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Chapter 1

Preamble

1.1 Motivation

A component of the engineering design process consists of shaping forms so that they
have desired properties. Recent years have seen hopes of an automation of part of this
process. For system of limited complexity, the design can be formulated as the mini-
mization of a cost function, such as the viscous dissipation, by changing the shape of
the domain in which we solve the equations. As the problem may not be convex, there
is little hope to find the optimal shape, the shape that reaches the global minimum.
However optimization approach such as gradient descent or quasi-Newton method can
be applied to improve an initial configuration until reaching a local minimum. This is
precisely the goal of shape optimization algorithms. Most of these algorithms rely on
adjoint methods to compute the gradient of the objective function with respect to a
change of the shape, called the shape derivative. Chapter 2 is dedicated to describing
an adjoint-based shape optimization algorithm that uses a parameter-free! representa-
tion of the boundary. This algorithm will be called the standard adjoint algorithm in
this report.

Shape optimization algorithms were developed by the academic community almost two
decades ago and are primarily used in structural engineering and fluid mechanics. At-
tempts are now made to applied these techniques to larger scale systems. In fluid
mechanics, the main deterrents to industrial applications are issues related to turbu-

lence. Some of them are briefly discussed in Chapter 4.

Among the limitations of this standard adjoint algorithm is the form of the cost

!Despite the name, a parametrization of the shape is still introduce when meshing the boundary.



1. Preamble

function. Indeed, cost functions must be expressed as an integral quantity, i.e. a func-
tional of the solution of the main equation®. Although most of the desired properties,
such as the drag or the drop in pressure, can be represented in this form, some quanti-
ties of interest can only determined by solving an additional equation. Among them is
the stability of the system, which can be quantified by the growth rate of the leading
mode®. This growth rate is solution of an eigenproblem formed from the solution of
the main equation but cannot be expressed as a functional of this solution. Yet, the
stability of the system can be of primary importance. From a computational perspec-
tive, the instability of the physical system is not always captured by a simulation of a
flow because of some incorrect assumptions made on this flow. For example, a steady
simulation of a cylinder flow in which we assume a symmetry with respect to the center
line is no longer valid passed the first instability as this instability breaks both the
steadiness and the symmetry. On a more physical point of view, it is sometimes de-
sirable that the system be stable. For example, we may want to avoid the formation
of Karman-vortex street in the wake of an object because it is known to be a cause of
vibration in the structure.

Hence, a desirable improvement of the standard adjoint algorithm would enable the
inclusion of the growth rate of an auxiliary eigenproblem either as an element of the
cost function or as a constraint. This extension that we named double-decker adjoint

algorithm is presented in Chapter 3

The principal purpose of this report is to describe the algorithms and establish the
various formulae needed to compute the gradients. This is done in Chapter 2 and 3 with
an important technical result in Appendix A. Chapter 4 gathers some ideas for future

work, both immediate prolongation of the current work or more challenging path.

1.2 Mathematical framework

Although the main motivation comes from fluid systems, this method aims to be more
generally applied to shape optimization of non-linear systems in which stability is ei-
ther involved in the cost function or as constraint. For this purpose, derivations will
remains quite general and will only be applied to an incompressible fluid system as a

next step.

! Also called direct equation
2The system is stable if the growth rate is strictly negative and unstable else.



While most of the derivation related to adjoint methods are established with the
strong form of the equations, we decided to work only with the weak formulations. This

unconventional! choice is motivated in several ways:

e The Finite Element Method solves the weak formulation of an equation. The
weak solution is evaluated by approximating the evaluation space by a subspace

of finite dimension.

e Forming the adjoint problems from the weak formulation does not require the
introduction of an adjoint operator in the mathematical sense’. When working
with the weak formulation, adjoint equations are obtained by interchanging the
arguments of the bilinear form which defines the weak formulation (cf. Chapter 2).
Thus the same level of regularity is imposed on the direct and adjoint solution,

which is not the case with strong forms?.

e The handling of boundary conditions is simpler using the weak forms : Dirichlet
boundary condition are included in the function space and Neumann or Robin
boundary condition are assimilated in the bilinear form. Hence we do not need
to derive the appropriate boundary conditions for the strong form of the adjoint

equation, which do not necessarily have a clear physical meaning.

e Adjoint methods are used primarily as tools to obtain various gradients. For
instance, we do not look at the decomposition of the non-normality in component-
type and convective-type [cf. 30, page 7] so the strong form of the adjoint is of

little interest.

e The existence of a solution to the three dimensional incompressible Navier—Stokes
equations is only guaranteed when working with the standard weak form [19].
This motive is futile as existence problems rarely affect computational simulations
of fluid flows.

A shallow look at the derivation written in this report may lead to believe that
strong form are never used. This is quite misleading as the boundary residual formulae

(A.7) necessary to derive the shape derivative (2.14) and (3.16) are closely linked to

Unconventional in the fluid mechanics community, not so much in the applied mathematics one.

2Given two Banach space Bi, Bs and their dual space Bf, Bj, the adjoint (also called dual)
of an operator T : B; — By is the mapping between the dual spaces TT : B — Bj satisfying
V(z,y") € (B1, B3) : v (T()) = T'(y")(x)

3For example, if T : H%(Q) — L*(Q), then TT : L?(Q) — H~%(Q) and an adjoint equation has to
be interpreted as an equality in H~2(Q). This is obviously a problem for computation given the lack
of regularity of H2(£).
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the strong form of the adjoint equation.

Functions spaces play an important role with the weak formulation. In this report,
the general derivation will take place in a mixed function space 8§ = 8 x 8. The space
8 is associated to the portion of the state variable on which a Dirichlet condition is
imposed on the boundary I'? while the space $ is associated to the rest of the state vari-
able on which no Dirichlet condition is imposed. For example, with the incompressible
Navier—Stokes equations, the former is the function space of the velocity and the latter
is the function space of the pressure.

