3.24)

Remaining terms are proportional to the unknown δPx thus vanish only if λ(0) =
λ(1) = 0, which provides us with the necessary boundary conditions. The problem
then becomes self-adjoint, since both the state equation and the boundary conditions
are the same for the direct and the adjoint state.

Case 2. Dual Neumann boundary conditions.
Almost the same results can be obtained while considering two Neumann boundary

conditions: Px(0) = Px(1) = 0, except that now another boundary term disappears
leaving us with:

δL = − (λx, δP )|10 = 0 (3.25)

Therefore we should impose two homogeneous Neumann boundary conditions on λ

in order to eliminate unknown variations of δP . As a consequence, the problem is still
self-adjoint with λx(0) = λx(1) = 0.

Case 3. Dirichlet and Robin boundary conditions.
Finally, let us introduce a mixed boundary condition at x = 0 and the Dirichlet

at x = 1. Namely, kP (0) − Px(0) = 0 and P (1) = 0, where k is some given constant.
First, the boundary term proportional to δP (1) is zero, and the second boundary term
at x = 1 can be zero only if λ(1) = 0. Then, the remaining expression equals to:

δL = (λx(0), δP (0)) − (λ(0), δPx(0)) = 0 (3.26)

The variation of the Robin boundary condition allows us to express δP (0) or δPx(0)
through each other, i.e. kδP (0) = δPx(0) and apply this to the boundary terms:

δL = (λx(0), δP (0)) − (λ(0), kδP (0)) = (λx(0) − kλ(0), δP (0)) = 0 (3.27)
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This gives us the Robin boundary condition on λ, and as we can see, the direct
and the adjoint problems are equivalent as well as in the previous cases. These results
can be reformulated as follows: the problem (3.20) with the squared eigenvalue as the
objective function is self-adjoint, and in order to obtain the adjoint field λ one should
apply the normalization condition (3.23b).

Following [38], but with the simplification to 1D case, we can present the full
variation (or the material derivative) as a sum of local and spatial derivatives:

dP [V ](x) = P ′[V ] + V Px (3.28)

Furthermore, the material derivative of the spatial derivative Px can be written as:

dPx[V ](x) = (P ′[V ])′ + V Pxx (3.29)

Now, to cover all three cases at once, let us derive the shape derivative of the
objective function for Case 3. First, from the Robin boundary condition and using the
expressions for the material derivatives:

d(Px − kP ) = 0 ⇒ (P ′[V ])′ = kP ′[V ] + kV Px − V Pxx (3.30)

And the Lagrangian shape derivative

L′[V ] = (λx, P ′[V ])x=0 −
(
λ, (P ′[V ])′)

x=0
= (3.31a)

(λx − kλ, P ′[V ])x=0 − (λ, kV Px − V Pxx)x=0 (3.31b)

Since the system is self-adjoint, we can use P (x) instead of λ(x) (keeping in mind
the normalization condition), the first bracket in (3.31b) is zero due to the boundary
condition λx − kλ = 0; and the shape derivative finally becomes:

dσ[V ] = V (PPxx − kPPx)x=0 = V
(
PPxx − P 2

x

)
x=0

(3.32)

Summing up, once the solution of the spectral problem (3.20) is obtained, to
calculate the shape derivative of the cost function J = s2 with respect to shape one
needs to normalize the eigenfunction such way that 1 = ⟨P, P ⟩, and then the desired
gradient equals to (3.32). Note, that it doesn’t depend on k.
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3.3 Adjoints for incompressible Navier–Stokes equa-
tion

This section reviews the adjoint state derivation for incompressible Navier–Stokes
equation and formulates shape derivatives for viscous dissipation as the cost function.
We follow [3] for general steady adjoint formulation and [38] to construct the shape
derivative in Hadamard form.

3.3.1 Governing equations

Let us recall the direct unsteady Navier–Stokes problem first. The momentum balance
and the divergence constraint read

Ni(u, P ) = ∂ui

∂t
+ (uj∇j)ui + ∇iP − ν∆ui = 0, (3.33a)

P(u, P ) = div(u) = 0 (3.33b)

We choose viscous dissipation as the objective function:

J = ν
∫

T

∫
Ω

(∇iuj)2 dxdt =
[
(∇iuj)2

]
(3.34)

Constrained optimization problems requires two Lagrange variables, vector function
λi, and scalar function λp. Aiming to derive the co-state equations, we start with the
Lagrangian of the system:

L = J − [λi,Ni(u, P )] − [λp,P(u, P )] (3.35)

Now, variations with respect to adjoint variables ∂L
∂λ

result in the state equations,
and ∂L

∂u gives adjoint (costate) equations. We perform integration by parts, and regroup
the terms:
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L =
[
(∇iuj)2

]
−
[
λi,

∂ui

∂t
+ (uj∇j)ui + ∇iP − ν∆ui

]
− [λp, div(u)] = (3.36a)

[
−νuk∇2

i uk

]
+
{

νuk
∂uk

∂n

}
− (3.36b)[

ui, −∂λi

∂t
− uj∇jλi − ∆λi

]
− [P, −∇iλi] − (3.36c){

λi(ujnjui + niP ) + ν

(
ui

∂λi

∂n
− λi

∂ui

∂n

)}
− ⟨λi(T ), ui(T )⟩ + ⟨λi(0), ui(0)⟩ −

(3.36d)

[ui, −∇iλp] − {λpuini} (3.36e)

Here, (3.36a) is the initial Lagrangian formulation; the volume and the surface terms
related to the cost function is (3.36b); (3.36c) and (3.36d) come from the momentum
equation integration by parts, and the last term (3.36e) is the velocity divergence
constraint. We take the state variation of the Lagrangian and focus on the volumetric
terms:

∂L
∂ui

= 0 : ∂λi

∂t
+ uj∇jλi + uj∇iλj + ν∆λi + ∇iλp = 2ν∆ui, (3.37a)

∂L
∂P

= 0 : div(λ) = 0 (3.37b)

Equations (3.37) define the adjoint problem, subject to given boundary and initial
conditions. Same as for the discussed one-dimensional Burgers equation, the time
derivative and the viscous terms share sign, thus the adjoint ”flow” should be considered
and solved backwards in time, otherwise the problem becomes ill-posed.

The unsteady problem can be easily converted to the steady case, by setting present
time derivative to zero.

3.3.2 Adjoint initial and boundary conditions

The volume integrals in the variation of (3.36) are zero due to the choice of adjoint
governing equations, (3.37). In order to derive relevant adjoint boundary and initial
conditions, let us notice that the following terms in the variational form are left:
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δL =
{

2νδuk
∂uk

∂n

}
− (3.38a){

λi(δujnjui + ujnjδui + niδP ) + ν

(
δui

∂λi

∂n
− λi

∂δui

∂n

)}
− (3.38b)

{λpδuini} − ⟨λi(T ), δui(T )⟩ + ⟨λi(0), δui(0)⟩ (3.38c)

First, the choice of the boundary conditions comes from the surface terms as follows.