Shape optimization techniques requires the existence of additional boundary quantities.
For example wy[ra, restriction of the pressure on the boundary, or d,u|a, restriction
of the normal derivative of the velocity on the boundary, must exist when performing
shape optimization using the incompressible Navier—Stokes equations. This quantities
do not exist in the function space 8 in which the weak form is defined. For that reason,
we will have to assume that some solutions of equations belong to a function space 82

with one additional degree of regularity.

Before deriving the formulae necessary for shape optimization, we will study a sim-
pler problem called parameter optimization. Instead of optimizing with respect to the
shape of the domain, it consists in optimizing with respect to a parameter that appears
in the equation such as the Reynolds number in the Navier—Stokes equations. The
formulae derived have little interest but it is a way to introduce adjoint methods using

the weak formulation without the added complexity caused by shape optimization.

1.3 Application

Figure 1.1: Geometry of the backward facing slope

The formulae obtained will be applied to the flow over a backward facing slope with
the geometry depicted in Figure 1.1. A Poiseuille flow is imposed at the inlet and an
advective boundary condition (B.2) at the outlet. For the range of Reynolds number
considered, the steady flow presents two main recirculation bubbles: one behind the

slope and another one attached on the upper wall. One of this baseflow is displayed in



Figure 1.2.
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Figure 1.2: Baseflow for a Reynolds number of 700. The velocity u = u,e, + uye, is
displayed. The purple line delimits the recirculation bubbles.

For a Reynolds number of about 700, the flow becomes unstable to a three di-
mensional steady bifurcation with a spanwise wave number of approximately 0.9. The

shape of the leading mode is depicted in Figure 1.3.
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Figure 1.3: Leading mode for a Reynolds number of 700 and a spanwise wave number
of 1.0. The velocity & = 4, cos(fz)e, + Gy cos(fz)e, + U, sin(Bz)e, of this unstable
mode is displayed. The purple line delimits the recirculation bubbles of the baseflow.

In order to validate the formulae involving shape modification, we introduce changes
in the slope. Let arbitrarily introduce a set of slopes parametrized by a scalar variable

s and having the following parametric representation':

B(s): [0,1] — R?
<(2t —1)((35 — 2)t2 + (—3s + 2)t + 1)) (1.1)
—
t2(2t — 3)

A quantification of the instantaneous displacement of the slope as s varies is needed to

!This is the parametric representation of a uniform B-spline [4] with knots (0,0,0,0,1,1,1,1) and
control points ((—1,0), (=1 +s,0), (1 — s, —1), (1, —1)").
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compute shape derivatives. Let us introduce the flow mapping:

®(s) : ImB(s) x R — R?

1.2
((z, ), u) = B(s +u) (B(s) " ((z,9))) (1.2)

The only purpose of this application is to define the boundary displacement as hg(,) =
0y ®(5)|,—o- Using the parametric representation of B(s), we can obtain a parametric

representation of hg,):

ha(s) : Im B(s) — R?

ey <3t(t - 1())(2t —1)

1.3
) with t = B(s) " ((z,y)) )

The boundary displacement is dependent of the parametrization of the curve and is
therefore not a physical quantity. As we will see in this report the boundary dis-
placement only appears in shape derivatives problem through the normal boundary
displacement hg(y) - ng(5), which does not depend on the parametrization of B(s). The

exterior normal to B(s) can be computed using the definition (1.1):
ng(s) : ImB(s) — R?
( 6L(t — 1) )
. —6(3s — 2)t2 + 6(3s — 2)t — 3s (1.4)

(z,y) —
\/(6(33 —2)t2 — 6(3s — 2)t +3s)° + (6t(t —1))°
with ¢ = B(s) " ((z,y)")

Hence a parametric representation of the normal boundary displacement is:

hg(s) REIOK Im B(S) — R
18t2(t — 1)2(2t — 1)
\/(6(35 —2)t2 — 6(3s — 2)t +3s)° + (6t(t —1))”
with t = B(s) "1 ((z,y)).

(z,y) —

(1.5)

This normal boundary displacement will appear in Section 2.2 and 3.3.

This setup has now three parameters, a shape parameter s, the Reynolds number
Re and the spanwise wave number 3 when dealing with stability. The reference config-

uration is chosen to be the one with s =1, Re = 700 and 5 = 1.



Figure 1.4: Shape of the slope for s € {0.5,1,1.5}

To validate the various formulae derived in this report, we make one of the three pa-
rameters vary around the reference configuration and then compare the value of the

gradient obtained using adjoint methods with the one obtained by finite differences.

In order to roughly estimate the influence of the resolution requirement, two differ-
ent meshes were built for each value of s investigated: a coarse mesh with approximately
10 000 cells! and a fine mesh with around 100 000 cells. Both the coarse and fine mesh
have a higher density of cells around the slope. Mixed finite elements were used with
continuous Lagrange elements of order 2 for the velocity and continuous Lagrange ele-

ments of order 1 for the pressure?.

!Triangles that compose the mesh.
2This finite elements are often called Taylor-Hood finite element.






Chapter 2
Standard adjoint algorithm

Pironneau [24, 25| was the first to investigate shape optimality problems in fluid me-
chanic using adjoint methods. He derived an expression for the shape derivative of the
viscous dissipation and deduced the necessary condition for the optimality of a shape.
However, he could only apply it to elementary problems in which the optimal shape
could be analytically described. Years later, Jameson gave a second life to Pironneau’s
idea by designing a computer algorithm to get a locally optimal shape. Along the years,
he applied this algorithm to fluid flows of increasing complexity from potential flow [14]
to flow governed by the incompressible Navier—Stokes equations [15].