• Inlet and no slip boundaries

In both cases, ui is known thus its variation δui is zero. Then, the Lagrangian
variation immediately yields:

δLΓnsl,Γin
= 0 =

{
λiν

∂δui

∂n

}
Γnsl,Γin

(3.39)

Therefore, the inlet and no slip adjoint boundary conditions become

λi = 0 on Γnsl, Γin (3.40)

• Outlet boundary

Oulet boundary is stress-free, namely −Pni + ν ∂ui

∂n
= 0. Inserting the variation

of this expression into (3.38), we obtain:

δLΓout = 0 =
{(

λiujnj + λjujni + ν
∂λi

∂n
+ λpni − 2ν

∂ui

∂n

)
δui

}
Γout

(3.41)

This provides us the outlet adjoint boundary condition

λiujnj + λjujni + ν
∂λi

∂n
+ λpni − 2ν

∂ui

∂n
= 0 on Γout (3.42)

Second, we require one initial condition for the adjoint problem. Since the initial
condition of the direct problem ui(x, t = 0) = u0(x) is known, its total variation is zero,
and the remaining term is:

− ⟨λi(T ), δui(T )⟩ = 0 (3.43)
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Consequently, the adjoint initial condition holds at t = T and reads

λi(x, T ) = 0 (3.44)

3.3.3 Shape derivative and Hadamard structure

Viscous dissipation shape optimization problem requires knowledge of the cost function
gradient with respect to geometry deformation. Consider we are given a displacement
field V on the no slip boundary, and L′[V ] = dJ [V ] is the quantity of interest.

First, for a general volume objective F =
∫

fdx ≡ [f ], the equality holds:

F ′[V ] = {(V, n)f} + [f ′[V ]] (3.45)

If f ≡ 0, which is true for the equality constraint condition, only the [f ′[V ]] remains.
Thus, the shape derivative of the Lagrangian (3.36) becomes:

L′[V ] =
{
(V, n)ν(∇jui)2

}
+ [2ν∇ju

′
i[V ]∇jui] − (3.46a)[

u′
i[V ], −∂λi

∂t
− uj∇jλi − uj∇iλj − ∆λi

]
− [P ′[V ], −∇iλi] − (3.46b){

λi(u′
j[V ]njui + ujnju

′
i[V ] + niP ) + ν

(
u′

i[V ]∂λi

∂n
− λi

∂u′
i[V ]

∂n

)}
− (3.46c)

⟨λi(T ), u′
i[V ](T )⟩ + ⟨λi(0), u′

i[V ](0)⟩ − (3.46d)
[u′

i[V ], −∇iλp] − {λpu′
i[V ]ni} (3.46e)

One can notice, that all the volume terms [. . . ] are zero due to the choice of adjoint
state equations. Then, since we consider the displacement to be non-zero only on no
slip boundary, we apply appropriate adjoint boundary condition λi = 0 and the shape
derivative becomes:

L′[V ] =
{
(V, n)ν(∇jui)2

}
−
{

ν

(
u′

i[V ]∂λi

∂n
− λ′

i[V ]∂ui

∂n

)}
−{λpu′

i[V ]ni}+⟨λi(0), u′
i[V ](0)⟩

(3.47)
The shape sensitivity term u′

i[V ] immediately comes from the boundary condition
derivative:

dui = 0 = u′
i[V ] + (V, n)∂ui

∂n
on Γnsl (3.48)
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On no slip boundary ui = 0 and therefore ∂ui/∂τ = 0. From div(u) = 0 it comes,
that ni∂ui/∂n = 0, and the term proportional to λp vanishes. Substituting the shape
derivative (3.48), we obtain:

dJ [V ] = L′[V ] =
{

(V, n)ν ∂ui

∂n

(
∂λi

∂n
− ∂ui

∂n

)}
+ ⟨λi(0), u′

i[V ](0)⟩ (3.49)

Here, the surface term in Hadamard form denotes the general shape derivative
of steady incompressible Navier–Stokes equation for viscous dissipation; and the
volumetric term at t = 0 comes from the unsteady formulation. Note, that the second
term is not in Hadamard form and should be integrated over the whole domain. To
explain the physics behind this, we should consider two different geometries and the
way we choose the initial flow state. This might be the case of, by way of illustration,
a flow with a oscillating inlet velocity profile. One can propose starting the unsteady
simulation from a steady solution in order to avoid the irrelevant transition region.
However, then ui(t = 0) will depend on the choice of geometry and u′

i[V ](t = 0)
doesn’t disappear. To avoid calculating the volumetric state sensitivity, we propose
setting initial condition to zero everywhere. Then, if we aim to minimize the objective
function over a semi-steady oscillation period, or a large number of flow periods is
being simulated, the presence of the transition region can be neglected since its relative
contribution limits to zero.

3.3.4 Euler method for time-dependent adjoint system

Time integration of (3.37) requires knowledge about the flow state ui(x, t) at each time
step. It means, that one needs to

1. Solve the direct equations (3.33) for t ∈ [0, T ],

2. Store flow states for each time step in t,

3. Use the corresponding flow state while solving the time-dependent adjoint problem

The adjoint momentum equation propagates back in time and space, so we assume
that all the ”future” values are known, as well as the direct state. We perform time
discretization (upper indices denote time step number):

− λn
i − λn+1

i

∆t
+ Li(un)λn = 2ν∆un

i (3.50)
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Here Li(un) is the steady adjoint differential operator acting on (λi, λp). The
unknown λn

i is the solution of the following linear equation:

(
− 1

∆t
+ Li(un)

)
λn = 2ν∆un

i − λn+1
i

∆t
(3.51)

Finally, for a uniform partitioning of the time interval t → (t0, t1, . . . , tN) with the
time step ∆t, the time discrete shape derivative can be calculated as

dJ [V ] =
T/∆t∑
n=0

∆t

{
(V, n)ν ∂un

i

∂n

(
∂λn

i

∂n
− ∂un

i

∂n

)}
(3.52)
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3.4 Adjoint viscous acoustic problem

In this section we derive and discuss the adjoint formulation of the viscous acoustic
problem. First, we formulate the governing equations of the adjoint state; second,
the adjoint boundary conditions are presented, and third, the shape derivative in the
Hadamard form is constructed.

3.4.1 Governing equations

Let us recall the formulation of the direct problem, (2.32). We will use the following
form of the acoustic continuity and momentum conservation equations in the frequency
domain:

sρ̂ + div(û) = 0, (3.53a)
sûi − ∇jσ̂ij = 0. (3.53b)

We aim to control the natural frequencies of the system, therefore s is the objective
function J = s. We obtain the augmented cost function by multiplying the first
equation in (3.53a) by a scalar function −w and the second equation by a vector
function vi. Now, the Lagrangian can be written as:

L = J − ⟨−w, sρ̂ + div(û)⟩ − ⟨vi, sûi − ∇jσ̂ij⟩ (3.54)

We integrate the volume integrals by parts, and regroup the terms:

L = ⟨sw + div(v), ρ̂⟩ −
〈
svi − ∇jσ

†
ij, ûi

〉
+ {vi, σ̂ijnj} −

{
σ†

ijnj, ûi

}
(3.55)

As stated previously, ⟨·, ·⟩ here denotes volume integrals, while {·, ·} is used to
describe surface integrals. We denote the stress tensor operator acting on the co-state
space (w, vi) as σ†

ij = −wδij + ν(∇jvi + ∇ivj − 2
3δijdiv(v)). Now, the variation of the

Lagrangian with respect to s and ρ̂, ûi results in the adjoint set of equations:

δs : ⟨ûivi − ρw⟩ = 1, (3.56a)
δρ̂ : sw + div(v) = 0, (3.56b)
δûi : svi − ∇jσ

†
ij = 0 (3.56c)
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Here, the first equation acts as a normalization condition, and the second and third
equations describe the adjoint continuity and momentum conservation laws. Note, that
the state and co-state equations are equal; we expect the system to be self-adjoint. To
show this, let us consider the possible boundary conditions.

3.4.2 Adjoint boundary conditions

We consider three types of boundary conditions of the direct problem: no-slip boundary
ûi = 0, stress-free boundary σ̂ijnj = 0, and compliant boundary Zûi = σ̂ijnj. For
each of the boundary types we will focus on the surface integrals in (3.55) since the
volumetric terms vanish due to the choice of the adjoint state equations.

The general expression of the surface terms variation reads as:

δL = {vi, δσ̂ijnj} −
{
σ†

ijnj, δûi

}
= 0 (3.57)

No-slip boundary

The variation of the no-slip Dirichlet boundary condition is zero, δûi = 0, which leaves
us with the following condition:

{vi, δσ̂ijnj}Γnsl
= 0 (3.58)

Since the stress value is not specified on the no-slip boundary, we set the adjoint
velocity vi to zero:

vi = 0 on Γnsl (3.59)

Free boundary

On the free boundary, the stress vector is given thus its variation is zero. The Lagrangian
variation then becomes

−
{
σ†

ijnj, δûi

}
Γfree

= 0 (3.60)

In order to eliminate the unknown velocity variation on the free boundary, we
choose adjoint stress to be zero as well:

σ†
ijnj = 0 on Γfree (3.61)
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Compliant boundary

The compliant boundary condition couples the velocity and the stress on the surface,
therefore the variation of the boundary condition is Zδûi = δσ̂ijnj. Although the
impedance value depends on the oscillation frequency Z = Z(s), we assume that the
variation of Z is zero, i.e. neglect that the boundary impedance is not constant. We
substitute the variation expression into (3.57) to obtain

{vi, Zδûi}Γcomp
−
{
σ†

ijnj, δûi

}
Γcomp

=
{
Zvi − σ†

ijnj, δûi

}
Γcomp

= 0 (3.62)

The surface integral is proportional to unknown δûi, so the compliant adjoint
boundary condition becomes

Zvi = σ†
ijnj on Γcomp (3.63)

First, note, that all the adjoint boundary conditions are equivalent to the direct
formulation. This proves that the proposed problem is self-adjoint. Second, the
compliant boundary is a generalized case of the no-slip and stress-free boundaries; if Z

approaches infinity, the boundary acts like a no-slip, and represents a free surface if
Z → 0. Consequently, once we obtain any result for the compliant boundary, it can be
easily applied to all other mentioned cases without any additional effort.

Summing up, we have derived the adjoint boundary conditions for no-slip, stress-
free, and compliant boundaries. It appears, that they are similar to those of the
direct problem, and as soon as the adjoint governing equations coincide with the
primal formulation, the problem is self-adjoint. The only step to calculate the adjoint
quantities is to apply the normalization condition (3.56a).

3.4.3 Shape derivative and Hadamard structure

Let us recall the main concept of the Hadamard formula first: for a sufficiently smooth
cost function, J , the shape derivative dJ [V ] can be written as a surface integral of
the given domain perturbation field V and a functional G. In our case, we aim to
construct the gradient of the cost function (eigenvalue) by deriving the integrand G

as a function of the direct and adjoint states: G = G(q, q†). Since the problem we
consider is self-adjoint, the Hadamard formula yields:

dJ [V ] =
∫

∂Ω
(V, n)G(q)dΓ (3.64)
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As shown below, all considered boundary conditions thus shape derivatives can
be translated to the single case of the compliant boundary. Using the chain rule, the
material derivative of the boundary condition satisfies

0 = d(Zûi − σ̂ijnj)[V ] = (3.65a)
Zdûi[V ] − dσ̂ij[V ]nj − σ̂ijdnj[V ] (3.65b)

Applying (3.7), the boundary derivative terms read as

dûi[V ] = û′
i[V ] + (V, ∇)ûi, (3.66a)

dσ̂ij[V ] = σ̂′
ij[V ] + (V, ∇)σ̂ij (3.66b)

Specifically, for the perturbation normal to the boundary V = (V, n)n, the shape
derivative of the normal is given by tangent gradient of the displacement, ∇Γ

i (V, n) [38].
The tangent gradient is defined as gradient minus its normal component ∇Γ

i = ∇i−ni∂n.

dni[V ] = −∇Γ
i (V, n) (3.67)

The eigenvalue shape derivative of the problem (3.56) now becomes

dJ [V ] =
{
vi, σ̂′

ij[V ]nj

}
−
{
σ†

ijnj, û′
i[V ]

}
= (3.68a)

{vi, dσ̂ij[V ]nj − (V, ∇)σ̂ijnj} −
{
σ†

ijnj, dûi[V ] − (V, ∇)ûi

}
= (3.68b)

{vi, Zdûi[V ] − σ̂ijdnj[V ] − (V, ∇)σ̂ijnj} −
{
σ†

ijnj, dûi[V ] − (V, ∇)ûi

}
= (3.68c)

{ûi, Zdûi[V ] − σ̂ijdnj[V ] − (V, ∇)σ̂ijnj} − {σ̂ijnj, dûi[V ] − (V, ∇)ûi} = (3.68d)
{ûi, −σ̂ijdnj[V ] − (V, ∇)σ̂ijnj} − {σ̂ijnj, −(V, ∇)ûi} (3.68e)

Considering only normal boundary displacement, the shape derivative becomes

dJ [V ] =
{

(V, n)
(

∂ûi

∂n
njσ̂ij − ûinj

∂σ̂ij

∂n

)
+ ûiσ̂ij∇Γ

j (V, n)
}

(3.69)

This is still not in the Hadamard form, so we apply the surface tangential Green’s
formula [6] to the last term. The relation holds for a smooth vector field A and a scalar
field b:
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(A, ∇Γ)b = κb(A, n) − b divΓA (3.70)

Here κ = divΓn describes the surface curvature. The transformation to the
Hadamard form is given by

ûiσ̂ij∇Γ
j (V, n) = κ(V, n)ûiσ̂ijnj − (V, n)∇Γ

j (ûiσ̂ij) (3.71)

Furthermore, using the definition of the tangential gradient, the relation holds:

∇Γ
j (ûiσ̂ij) + ûinj

∂σ̂ij

∂n
= ∇j(ûiσ̂ij) − ∂ûi

∂n
njσ̂ij (3.72)

After rearranging the terms in (3.69), the shape derivative of the system’s eigenvalue
becomes:

ds[V ] =
{

(V, n)
(

2∂ûi

∂n
njσ̂ij − ∇j (ûiσ̂ij) + κûiσ̂ijnj

)}
(3.73)

A few comments to be made regarding the shape derivative expressions. First, two
forms (3.69) and (3.73) are equivalent. Second, they do not depend on Z, thus are
applicable to any considered boundary type. Third, in case ûi or σ̂ijnj is zero, some of
the terms vanish which can be useful in case of a single boundary type evaluation.



3.5 Taylor testing for adjoint gradient 47

3.5 Taylor testing for adjoint gradient

The combination of the direct and adjoint problem solutions, and the expression for the
shape derivative of a considered objective function allows us to calculate the change of
the objective function with respect to the change of the system’s parameters. For the
case of shape optimization problem, we consider a number of control points governing
the geometry of the system as adjustable variables. This adjoint-based approach allows
to evaluate the sensitivity of the objective to the control points positions with only
one calculated state, while a common finite difference approach requires knowledge of
at least two close states.

Once we are satisfied with the results obtained from the direct problem, for instance,
the spectrum of the acoustic problem or the base flow, it becomes necessary to verify
the gradients we calculate via the finite difference and the adjoint approaches. To
perform this check, one could definitely compare a few objective function values at
different parameter choices. However, as we will show, sometimes it is required to
apply a bit more sophisticated method, especially if your solver has not been tested yet
or it is expected that the results can depend on the mesh resolution, choice of function
spaces or other features of the numerical solution.