Recent years have seen improvements in two separate directions. On the one hand,
some researchers have applied these techniques to industrial scale systems. For ex-
ample, Schmidt et al. [29] optimized the shape of a three dimensional airfoil under
transonic conditions using Euler’s equation. This approach requires highly optimized
code and large computational power. On the other hand, other researchers focused on
systems of reasonable dimension and performed an optimization with a less conven-
tional cost function such as the intensity of the far field sonic boom [23] or the noise
emitted by a flow [22]. The development of high level finite element code makes it
now possible to perform shape optimization on a variety of different equations and cost

functions, from mircofluidic systems to fluids with chemistry.

2.1 Parameter optimization

2.1.1 Derivation

Consider a functional Ny : V xV — R, linear in its second argument and parametrized
by o € A. Consider also the boundary function g € H'(I')* and define the direct
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state & as the solution of the direct equation:
x € V?[g] st. YveVy:Nuy(z,v)=0. (2.1)

Let also define the set of direct states X = {x € V]g| | 3o € A :  solution of (2.1)}.

Consider the functional J : V — R called cost function, independent of « and

composed of a volume' integral:

YoeV:(z)= / ji(v) (2.2)

Q

Our goal is to find the minimum of the set J(X) = {J(x) | * € X} over the set of
parameters o € A. As the problem may not be convex, we satisfy ourselves with finding
local optima using an optimization algorithm. Starting with an initial parameter o and
a state x € X, we wish to evaluate the gradient d,d(x).

Differentiating the definition (2.2) with respect to « leads to an expression of this

gradient in terms of the derivative of the direct state d,x:
dud(z) = / Vilz)(daz) 2 Vi[z](daz). (2.3)
Q

As soon as «a is composed of a couple of variables, adjoint methods become less expensive
that finite differences to compute the gradient. To apply an adjoint method, we need
first to know the equation verified by the derivative of the direct state d.

Let us introduce the bilinear? form L,[x] : V x V — R, called the linearized functional
and defined by Vv € § : L,[v] = 01 No(v). Differentiating the direct equation (2.1)
with respect to a leads to the desired equation. The derivative of the direct state doa

satisfies the equation:
dox € Vo s.t. Yo € Vo : 0y No(x,v) + Lofx](dax,v) =0 (2.4)

Adjoint method consists of solving an additional carefully chosen linear equation. De-

LA cost function composed of a volume and a surface integral will be investigated soon.
2Linear in each of its two arguments.
391 denotes the partial derivative with respect to the first argument.

10



fine the adjoint state y as the solution of the adjoint equation':
y e V3 st. Vv eV Lofz](v,y) = VIz](v). (2.5)

The adjoint equation (2.5) is verified for every test function v in Vy. As dyx € Vo, we

have in particular the following relation:
dod(z) = Vi[z](daz) = Lo[z](da, y). (2.6)

Similarly, the equation (2.4) is verified for every test function v in Vy. As y € Vg, we
end up with the following expression for the gradient d,d(x):

a-parameter gradient of the cost function

daH(:L') = —0q Na(wvy) (27)

Assuming that the analytical expression of the functionals Ny, £4[x], VJ[z] and
0o N are known, the gradient d,d(x) can be evaluated by solving the direct equation
(2.1), solving the adjoint equation (2.5) and forming the expression (2.7). The gradient
can then be used to update the parameter in an optimization algorithm. This process

is schematized in Figure 2.1.

. Parameters ° [ Direct equation ] [ Adjoint equation
_____________________ i z : No(x,.) =0 y : Lolz](,y) = Vi[z](.)

AN
Gradient

Figure 2.1: Diagram of the standard adjoint algorithm

2.1.2 Application

The problem described in Section 1.3 is a two-dimensional incompressible flow problem.
An appropriate function space for this problem is V = H!(Q)? x L?(Q) with a stae
variable composed of velocity and pressure. The direct equation is the weak form of
the incompressible Navier—Stokes equation. As an advective boundary condition is

imposed at the outlet, it is simpler to work with the advection form of the equation

!Note that the test function v is the first argument of £, [x] which is how adjoint equation are
obtained in the weak formulation framework.

11



2. Standard adjoint algorithm

(cf. Appendix B). The non-linear functional N, takes the form:

\Y
No = ((w,up), (1,7p)) = / Vu : <T/ ® u + o?) —updivny +n,divu (2.8)
Q

where « is the Reynolds number.

Taking the derivative of this functional with respect to « is straightforward:

Oa Ny ((u,up), (n,np)) — —;2/QVU :Vn (2.9)

Differentiating with respect to (u,u,) is also accessible and leads to an expression for

the linearized functional:

\Y
o [(w )] s ((0.0), () o> [ Vo (n®u+a’7> FVuin®o
—vpdivy +npdive  (2.10)

The cost function we are interested in is the viscous dissipation which has the

following expression:
J: ((u,up))H/Vu:Vu (2.11)
Q

Finally, the gradient of this cost function is:
Va[(u,up)] : (m,mp)) = Q/QV’U, : Vn (2.12)

After all these definitions and analytical derivations, it is possible to perform one
loop of the standard adjoint algorithm in order to compute doﬁ((u,up)). As seen in
Figure 2.2, the gradient obtained using the adjoint method is in good agreement with

the gradient approximated by finite differences.