Consider a single variable objective function, f(x), which values we know at N + 1
points x0, x1, . . . , xN in our one-dimensional parameter space x ∈ X. Taylor expansion
of the function around the unperturbed solution f(x0) yields:

f(x) = f(x0) + ∂f

∂x

∣∣∣∣∣
x=x0

(x − x0) + 1
2

∂2f

∂x2

∣∣∣∣∣
x=x0

(x − x0)2 + O((x − x0)3) (3.74)

The question we would like to ask is: how can we calculate the accuracy of the
adjoint-based gradient fa(x0)? Without loss of generality, we will explain the Taylor
test procedure for the first data point, since given the set of x, f(x) and fa(x), the
choice of x0 is completely arbitrary.
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We expect the difference between fa(x0) and ∂f/∂x|x=x0
= (f(xk)−f(x0))/(xk−x0)

to be zero, if the shape derivative was formulated completely. Thus, it is natural to
formulate a deviation function as

δf(x) = f(x) − f(x0) − fa(x0)(x − x0) = (3.75a)(
∂f

∂x

∣∣∣∣∣
x=x0

− fa(x0)
)

(x − x0) + 1
2

∂2f

∂x2

∣∣∣∣∣
x=x0

(x − x0)2 + O((x − x0)3) (3.75b)

Using ∆x instead of x − x0 gives us:

δf(∆x) =
(

∂f

∂x

∣∣∣∣∣
x=x0

− fa(x0)
)

∆x + 1
2

∂2f

∂x2

∣∣∣∣∣
x=x0

∆x2 + O(∆x3) (3.76)

If the adjoint shape gradient coincides with the finite difference gradient, and ∆x is
sufficiently small, the deviation function should act (at least) as parabola, i.e. having
the leading term of ∆x2 or higher as ∆x → 0. Otherwise, the calculated adjoint
gradient is wrong. Alternatively, one can consider the deviation as a function of ∆x2,
giving us

δf(y) =
(

∂f

∂x

∣∣∣∣∣
x=x0

− fa(x0)
)

√
y + 1

2
∂2f

∂x2

∣∣∣∣∣
x=x0

y + O(y2) (3.77)

Fig. 3.1 Taylor tests of adjoint gradients for three cases: mismatching adjoint and finite
difference gradients (Case 1), matching gradients (Case 2), and mathching gradients
with nonlinear terms dominating (Case 3).
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Fig.3.1 illustrates three cases of δf(∆x) and δf(∆x2) behaviour. In the first case,
the linear term is non zero, which points out the discrepancy between the finite
difference and adjoint based differentiation. As ∆x → 0, it acts like a straight line on
the left figure and square root on the right hand side. The second case represents a
correctly matching gradients, so the parabola on the left plot has zero slope at ∆x = 0,
and f(∆x2) is a straight line. A special third case occurs if second derivative of the
considered function is zero, so the deviation grows faster than quadratic or linear
function, which corresponds to the higher order terms coming out.

Investigation of the deviation function δf(∆x2) behaviour reduces to simple linear
regression, and consequent comparison of the data set and the approximation. If the
experimental data points start to bend down at some ∆x2 value, this instantly shows
the presence of the gradient estimation error.

Alternatively, one can work on quadratic fitting for the δf(∆x) deviation function.
The advantage of this approach is that it basically provides more useful data to rely
on. First, as well as in the first approach, we evaluate the deviation at ∆x = 0,
namely the approximated constant term. In general, it should be zero, while any
noticeable difference points out that the model is incorrect. Second, the obtained linear
term stands for the actual difference between finite difference and adjoint gradients.
Thus, we can control how large is this difference and conclude whether we are satisfied
with the obtained accuracy or not. Usually, the deviation at ∆x = 0 should be in
order of machine precision, and the linear term of the approximation is no more than
thousandth of the adjoint gradient value.

The last thing to mention, is that in the particular shape optimization case when
a new mesh is generated each time the parameter space changes, the process of re-
meshing can produce a noticeable gradient error itself. In present work, we observed
this, especially for tiny changes of parameters.





Chapter 4

Applications

4.1 Computational methods

We perform spatial discretization using the finite elements method for both unsteady
incompressible Navier–Stokes equation and viscous acoustic eigenvalue problem. The
continuous Galerkin approach was chosen for its simplicity in constructing weak forms,
and for the well-known Taylor–Hood P1P2 elements for the convection-dominated
mean flow solving.

Because developing and validating new solvers is extremely costly and hard, we
chose the open-source finite elements computing platform FEniCS [26] for solving
partial differential equations. It provides a straightforward high-level Python interface,
which allows to write human-readable code. In addition, numerous scientific packages
has been already implemented in Python, in particular numpy and scipy for general
mathematical operations and PETSc and SLEPc for matrix operations. Inspired
by previous research done in [3], especially for eigenvalue solvers optimization, we
implemented complex shift to FEniCS (see Appendix C). We consider Gmsh package
and its Python interface PyGmsh as the main mesh generating tool.

To fully take advantage of the finite elements and spectral solver, and mesh
generating toolkit, a in-house solver has been developed [21]. It has a build-in CAD-like
geometry generator, an unsteady incompressible solver and a viscous acoustic solver.
To give an example of the tool, let us consider a two-dimensional rectangular 5 × 1
channel, and a top adjustable Bezier-parametrized boundary. We aim to calculate
sensitivities of viscous dissipation and the real part of the first eigenvalue with respect
to the control point position. A code snippet below shows this.

First, we load necessary libraries for elements with prescribed boundary conditions,
channel geometry class, and solver classes.
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1 from Domain import boundaryElement
2 from Domain import Channel
3 from s o l v e r import SpectralSolver_2D
4 from s o l v e r import IncSolver_2D

We define four boundaries as boundaryElements: inlet with prescribed uniform
velocity profile, outlet, and two rigid boundaries. The triangulation size h is defined
by the elSize parameter. Then. we construct a Channel:

1 InletBoundary = boundaryElement ( boundaryType = [ ’ i n l e t ’ , [ 1 . , 0 . ] ] , ’ box ’ ,
2 c o n t r o l po i n t s = [ [ 0 . , 0 . ] , [ 0 . , 1 . ] ] ,
3 e l S i z e = 0 . 0 1 ]
4 ComplBoundary = boundaryElement ( boundaryType = [ ’ compliant ’ , Z = [ 1 0 . , 1 0 . ] ] , ’ b e z i e r ’ ,
5 c o n t r o l po i n t s = [ [ 0 . , 1 . ] , [ 2 . 5 , 1 . ] , [ 5 . , 1 . ] ] ,
6 e l S i z e = 0 . 0 1 ]
7 OutletBoundary = boundaryElement ( boundaryType = [ ’ o u t l e t ’ ] , ’ box ’ ,
8 c o n t r o l po i n t s = [ [ 5 . , 1 . ] , [ 5 . , 0 . ] ] ,
9 e l S i z e = 0 . 0 1 ]

10 NoslipBoundary = boundaryElement ( boundaryType = [ ’ n o s l i p ’ ] , ’ box ’ ,
11 c o n t r o l po i n t s = [ [ 5 . , 0 . ] , [ 0 . , 0 . ] ] ,
12 e l S i z e = 0 . 0 1 ]
13

14 Channel = Channel ( InletBoundary , ComplBoundary , OutletBoundary , NoslipBoundary )

Now, we create an incompressible solver, and run an unsteady simulation from
t = 0 to t = 1 with time step ∆t = 0.01. Then, we integrate the adjoint field and
calculate the cost function gradient with respect to the given boundary:

1 so lver_Inc = IncSolver_2D (Re = 100 , Geometry , [ ’ unsteady ’ , 0 . 0 1 , 0 . 0 , 1 . 0 ] )
2

3 so lver_Inc . AdjSovle_unsteady ( ComplBoundary )

For the spectral solver, we specify the number of eigenmodes to find, and the
spectral shift:

1 solver_Sp = SpectralSolver_2D (Re_Cs = 1 . e4 , Geometry )
2

3 solver_Sp . s o l v e (1 , s h i f t R = 0 . 0 , s h i f t I m = 1 . 0 )
4

5 solver_Sp . dJv ( ComplBoundary )

This allows us to calculate the desired cost functions sensitivities in less than 30
lines. The solver automatically calculates displacement field, stores the solutions, and
saves the sensitivities. One can easily apply gradient-based algorithms to perform shape
optimization. The gradient descent algorithm with Armijo backtracking linesearch [2]
has been implemented.
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4.2 Shape optimization for stability

In this chapter we present the shape optimization results for a two dimensional channel
stability. The results has also been presented in [22]. Using the gradient information
provided by (3.73), we can adjust the geometry and control the position of system’s
eigenvalues, and, for instance, decrease the real part (increase the decay rate) of the
first natural mode of the system. Continuous Galerkin P1P4 elements are chosen
for spatial discretization of the (ρ̂, û) function space. This is the lowest polynomial
order function space which results in a smooth solution, and doesn’t result in spurious
oscillations. Further investigation of the discretization scheme stability and consistency
must be performed.

4.2.1 General approach

To demonstrate the discussed shape optimization approach, we start with a simple
geometry: a channel with a single adjustable boundary. We consider the restriction
part of the generic inkjet printer geometry as the optimization boundary (fig. 4.1).

Fig. 4.1 Symmetric restriction part of the generic inkjet geometry as an optimization
boundary.

We assume the restriction to be symmetric in horizontal plane, thus we can optimize
only the upper part of the channel. The variable part of the boundary is parametrized
by Bezier curve, and we calculate the sensitivity of the objective function to the
positions of the control points. To illustrate this, consider a three-point boundary (fig.
4.2a), with the initial shape Γ and given displacement field V (Γ). Only the middle
point can move, while the other two are fixed. Otherwise, the adjacent boundaries
will displace as well. Once the shift step size ∆t of the middle point is calculated, its
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position is moved in the steepest descent direction, and the domain boundary becomes
Γ′ = Γ + ∆t · V . For the real part of an eigenvalue R(s) as the objective function, we
expect the series of optimization steps to behave as illustrated in fig.4.2b.

Γ

Γ
0

V (Γ)

(a) A boundary displacement V (Γ) and a mod-
ified boundary (Γ → Γ′) example.

Step 0

Step 4

Step 6

Step 2

(b) A series of shape optimization steps results
in the restriction expansion.

We consider a rectangular channel with 7 control points to calculate the modes
and the eigenvalues. The length and the height of the channel are 1.0 and 0.25,
respectively; the dimensionless viscosity ν is 0.01. The displacement is applied to the
top boundary in the range x = [0.25, 0.75]. Then, we apply gradient steps to stabilize
the eigenvalue with the least non-zero frequency. To keep the no-slip boundary smooth,
the y-coordinates of the two first and two last points are fixed. Figure 4.3 illustrates
the spectra for different boundary shapes. The real part of the eigenvalues decrease on
each iteration, by approximately 25% in total. Note that the frequency of each mode
are almost the same as the frequencies of the 1D inviscid wave equation.

The boundary shape convergence is shown in figure 4.4. The next calculated top
boundary’s displacement overlaps the bottom slip boundary so we stop the iteration
here. The control points and consequently the boundary shift down so the restricted
area expands. This increases viscous dissipation inside the domain, making natural
modes more stable, as expected. A practical optimization scheme would need to include
further constraints, such as a limit on the mean flow viscous dissipation, which are not
yet included here.

Figure 4.4 contains the density amplitude |ρ̂| of the first four natural modes. The
first (left) column illustrates the modes of the initial unperturbed channel, while the
following figures show the shape change of both the channel and the natural modes for
the 4th, 6th and the final iteration of the shape optimization algorithm. Contours are
equidistant for each mode.
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Fig. 4.3 Spectra of the channel for different shapes. Black dots correspond to the initial
and the final eigenvalues, with intermediate steps in between. Arrows illustrate the
direction of the spectrum shift.

Fig. 4.4 Amplitude of the density variable, |ρ̂|, for the four modes (from top to bottom)
for various channel’s shapes. Left column: unperturbed channel; right column: the
final shape.
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In order to verify the method, we also perform Taylor test analysis for adjoint
gradients. For each of the boundary types (no slip, free and compliant) we plot the
gradient-based deviation as proposed in (3.76) and (3.77). We parameterize each
of the tested boundaries with three points (two fixed and one adjustable) and vary
the middle point position. The following figures illustrate the deviation data and
polynomial fitting (linear and quadratic): fig.4.5 contains a Taylor test for a no slip
boundary displacement, with the real part of the adjoint gradient equals to 0.417 at
∆x = 0. Figure 4.6 shows the Taylor test for a free boundary, the initial gradient equals
to -0.0077. Figure 4.6 corresponds to a compliant boundary with non-dimensional
impedance Z = 20.0 + 20.0i, and the initial gradient is 0.247.

Fig. 4.5 Taylor tests for no slip boundary eigenvalue gradient, with quadratic and linear
fitting.

Fig. 4.6 Taylor tests for stress free boundary eigenvalue gradient, with quadratic and
linear fitting.
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Fig. 4.7 Taylor tests for compliant boundary eigenvalue gradient, with quadratic and
linear fitting.

4.2.2 Spectrum-based optimization

The gradient with respect to displacement of the objective function, the natural
frequency of a system in our case, allows us to optimize not only the primary objective,
but also any function of the objective(s): σ = σ(s1, s2, . . . ), since the gradient of the
composite objective can be written as a linear combination of the primary gradients.

Let us consider a system with boundaries of a given shape. We aim to adjust the
shape of the channel the way first several modes have almost the same real part of the
eigenvalues. Physically, it corresponds to the case when dissipation rate of the system
perturbations close to the chosen eigenvalues decay with nearly the same rate.

Since we want to minimize the difference between real parts of the set of eigenvalues,
let us start with the trivial case of two different modes, with the eigenvalues s1 and s2.
Following the described approach, we calculate the shape derivative for both s1, s2. We
introduce a new cost function, σ, equal to the squared distance between the eigenvalues
real parts.