2.2 Shape optimization

If a field is a solution of an equation on a domain, changing the shape of the domain
will affect the field. The shape derivative dj, of a field corresponds to the infinitesimal
change of that field when the boundary of the domain is infinitesimally moved in the
direction of h. There are two ways to introduce this concept mathematically. The

interior variation approach introduces a deformation of the whole domain that matches

12
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Figure 2.2: Validation of the formula of the a-parameter gradient of the cost function
(2.7) using both a coarse mesh (gray) and a fine mesh (black). The circles corresponds
to the gradient obtained with finite differences while the crosses and the fitting spline
represents the gradient computed using the adjoint method.

the boundary displacement h on the boundary'. The moving surface approach does
not introduce a deformation of the domain but relies on advanced mathematical results
on moving manifolds.

All these mathematical intricacies will be avoided in this report and we will only use
some technical results on how to compute the shape derivative [12]. More specifically, we
will need to know how to find the equation that is satisfied by the shape derivative of a
field knowing the equation satisfied by the field in question (cf. equation (2.14)) and how
to compute the shape derivative of a functional that depends on a field (cf. expression
(2.13)).

2.2.1 Derivation

Consider again the functional N, : V x V — R and the direct state & solution of the
direct equation (2.1). Consider also the cost function J defined in (2.2). The shape

derivative of this cost function is:

dnd(x) = /Q Vijil] (dnx) + / j(@)(h-n) 2 Vlz)(de) + / j(@)(hon) (213)

™ T

Since the boundary displacement h belongs to a space of infinite dimension, it is

'Such deformation is not unique so it raises questions on the existence of this derivative

13



2. Standard adjoint algorithm

not even possible to evaluate the shape derivative of the direct state dpx by finite
differences without introducing a parameterization of the shape. Adjoint methods are
well adapted in this case but require the knowledge of the equation satisfied by dpx.
This equation can be obtained by using some shape derivative techniques on the direct

equation (2.1). The shape derivative of the direct state dpa is solution of the equation:

dpx € V? |:—]1fd((h ‘M) OnT [fd)} s.t. Yo € Vy: Ly[x|(dpx,v) =0 (2.14)

Define the adjoint state y as the solution of the adjoint equation':
y V3 st. Yo eV Lofz)(v,y) = VIx](v) (2.15)

Unlike the parameter optimization case, the shape derivative of the direct state dpx
does not belong to the space Vy; dpx has a non zero Dirichlet boundary condition on
™. However, the equation (2.15) can be extended to the space V by adding some terms
and provided that the operators £, [x] and VJ[z]| admits a specific decomposition. The
mathematical details have been pushed in Appendix A for clarity. Using the boundary

residual formula (A.7), we obtain the expression of the shape derivative:

Shape gradient of the cost function

dhg(w) = <_](£B) ffd, h - n>L2(fd)+<’yT{La[w]}(y) - V{VH[:B]}’ (h' : ’I'L) 8njrfd>L2(fd)
(2.16)

If the analytical expression of the functionals £,[z] and VJ[x] are known, Green’s
identities should be used to decompose the functionals in the appropriate form (A.3).
These decompositions will define y7{£,[x]} and v{J[x]}. The gradient dzJ(x) can then
be evaluated by solving the direct equation (2.1), solving the adjoint equation (2.15)

and forming the expression (2.16).

2.2.2 Application

Going back to the problem introduced in Section 1.3, the expression of fy{VB [(u, up)] }
and y7{ Lq [(w,u,)] } can be derived from the expression (2.10) and (2.12) using Green’s

!'Note that this adjoint equation is identical to the one introduced for the parameter optimization.
The adjoint equation would have been different if the cost function was also containing a surface
integral.

14



identities.
Using the Green’s identity (A.10b) leads to:

Va[(uw,up)] ((m,mp)) = —2/QAu n+ 2/Fcf)nu n (2.17)
This form matches the decomposition (A.3a) so by definition:

{V[(u,up)]} = Onu (2.18)
Similarly, using the Green’s identities (A.9), (A.10a) and (A.10b):

[Ja [(uv u}’)} ((wa wp)7 (7777717)) = /Q - <diV(T] ® u) + AO;’7> ‘w+ Vu: nYw

. \%
+/—wpdlvn—Vnp-w+/(w-n)(u-n)+an:'w®n+np('w-n) (2.19)
Q r

This form matches the decomposition (A.3b) so by definition:

’YT{ Lo [(w,up)] }((m,7mp)) = (w-m)n + a o +nn=a0m+nn  (2.20)

The last equality is due to the zero Dirichlet boundary condition on w.

Noting (u, u,) the direct state and (@, ,) the adjoint state, it is now possible to
have an explicit form for the shape derivative:
o —\2 -1 _ ~ ~ _
dSH((u, up)) = < — (8nu) 4+ o Opt - Opt + Up Optl - M, hg(s) . nB(s)>L2(fd) (2.21)
As the velocity of the direct state w obeys a zero Dirichlet boundary condition on ™
and an incompressibility condition, a further simplification is possible since 0,4 - n =
Va:n®n=0"

dsg((ﬂv ﬂp)) = < - (8n1_1')2 + a_lanﬁ - Ona, hB(s) : nB(s)>L2(fd) (2'22)

If we take into account the different definitions of the cost function and adjoint equa-

tion, this expression matches the one of Schmidt & Schulz [28].

!Because of the Dirichlet boundary condition on @, the derivatives of the velocity along the surface
are zero so Vo = (Va - n) ® n. In particular, Va : J = Va : n ® n. Finally, because of the
incompressibility condition Vu : J = diva = 0.

15



2. Standard adjoint algorithm

For numerical implementation purposes, it may be preferable to use a formulation
that does not involve the normal derivative n. As the velocities of the direct and adjoint
state are null on fd, the equalities 0@ - Optt = Var : Vo and Optt - Optt = Va : Va!

valid on the boundary leads to a different version of the formula (2.22):

dsd((w,@p)) = (= Va: Va+a 'Va: Va, by - ns) (2.23)

T

The implementation of this formula results in the values of the gradient dsJ((@, @,))
displayed in Figure 2.3. For the fine mesh, there is a decent agreement between the
gradient obtained with the adjoint method and the finite difference approximation.
However, for the coarse mesh, the finite difference approximation of the gradient is
completely scattered and the gradient obtained with the adjoint method, albeit more

consistency, is way off the converged result.