σ = (R(s1 − s2))2 (4.1)

Then, the shape derivative σ′[V ] can be calculated using the given gradients, namely:

σ′[V ] = 2R(s1 − s2)R(s′
1[V ] − s′

2[V ]) (4.2)

Minimization of the distance means that σ′[V ] < 0, so we can choose the direction
of the displacement, V , basing on the sign of the product (4.2). Finally, the actual
distance reduction becomes:
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∆σ = 2R(s1 − s2)
(
R(s′

1[V ]i − s′
2[V ]i) · V i

)
(4.3)

where s′
1,2[V ]i, V i are the gradient and the displacement value corresponding to the

i-th control point.
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4.3 Multi-objective shape optimization

4.3.1 General principle

The next example is optimization of a combination of different objective functions. We
(again) consider the real part of the first eigenvalue as the first objective function, and
viscous dissipation over the whole domain as the second one. Namely, the (weighed)
multiobjective function can be written as:

Jw = c1R(s1) + c2Q (4.4)

Here Q is the domain-averaged viscous dissipation of the steady flow, and c1,2 are
some constants. Now, the derivative of the multiobjective cost function is:

J ′
w[V ] = c1R(s′

1[V ]) + c2Q
′[V ] (4.5)

We want to 1) reduce the lifetime of the acoustic waves propagating inside the
channel, thus decrease the real part of the eigenvalue; 2) decrease the pressure drop
in the channel due to the presence of the restriction, which is essentially the viscous
dissipation of the flow’s energy. Now the tricky part of the problem arises from the
similarity of these two physical phenomena, each of them represents viscous dissipation
in the flow. The decay rate increases as the channel expands, R(s′

1[V ]) > 0, while the
viscous dissipation becomes lower, Q′[V ] < 0. In other words, at first sight we want to
both increase viscous dissipation (decay rate R(s1)) and decrease it (viscous dissipation
Q itself) at the same time, which seems impossible.

Another possible problem statement is to minimize the following expression instead:

Jw = − Q

R(s1)
(4.6)

It is positive (Q > 0,R(s1) < 0), and we don’t have any coefficients as we had
previously. The shape derivative is straightforward:

J ′
w[V ] = − Q

R(s1)

(
Q′[V ]

Q
− R(s′

1[V ])
R(s1)

)
(4.7)

Now the described conceptual problem becomes more clear: if the relative decay rate
change equals to the relative change of the viscous dissipation for any displacement, then
it is impossible to find an optimal solution which minimizes target objective function.
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4.3.2 Pareto optimality

One question can be asked at this point: how can one decide upon the choice of the
weighing constants or the normalization type? Usually this knowledge comes from
outside of the model, for example, as a manufacturing cost or an importance of a certain
design feature. But even without knowing the exact way to construct the weighed

objective function, Jw, one can still improve the objective function by searching for a
Pareto frontier of the problem.

Pareto optimality yields that there is no possible change can be made to improve
one objective function without worsening any other objective. Note, that this definition
doesn’t require the combination of the objective functions, so it is possible to treat
them separately. When the Pareto frontier is found (meaning that we know the location
of the Pareto optimal solutions) we can finally apply the exact values of the weighing
coefficients and choose the best solution.

Fig. 4.8 illustrates the example of a single optimization iteration. Consider we
have two objective functions, J1, J2 as functions of (x, y) and we know their gradients,
∇J1, ∇J2. In the case of the fully-known system, the weights are defined as α1,2,
and our generalized weighed objective function Jw will move in the direction ∇Jw

(red arrow). It essentially means that we are solving a single-objective optimization
problem.

Fig. 4.8 Gradients of two objective functions J1, J2 with non-zero angle ϕ between the
gradient directions (dashed lines) form a positive gradient subspace (green area), such
that a possible gradient step exists which improves both the objectives.



4.3 Multi-objective shape optimization 61

However, without the weights information, we still have the gradients direction
(dashed lines), so by forming a positive gradient subspace, the possible improvements are
allocated. If the angle between the gradient directions is non-zero, the Pareto-optimal
solutions have not been reached yet. This condition can be formulated as:

cos(ϕ) = (∇J1, ∇J2)
∥∇J1∥ · ∥∇J2∥

> −1 (4.8)

Any direction within the positive gradient subspace can be chosen for the gradient
descent method, and taking one on the surface of the subspace corresponds to keeping
the forming objective constant. The cone angle ϕ equals to that between the gradients
directions. If cos(ϕ) is positive, then any positive linear combination of the gradient
vectors result in the objective functions improvement. The larger the cosine value is,
the larger the generalized cost function’s increment can be achieved. Once the angle
becomes zero, the Pareto frontier is reached.

Another noticeable approach is that if we know the weights the positive gradient
subspace can still be useful. By projecting the weighed gradient ∇Jw to the closest
subspace surface (or boundary), the projected gradient ∇P Jw is obtained and the next
optimization step will both improve the generalized objective function and keep all the
individual objectives nearly the same without worsening them.

Fig. 4.9 Isolines of two functions intersect and create a region with a local Pareto
frontier inside it. Two projected gradient vectors bound the area inside which both J1
and J2 increase.

Fig. 4.9 illustrates an example of two cost functions while the Pareto optimum is
not reached yet. Two black curves correspond to the functions’ isolines; the intersection



62 Applications

region exists and is bounded by two projected gradients, ∇P J1, ∇P J2. Since the
intersection is non-zero, there appears to be a local Pareto frontier (dotted line) in the
direction of the both projected gradients. By choosing a certain step direction, one
will finally reach an optimal point located in the subspace formed by the projected
gradients. For instance, one can choose the gradient step as follows:

dR = proj

(
∇J1

|J1|
, ∇⊥J2

)
+ proj

(
∇J2

|J2|
, ∇⊥J1

)
(4.9)

Here proj is a projection operator of the first vector argument in the direction of
the second; and ⊥ is an orthogonal direction to a vector.

4.3.3 Approaching Pareto frontier

Now, we will apply the discussed idea to a 2D internal flow in a channel with two
asymmetric restrictions (fig.4.10), parameterised by 6 control points. By asymmetric
we assume the possibility to apply different shape changes depending on the actual cal-
culated gradients. Initial restriction shape (black dashed curves) can change differently
and shift to the red dashed lines. The shift of the control points of the left and right
boundaries can be different, e.g. from the black dots to the red dots. The physical
reason behind the asymmetry lies in the asymmetry of the flow field, which defines
the viscous dissipation cost function: the first restriction produces a higher velocity
gradient than the second one. On the other hand, since the channel initial shape is
symmetric, the eigenvalue-based cost function creates a displacement field equal for
the right hand side and left hand side restrictions.

Fig. 4.10 Symmetric channel with two asymmetric restrictions. Black dots and dashed
lines illustrate initial position of control points and smooth boundaries; red show those
after a gradient step was applied.
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To illustrate this principle, we plot shape gradients normalized by the cost function
values (fig.4.11a,4.11b). Fig.4.11a shows the normalized gradients of the real part of
the first eigenvalue (red dots) and viscous dissipation (green dots) for four control
points of the left restriction. The filled areas imply the cone angle ϕ, with almost zero
for the third and forth points and 8o and 3o for the first and second. It means, that the
improvement towards the Pareto optimum can still be made by applying a gradient
step for the control points with non-zero gradient subspace. However, the angles are
too small to result in efficient optimization.

(a) Left restriction (b) Right restriction

Fig. 4.11 Normalized gradient directions for viscous dissipation (green dots) and real
part of the first eigenvalue (red dots) for four control points of the restriction boundaries.

Fig.4.11b illustrates the normalized gradient of the right hand side restriction. The
eigenvalue displacement directions are identical to those of the left boundary, while
the gradients of the second cost function are different. The right hand side restriction
produces less viscous dissipation, thus the sensitivities are smaller.
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4.4 Inkjet printhead optimization

The inkjet printhead feature we discuss here is the shape of two restrictions located
between the ink chamber with oscillating piezo boundary, and the inlet. When the
frequency of an external periodic forcing acting on the fluid becomes high enough,
namely equal to or the order of the frequency of the first natural mode of the system,
acoustic waves inside the chamber may exist for long enough to affect subsequent
ink droplets’ formation. Manufacturers would like to achieve working frequencies of
hundreds of kilohertz, which is close to the first eigenvalue, and therefore in this range.
Presence of the restriction should help acoustic waves to dissipate of propagate away
quickly and thus not to affect the next oscillation. Future optimization may try to
increase this natural frequency, subject to geometrical constraints.