T

0.7 |
=
:.\ - —
3 0.6
5l
el

0.5 |

o
0.4 ! ! ! ! ! ! ! ]

0.7 0.8 0.9 1 1.1 1.2 1.3

Figure 2.3: Validation of the formula of the shape gradient of the cost function (2.16)
using both a coarse mesh (gray) and a fine mesh (black). The circles corresponds to
the gradient obtained with finite differences while the crosses and the fitting spline
represents the gradient computed using the adjoint method.

'Because of the Dirichlet boundary condition on @ and @, V@ = (V@i-n)®n and Vi = (Vii-n)®@n
so Vu: Vi = Ot - Ontt
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Chapter 3
Double-decker adjoint algorithm

Optimizing a shape with respect to an eigenvalue is an old mathematical problem that
Hadamard [10] pushed forward. Indeed, he derived the shape derivative of eigenvalues
of the Laplacian with Dirichlet boundary condition, named afterwards Hadamard’s for-
mula'. Through the years, the formula was extended to various operators and boundary
conditions and the mathematical framework of this problems was refined [3, 9].

While shape derivative are relatively easy to derive and can lead to a locally optimal
shape, knowing whether or not this local minimum is a global one is appreciably more
complex. For example, the optimal forms of the Laplacian with Dirichlet boundary

condition are only known for the two leading eigenvalues [12].

As far as we know, these mathematical techniques have not been applied to fluid
flows. These may be due to the fact that most of these shape derivatives were derived
for self-adjoint eigenproblem, i.e. the direct and adjoint eigenvectors® are identical.
But, contrary to the Laplacian, the linearized Navier—Stokes operator is not self-adjoint
which means that an adjoint eigenproblem must be introduced, in the manner of modal
sensitivity analysis. Moreover, because of the non-linearity of the Navier—-Stokes equa-
tions, the linearized Navier—Stokes operator has a dependency on the direct state so an
additional adjoint equation must also be solved.

Nevertheless the problem of optimizing a shape with a constraint on the stability has
already been explored. Heuveline & Straufl [13] studied the minimization of the drag
of a cylinder while keeping the flow stable. Because they were computing the shape

gradient using finite difference, they had to introduce a rough parametrization of the

Yf o € H3() is the solution of Vi) € Hy (Q) : / V-V = a/ @y then dpo = f/ |Vel*(h-n)
Q Q r

2 Also called right and left eigenvectors
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3. Double-decker adjoint algorithm

shape and solve at each iteration as many eigenproblems as the number of parameters.

3.1 Modal sensitivity analysis

3.1.1 Derivation

Consider again the functional N, : V x V — R parametrized by a € A that is used to

define the direct state @, solution of the direct equation:

x € V?g] st. YveVy:Ny(z,v)=0 (3.1)

Consider the bilinear forms I', g[x] : W x W — R, parametrized by («,3) € A x B
and having a dependency on the direct state, and T : WxW — R. These two operators
define a generalized eigenproblem formed from the direct state.

Define the pair (p, q), called direct and adjoint eigenvectors, associated with the leading

eigenvalue! o € C, as the solution of the direct and adjoint eigenproblem:

pEWS st. Ywe Wy : T, sz](p,w) = o Y(p,w) (3.2a)
qeW? sit. Yw e Wy : T, slz)(w,q) =0 Y(w,q) (3.2b)

We are interested in optimizing the growth rate of the leading eigenvalue R(o) with
respect to the parameter 3, a parameter that appears in the eigenproblem but not in
the direct equation. For this purpose, we wish to evaluate the gradient dg¥t(o).

From the definition of the direct and adjoint eigenvectors (3.2), the eigenvalue can
be expressed as o = W. Differentiating this expression with respect to the

parameter 3 leads to an expression for the derivative of the growth rate:

dsR(0) = dgR (W)

R <3ﬁ Lo sZ](p, @) + Taplz](dsp, @) + o p[] (p, dﬁ‘l))
T(p.q)
% <Fa,ﬁ[w] (p.q) - (Y(dgp. q) + Y(p, dm)))
T(p, q)?

(3.3)

'For simplicity, we will assume that the leading eigenvalue is isolated and simple.
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Ly glz](P,q)

Using again the expression of the eigenvalue o = simplifies the expression:

Y (p,q)
o (98T aplzl(p, q)
o)~ ® (25 ) "
R ((Fa,ﬁ [z](dsp,q) — 0 Y(dsp,q)) + (L slx](p,dsq) — o Y(p, dm))) '
T(p,q)

As the derivative of the direct and adjoint eigenvectors dgp and dgg belong to the space
Wy, the definitions of the direct and adjoint eigenvectors (3.2) state that the second

term is null:

(B-derivative of the growth rate

dsR(o) = R <3ﬁ Ff;’fifg)p : q)> (3.5)

Assuming that the analytical expression of the functionals Ng, I'qglz], T, and
03T, glx] are known, the gradient of the growth rate dgR(c) can be evaluated by
solving the direct equation (3.1), solving the direct and adjoint eigenproblems (3.2)
and forming the expression (3.5). This process, schematized in Figure 3.1, is often
referred to as modal sensitivity analysis. With this method, it is possible to compute the
gradient with respect to parameters that have been introduced for the eigenproblems,
such as spanwise wave number or base flow modification. However, it is not possible
to compute the gradient with respect to parameters that are present in both the direct

equation and the eigenproblems, such as the Reynolds number.