4.4.1 Generic geometry

Fig. 4.13 shows top and side view of the generic inkjet printhead geometry. This
initially symmetric channel has an inlet and outlet, an orifice at the bottom, and
an adjustable restriction boundary. Shaded walls can be either no slip or compliant
boundaries; all the results below are obtained with the no slip condition. The orifice
represents an open end, where droplets are formed.

While in general it is not restricted to optimize the whole geometry at once, we
focus on the highlighted part only. The bottom two-dimensional channel is chosen as
the model geometry. We assume, that it covers all the necessary features of the full
three-dimensional case.

Fig. 4.12 The Xaar 1003 AMp printhead [42].
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Generic geometry 1

noslip

symmetry plane

symmetry plane

2.0

9.2

1.2

0.3 free

Generic geometry 2

free

symmetry plane
0:7

0:2

8
o

4:7

Fig. 4.13 Generic geometry of the inkjet printhead (top and side view). Straight
shaded lines correspond to no slip or compliant boundaries, dashed lines are planes of
symmetry, and free boundaries as specified. Two red dotted lines denote restriction
boundaries subject to optimization. All sizes in 100µm.

4.4.2 Optimization results

We start with the parametrization of two side parts of the upper boundary with four
Bezier control points. The space between them represents the piezo element boundary,
which should be kept plane.

The initial geometry and the first mode are illustrated in fig. 4.14. The density
mode amplitude |ρ̂| (4.14a) and velocity amplitudes |ûx,y| (4.14b,4.14c) show, that
the lowest frequency mode corresponds to a wavelength twice the length of the duct,
and the velocities and hence viscous dissipation are greatest around the sharp corners
and in the orifice outlet, as expected. Consequently, the choice of the optimization
region is justified. The frequency of the mode is 340 kHz and the decay rate is almost
14 kHz, which is in a good agreement with the experimental data provided by the
manufacturer.

We apply gradient steps to the left boundary first (fig.4.15), and then to the right
boundary (fig.4.16a). After the first optimization stage decay rate increases to just
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above 16 kHz, and to almost 19 kHz after the second stage. Overall, the decay rate
increased by approximately 25% (4.17a). The frequency of the mode dropped to slightly
less than 330 kHz.

Fig. 4.17b illustrates the shifts of each of two adjustable control points in xy plane.
The blue dots correspond to the left boundary, and the red to the right boundary.
While the total height of the channel is 0.7, the control points shifted down almost to
the lower channel boundary. Note, that for both cases control points followed almost
the same optimization trajectory, as expected from the problem symmetry.

The decay rate growth naturally leads to viscous dissipation increase and therefore
pressure drop inside the channel for the mean flow. We are developing an extension to
the presented model so to take into account the presence of the pressure difference on
the inlet and outlet of the channel and to solve the joint minimization problem.

(a) Initial geometry and boundaries parametrized with four
Bezier poitns. Density mode |ρ̂|.

(b) Velocity mode |ûx|. (c) Velocity mode |ûy|.

Fig. 4.14 Initial channel geometry and the lowest frequency mode.
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(a) Density mode |ρ̂|.

(b) Velocity mode |ûx|. (c) Velocity mode |ûy|.

Fig. 4.15 Channel geometry with the optimized left hand side constriction and the
lowest frequency mode.

(a) Density mode |ρ̂|.

(b) Velocity mode |ûx|. (c) Velocity mode |ûy|.

Fig. 4.16 Channel geometry with two optimized constrictions and the lowest frequency
mode.
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(a) The first natural frequency of the
system for different shape configurations.
Blue dots correspond to the first optimiza-
tion stage (left restriction), and red dots
to the second stage (right restriction).

(b) The shifts of two adjustable control
points in xy plane for the left hand side
restriction (blue lines) and the right hand
side restriction (red lines).
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4.5 Shape optimization for viscous dissipation

In this section we briefly discuss viscous dissipation shape sensitivity for unsteady
incompressible flow. We consider a generic printhead geometry with single constriction,
with time-dependent inlet velocity profile. We aim to illustrate the periodic behaviour
of the direct and adjoint flows, and deduce a generic optimization strategy.

The initial condition is u(x, t = 0) = 0, and the inlet boundary condition is
uin(t) =

(
1 − e−t/τ

)
(1 + 0.1sin(2πt)), τ = 0.285. The flow becomes periodic after

sufficiently long time, smoothly reaching the periodic solution. Fig. (4.18) illustrates
the inlet velocity amplitude and viscous dissipation from t = 0 to t = 4. Viscous
dissipation is normalized by its mean value, and it reaches periodic solution together
with the inlet velocity profile. The shape gradient experiences periodic behaviour as
well.

Fig. 4.18 Inlet velocity profile, viscous dissipation and shape gradient of unsteady flow
in a channel. Shaded area illustrates the proposed averaging interval for periodic flow.

The total gradient for the unsteady flow is obtained by integration over the whole
time domain. If the transition region contribution is assumed to be small (for instance,
if the flow oscillates hundreds of periods), it is reasonable to perform time averaging
over just one oscillation period.

As shown before, viscous dissipation and the acoustic decay rate gradients and
therefore optimal displacements have opposite directions, thus any configuration is
(almost) Pareto-optimal. Therefore, we can only choose one optimization objective. In
our case, viscous dissipation and the corresponding pressure drop inside the channel
is less important than the acoustic stability, up to a certain threshold. When viscous
dissipation approaches critical value, defined by a manufacturer, the optimization
should terminate or the pressure drop should be added as a new constraint.





Chapter 5

Conclusion

5.1 Key results

This report shows the methodology and results of shape optimization for an inkjet
printhead. We have performed a two-parameter expansion of the compressible Navier–
Stokes equation considering mean and fluctuating motions at low Mach numbers. The
full problem splits into the incompressible unsteady flow, and the viscous acoustic
flow. For both these limits, strong and weak formulations have been proposed with
corresponding sets of boundary conditions. An acoustic compliant boundary condition,
relating the force and velocity fields on the boundary, has been implemented. This
allows us to model boundaries that are not fixed and can displace, reacting to the
flow. The computed first natural mode’s frequency is in a good agreement with the
experimental data.

Using the adjoint approach, we have derived a general expression for the eigenvalues
sensitivity of the natural modes for the viscous acoustic flow. The shape derivative
in Hadamard form has been presented, as well as the Taylor (convergence) test for
the adjoint-based gradients. We have applied shape optimization to the generic two-
dimensional inkjet printhead geometry. The decay rate of the first natural mode was
increased by approximately 25%, by modifying the channel’s constriction shape. The
multiobjective shape optimization approach for pressure drop inside the channel and
the acoustic flow stability has been discussed.

Finally, we have developed a generic solver for viscous dissipation and stability
optimization, based on the open-source framework FEniCS. The solver includes a
CAD-like geometry builder and allows us to run the optimization routine in several
lines of code.
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5.2 Future research

We propose the following work to be performed:

• Shape parameterization

The choice of shape parameterization seems to be crucial for shape optimization.
In the current research we use Bezier parameterization, which is very useful for
maintaining boundary smoothness and can be virtually infinitely flexible given
an appropriate number of control points. We aim to compare different parame-
terization techniques, especially their convergence rates for shape optimization
problems.