Gradient
’—' IsR(0) ‘—‘
f Direct mode ) Adjoint mode
| P I'oplzl(p,.) =0 Y(p,.) ) q : Toplzl(.,q) = o 7(,q)

/ | /

A Y . .
Parameters ; Direct equation

a, B i_>k x : No(x,.) =0

J

Figure 3.1: Diagram of the modal sensitivity analysis
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3. Double-decker adjoint algorithm

3.1.2 Application

The stability problem associated with the backward-facing slope problem presented in
Section 1.3 is three-dimensional. To be able to solve it on a two-dimensional mesh,
we introduce a spanwise wave number § and look for unstable mode of the form :
(w cos(Bz), w, sin(B2),w, cos(Bz))'. The resulting stability problem belong to the space
W= H'(Q)? x H'(Q) x L?(Q) and is formed with the two functionals:

\Y Vi,
Lo ()] + (@) () = [ T (o S ) v (nu+ 2

2
+Vu: n®w+%('w‘n+wznz) —wp (divy — Bn;) + np (divw — pw,) (3.6)

and
T : (('LU,’U)Z,U)p), (77,7]zﬂ7p)) = _/Qw ' 77 + Wy Tz (37)

Taking the derivative of I'y g [(u, up)] with respect to 3 is straightforward:

2
aﬁ Fa,ﬁ [(uaup)] : ((waWZawp)a (777"72777P)) = /Q g(w'n+wz 772)+wp772_77p Wy (3'8)

Using these definitions and previous ones, the modal sensitivity analysis can be
implemented to compute the gradient dgR(c). As seen in Figure 3.2, an excellent
agreement is reached between the values obtained using the adjoint method and the

ones approximated by finite differences.

3.2 Parameter optimization

3.2.1 Derivation

Consider again the functionals Ny : VxV — R, T'y g[z] : WXxW — Rand T : WxW —
R that define the direct state, x, solution of the direct equation (3.1) and the direct

and adjoint eigenvectors, p and g, solutions of the eigenproblems (3.2).

We are now interested in optimizing the growth rate of the leading eigenvalue R (o)
with respect to the parameter o and wish therefore to evaluate the gradient d,R(o).
Let introduce the trilinear! form A,glz] : V x W x W — R defined by? Vv € V :

Linear in each of its three arguments.
29. denotes the partial derivative with respect to the argument inside the brackets.
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Figure 3.2: Validation of the formula of the S-parameter gradient of the growth rate
(3.5) using both a coarse mesh (gray) and a fine mesh (black). The circles corresponds
to the gradient obtained with finite differences while the crosses and the fitting spline
represents the gradient computed using the adjoint method.

Ao glv] = 0.T4 g[.](v). Repeating the step (3.3-3.5) for d (o) results in the expres-

sion:

(3.9)

dﬂwﬂ:%<dﬂadﬂ@ﬂ) &m@mh%pq»

T(p, q) T(p,q)

The second term of this expression contains the derivative of the direct state d,.
We already know from Section 2.1 that the derivative of the direct state d,x is solution

of the equation:
dox € Vo st. Yo € Vg : 04 No(x,v) + Lo]x](dax,v) =0 (3.10)
Define now the adjoint state y as the solution of the adjoint equation':
y V3 st. VYo eV Lolz)(v,y) = Ao glz](v, P, q) (3.11)

As dyx € Vy, the adjoint equation (3.11) leads to the following relation:

aa Fa,ﬁ [m] (p, q) La[m] (da’JJ, y)
T(p,q) >+%< T(p,q) > (312

%m@:%<

!Because the eigenvectors p and q can have complex values, this equation must be interpreted as
an equality on the complex field.
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3. Double-decker adjoint algorithm

Similarly, as y € Vg, the equation (3.10) leads to the final expression of the gradient
daR(0):

a-derivative of the growth rate

s - (M) ()

Assuming that the analytical expression of the functionals N, I'g glx], T, Ag glx],
0o I'q g[x] and 0, N, are known, the gradient of the growth rate d,R(o) can be evalu-
ated by solving the direct equation (3.1), solving the direct and adjoint eigenproblems
(3.2), solving the adjoint equation (3.11) and forming the expression (3.13). This
process, schematized in Figure 3.3, is simply a combination of the standard adjoint

algorithm of Chapter 2 with the modal sensitivity analysis of Section 3.1.

Direct mode Adjoint mode
[p : Do glz](p,.) = 0 T(p,.) ] [ q: Toplz](.,q) = 0T(,q) ]

/ X |

Parameters Direct equation Adjoint equation

x : Ny(z,.) =0 y: Lalz|(,y) = Ao gl](-, P, q)
N
[ Gradient ]

9sR(0)

Figure 3.3: Diagram of the double-decker adjoint algorithm

3.2.2 Application
Going back to the problem introduced in Section 1.3, the only functionals that we do

not yet know are 9o I'n g [(u, up)] and Ag g [(u, up)]. Differentiating 'y g [(w, up)] with

respect to « leads to:

1
Oa Fa,,@ [(uvup)] : ((’wawz:wp)v (nvnz’np)) = _? /Q Vw: Vn+ Vw, - Vn,

+ ﬁz(w 'n + w, nz) (3'14)

22



Similarly, differentiating T'a 5 [(u, up)] with respect to (u,wu,) leads to:

Aog [(U»Up)} : ((vavp)> (w, wz, wp), (0, 77z777p)) = /QV’LU v+ (Vw, -v)

+Vv:nw (3.15)

Since I'y g [(u, up)] has a linear dependence on (u,up), Aq,g [(,up)] does not depend

on the direct state.

The implementation of the double-decker adjoint algorithm to compute the gradient
doR(0) clearly validates the method. As shown in Figure 3.4 the values of the gradient

obtained by finite differences and using the adjoint method matches.

1.25

1.2

—~ 1.15

daR(

1.1

1.05

| | | | | | |
670 680 690 700 710 720 730
«
Figure 3.4: Validation of the formula of the a-parameter gradient of the growth rate
(3.13) using both a coarse mesh (gray) and a fine mesh (black). The circles corresponds

to the gradient obtained with finite differences while the crosses and the fitting spline
represents the gradient computed using the adjoint method.

3.3 Shape optimization

3.3.1 Derivation

Consider again the functionals N, : VxV = R, Ty gle] : WXW - R, T: WxW = R
and A, glx] : VX W x W — R. These functionals are used to define the direct state,

x, solution of the direct equation (3.1) and the direct and adjoint eigenvectors, p and
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3. Double-decker adjoint algorithm

g, solutions of the eigenproblems (3.2).

The equation satisfied by the shape derivative of the direct state is known from

Section 2.2. The shape derivative of the direct state dpx is solution of the equation:
dpz €V [—]1fd((h ‘n) angz»)] st. Vo e Vo : Lol](dpa,v) =0 (3.16)

The equation satisfied by the shape derivative of the direct eigenvector dpp can be
obtained from the direct eigenproblem (3.2a) using some shape derivative techniques.

The shape derivative of the direct eigenvector dgp is solution of the equation:

p €W [~1ra((h- 1) D) | st

Vw € Wy : Ay glz](dpz, p,w) 4+ Ty glx](dpp, w) = 0 Y(dpp, w) + (dpo) T (p, w)
(3.17)

As the adjoint eigenvector q belongs to Wy, the shape derivative of the eigenvalue is:

1

dpo = ——
" T(p,q)

( Ao gla)(dnz; P, q) + T sl®|(dnp, q) — o T(dnp, q)) (3.18)
Define the adjoint state y as the solution of the adjoint equation':
yeV3 st. Vv €V Lalxl(v,y) = Ao slx](v, P, q) (3.19)

As y € Vo, equation (3.16) gives in particular that L£,[x](dpx,y) = 0. Because of
the definition of the adjoint equation (3.19), the Boundary residual formula for an

adjoint equation (A.7) can be applied to the bilinear form £, [x] and the linear form

= Ao pl](-, P, q):
Ao glz)(dpz. p,q) = (V{Lalz]} (y) — Y{Aaslz](..p, @)}, (h-n) On) gy (3:20)

Moreover because equation (3.2b) is satisfied, the boundary residual formula for an

adjoint eigenproblem (A.8) can be applied to the bilinear form I', gz] — o T:

Lo s(z)(dnp, @) — o T(dnp, @) = —(v{Taslal}(@) — o7 {T} (@), (B 1) Onp) 1, g,
(3.21)
Gathering the equations (3.18), (3.20) and (3.21) leads to an expression for the

!Once again, this adjoint equation is identical to the one introduced for the parameter optimization.
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shape derivative of the growth rate:

Shape gradient of the growth rate

dth(O') = §R|: (<7T{La[m]}(y) - ’Y{Aaﬁ[x](‘ap7 Q)}’ (h’ : n) ani>L2(fd)

T(p, q)
- (MTaslel} @) = ()@, (h 1) 0ap) )| (322

If the analytical expression of the functionals Lo[x] 'y glz], T and A, glx] are
known, Green’s identities must be used to decompose the functionals in an appro-
priate form. These decompositions will define v{Ls[z]}, 7/ {Tw glx]}, 7'{T} and
v{Aaslx](.,p,q)}. The gradient dpR(c) can then be evaluated by solving the direct
equation (3.1), solving the direct and adjoint eigenproblems (3.2), solving the adjoint
equation (3.19) and forming the expression (3.22).

3.3.2 Application

Going back to the problem introduced in Section 1.3, we need now to obtain the expres-
sion of the boundary residual from the expression of I', 3 [(u, up)] , T and Ay g [(u, up)]

using Green’s identities.

Using all the Green’s identities (A.10):

\Y%
Lo [(w,up)]  (w,wz, wp), (m,02,mp)) — / —w - div <77 ®u + OZ7> +Vu:new
Q

Vn. 2 )
—w, div <nzu + (;7 > + %(w -+ wyn,) —wp(divy — Bn,) — Vn, - w — Bnpw,

+ [ m) e wt wn.) + o O w + O we) + (w0 ) (323)
I

This form matches the decomposition (A.3b) so by definition:

u-n)n+a o +nn B a l0pn +mpn
(w-n)n, +a 1oun, a 10.n.
(3.24)

with the last equality due to the zero Dirichlet boundary condition of the velocity of
the direct state u on IT'%.

'YT{ Fa,ﬂ [(uvup)] }((n>7727 np)) = ((
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3. Double-decker adjoint algorithm

T is already in the correct form (A.3b) so we have:

YT (0, m20mp)) =0 (3.25)

Using the Green’s identity (A.10c):

Aaﬁ [(U” up)] ((vv ’Up)’ (w7 Wz, wp)7 ("% Nz, np)) = /va MU+ nz(vwz : 'U)

—/v~div(n®'w)+/('v-n)('w-n) (3.26)
Q r

This form matches the required decomposition (A.3b) so if we write (@, s, ;) and

(@, 1, up) the direct and adjoint eigenvectors:

Y{ Ao [(w,up)] (-, (@, bz, ), (@, Uz, ) } = (G- )@ =0 (3.27)

with the last equality due to the zero Dirichlet boundary condition of the velocity of

the direct eigenvector (i, ) on I'.