• Three-dimensional shape optimization

In practical applications, the flow is 3D, while the shape optimization has been
performed in 2D case. To prove the consistency of the results, a full 3D test case
should be considered.

• Impedance and compliant boundary

Acoustic boundary impedance depends on boundary properties, known from
experimental data and the fluctuation frequency Z = Z(s). The eigenvalue
problem then becomes nonlinear, and the iterative algorithm should be applied.
This is necessary for accurate caption of physical effects inside the channel, such
as fluid–structure interaction and wave propagation.

• Multiphase effects on the meniscus surface

As discussed before, the multiphase physics of droplet formation is one of the
governing mechanisms of inkjet printing technology. Currently we consider only
the stress-free boundary condition at the nozzle, thus a more sophisticated model
should be considered. It is necessary to investigate the influence of surface tension
and the meniscus shape on the acoustic flow and the system’s stability.

• Discretization consistency

Spatial discretization and the choice of function spaces determine the numerical
scheme stability and consistency. We should perform a thorough analysis on the
numerical scheme and validate the implemented approach.
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Appendix A

Shape parameterization

A.1 Motivation

With a parameter-based shape optimization, it appears to be crucial to choose an
appropriate parameterization of the shape. In some cases, the shape should be smooth
or be symmetric, the number of bends can limited due to the manufacturing complexity
or the optimized boundary should only contain straight lines. A common example is
the parameterization of an airfoil, which can be presented [37] as a number of boundary
control points, a set of Bezier control points or only as several parameters defining the
geometric properties, such as width or a front curvature radius. Usually, the chosen
parameterization should be compatible with CAD systems.

In this research, we mainly consider only polynomial parameterization based on
Bezier curves due to its flexibility and easy implementation. However, there exist a
number of other options, for instance, B-splines or Fourier series. The last one, applied
for various objective functions in viscous flows [3], results in a wavy boundary structure
with many peaks, seems to be not very useful for industrial applications.

A.2 General properties

Any two dimensional boundary can be generally written as a function of internal
coordinate t and a set of parameters, a, such that r = R(t, a). As for the Bezier curve,
it is convenient to present it as a sum of Bernstein basis polynomials bi,n(t) weighed
with the control points:

R(t, a) =
n∑

i=0
bi,n(t)ai (A.1)
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It is useful to note, that, first, the curve starts and ends at the first and the last
control points; second, the slope of the curve at its boundaries is defined by the neighbor
control point. For example, if the first and the second control points lie on a horizontal
line, the slope is zero. This might be helpful if we want to impose a C1 continuity at
the connection points.

The displacement field, V, is a response of a boundary shape to the change of a
control parameters. In the case of a Bezier curve the displacement corresponding to
the k-th control point ak equals to Vk:

Vk(t) = ∂R
∂ak

= bk,n(t) (A.2)

While the displacement notation is straightforward, there is not direct way to
express it as a function of coordinates, r. Thus one should apply additional numerical
algorithms to construct the perturbed boundary.

A.3 Constructing a Bezier boundary

Generation of a Bezier boundary consists of two parts: creation of a boundary points
set (the direct problem), and getting the internal coordinate, t, of a point on the
boundary.

The direct step can be performed by either simply plugging an internal coordinate
value into (A.1), or by using the De Casteljau’s algorithm. While the first approach
might include numerical errors while computing the Bernstein polynomials, the second
algorithm has exponential complexity [39] thus limits the efficiency of the whole
optimization routine. This is especially important when the number of surface vertices
is high.

The implemented boundary generator creates a boundary point (xi, yi), i ≤ Nb for
each ti ∈ [0, 1], where Nb is a number of elements on the optimization boundary and ti

are equidistant internal boundary coordinates. This is equivalent to the quality of the
mesh discretization. The inverse algorithm searches for t corresponding to the given
point by iteration over the stored list of boundary vertices. Thus, if we want to create
a pair of (point, displacement), we first calculate the internal coordinate t matching
the given position, and then apply (A.2) and assign its value to the point.
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Complex eigenvalue problem in
FEniCS

The finite elements package used does not support complex matrix operation. Complex
terms can appear, for instance, if surface integrals contain the acoustic impedance
value, which in general is complex. Additionally, complex matrices arise if one performs
a complex shift in an eigenvalue problem. This problem can be resolved by splitting the
the governing equations into the real and imaginary parts and solving 2N × 2N real
matrix instead of N × N complex matrix. The method presented below was proposed
by Jack Brewster [3], and is described here for the educational purpose.

Consider a general eigenvalue problem. Without loss of generality, let A ∈ CN ×CN

be a complex, and B ∈ RN × RN be a real matrix. The generalized linear problem is
to find an eigenvector x ∈ CN and an eigenvalue λ ∈ C, such that:

Ax = λBx (B.1)

We separate out the real and imaginary parts of the variables, A = Ar + iAi,
x = xr + ixi, and λ = λr + iλ. The problem becomes:

Arxr − Aixi = λrBxr − λiBxi, (B.2a)
Arxi + Aixr = λrBxi + λiBxr (B.2b)

Or, in the matrix form:
Ar −Ai

Ai Ar

xr

xi

 =
λrI −λiI

λiI λrI

 B 0
0 B

 xr

xi

 (B.3)
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By introducing new matrix variables Γ, M ∈ R2N × R2N , the equation (B.3) reads
as:

Γ
xr

xi

 =
λrI −λiI

λiI λrI

M

xr

xi

 (B.4)

Now, let us consider a new eigenvalue problem:

Γy = ξMy (B.5)

In general, the eigenvector y ∈ C2N and eigenvalue ξ are complex; let us split
the eigenvalue as y = (y1, y2), where y1,2 ∈ CN . Since Γ is real by construction, the
following is true:

Γ
y1

r

y2
r

 = ξrM

y1
r

y2
r

− ξiM

y1
i

y2
i

 , (B.6a)

Γ
y1

i

y2
i

 = ξrM

y1
i

y2
i

+ ξiM

y1
r

y2
r

 (B.6b)

Then, it is trivial that

Γ
−y2

i

y1
i

 = ξrM

−y2
i

y1
i

+ ξiM

−y2
r

y1
r

 (B.7)

And combining (B.6a) and (B.7), we obtain:

Γ
y1

r − y2
i

y2
r + y1

i

 = ξrM

y1
r − y2

i

y2
r + y1

i

+ ξi

 0 −B

B 0

y1
r − y2

i

y2
r + y1

i

 =
ξrI −ξiI

ξiI ξrI

M

y1
r − y2

i

y2
r + y1

i


(B.8)

Direct consideration of (B.4) and (B.8) shows, that the problems are equivalent, if
xr = y1

r −y2
i and xi = y2

r +y1
i , and λ = ξ. Thus, instead of solving the initial eigenvalue

problem with complex matrices, we can solve the paired real-valued problem (B.5)
instead.

Finally, consider a spectral shift in the complex plane is required, namely λ → λ+λ0,
λ0 ∈ C. Then, the problem reads

(A − λ0B)x = λBx (B.9)
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And the split matrix form becomes:

Ar − λ0,rB −(Ai − λ0,iB)
Ai − λ0,iB Ar − λ0,rB

xr

xi

 =
λrI −λiI

λiI λrI

B 0
0 B

xr

xi

 (B.10)

We have shown, that the complex spectral shift results in the change of Γ, keeping
the problem structure the same.

Summing up, following the described approach, it is possible to project a N × N

initial eigenvalue problem with complex-valued matrices into a 2N × 2N real problem.
The eigenmodes of the initial problem are a non-trivial linear combination of the the
transformed problem eigenmodes.
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