Noting (@, u,) the direct state and (@, u,) the adjoint state, we finally obtain an

explicit form for the shape derivative:

dsR(o) =
<a‘1(6nﬂ cOptt — Optt - Opt — Opl, 8n’[LZ) + ap Optt - M, hB(s) . nE($)>L2(Fd)]

R — Fa—
(a, u>L2(Q) + (s, uZ>L2(Q)

(3.28)

Once again, we can simplify this expression using the relation 0w - n = 0:

<(9nﬁ - Opt — OpW - Opt — Opl, Optl,, hg(s) . TLB(S)>

<il‘7 ﬁ>L2(Q) + <a2’7 aZ>L2(Q)

dR(0) = —R ! LQ(Fd)] . (3.29)

As before, we may prefer a slightly different expression of the same quantity:
(Va: Va —Va : Vi — Vi, - Vi, by - ng(s))

(a, a>L2(Q) + (dz, aZ>L2(Q)

dsR(o) = i%

=d
LAr )] . (3.30)

The implementation of this formula results in the values of the gradient dsR(o)
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displayed in Figure 3.5. With the fine mesh, a good agreement is reached between the
finite difference approximation and the adjoint method. With the coarse mesh, the finite
difference approximation is scattered but the adjoint method produces surprisingly good

values.

0.7 0.8 0.9 1 1.1 1.2 1.3

Figure 3.5: Validation of the formula of the shape gradient of the growth rate (3.22)
using both a coarse mesh (gray) and a fine mesh (black). The circles corresponds to
the gradient obtained with finite differences while the crosses and the fitting spline
represents the gradient computed using the adjoint method.
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Chapter 4

Future Work

In the short term, the priority is to implement some automatic deformation of the mesh
so that the shape gradient can be used to deform the backward facing slope and find
the locally optimal shape, for functional cost function (standard algorithm) as well as
cost function based on the leading growth rate of the linearized operator (double-decker
algorithm).

At the same time, the mathematical framework will undergo some refinements : a few
mathematical points, such as the required regularity of the domain, need clarification
and the standard algorithm will be modified to incorporate cost functions defined on

the boundary!.

The medium-term goal is to apply these techniques to a few relevant problems of
limited complexity. One of them could be an oscillator flow with the objective to min-
imize the energy lost while keeping the flow stable. It could also be interesting to work
on an amplifier flow and try to minimize the energy of the optimal linear response to
a forcing. Indeed this problem can be written as an eigenvalue problem involving the
resolvent [27, chap. 4].

It may be necessary at this stage to improve the shape optimization algorithm from
a gradient descent method to a quasi-newton method. Such methods, called Sobolev
smoothing, have been designed for shape optimization and speed up the convergence

while dealing with regularity problem of the boundary [5].

In a longer term, several extensions of the concept are possible:

e Extend the double-decker algorithm to systems where the primary problem and/or

'Lift and drag fall in this category.

29



4. Future Work

the auxiliary problem are an evolution equation with a finite time. It will then be
possible to treat a much wider range of problems. This extension should be the-
oretically manageable but more difficult on the computational side as it requires

to implement adjoint-looping techniques [16].

e Extend both the standard and double-decker algorithm to allow topological change
of the domain. The present algorithm can continuously deform the shape but can-
not generate or annihilate holes in the domain. The concept of topological shape
derivative was introduced by Sokolowski & Zochowski [31] and was since primar-
ily applied to structural mechanics [1]. Most of the actual application relies on
level-set method but a more straightforward computation of the topological shape

derivative may be simpler for fluid flows.

e Extend the double-decker algorithm to system where the auxiliary problem is a
control related problem. Typically, given an actuator and a sensor model, we
want to find the best shape of the domain and the best location of the sensor
and actuator so that the linear control is the most efficient. A computational
problem may arise as optimal Hy or H,, controllers are usually found using
Ricatti equations or Linear Matrix Inequalities (LMI) which are not tractable for
large systems. Nevertheless, it may be possible to reduce the system size before
designing the controller [20] or to solve for simpler problem that gives bounds on

the efficiency of the controller without building the controller [33].

e Extend both the standard and double-decker algorithms to uncertain systems,
i.e. systems in which some parameters do not have a fixed value but are random
variable following a specified probability distribution. This type of problems,
often called robust shape optimization, have already been investigated [18, 26].
The Monte—Carlo method would probably be adapted to problems with a couple
of random variable as it is easy to implement [8]. Another option would be to
use Stochastic Finite Element Methods that add dimensions to the simulation to
solve for the probability distribution of the variables [7]. Although more precise,

this method could be computationally expensive.

All these improvements takes some work and adds nothing radically new. To my
mind, they should only be considered if a well-defined and engaging problem' requires

one of this method. If not, it may be worth to turn to a more ambitious project.

'Such problem could emerge from the European collaborative project ANADE.
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A first path would be to study how noise influence transition and if successful try to
control these transitions with shape optimization. While transition in oscillators flows
are accurately described by modal stability analysis, the transition mechanism in am-
plifier flow is different. Noise is linearly amplified to a point where it triggers a jump to
another orbit of the Navier—Stokes equation. Although it may be possible to deal with
this system by introducing the forcing or the initial condition that induce the largest
linear growth, this is not completely satisfactory as noise obeys to some temporal and
spatial properties and cannot be captured by an initial condition or a forcing. However,
modeling noise in dynamical system is not an easy task as it requires to immerse the
Navier—Stokes equations in the thorny world of stochastic partial differential equation.
Fortunately, these equations are at the core of mathematical finance so many math-
ematicians have looked into it and a few algorithms have been designed to simulate
them. In particular, Bismut [2] has introduced a backward stochastic differential equa-
tion that presents similarities with adjoint equations [17]. Although this path could
be mathematically challenging and computationally demanding, it would, if successful,

bring a more complete view of shape optimization of transitions in dynamical system.

Another route, more oriented towards industrial application, would be to work
on shape optimization of turbulent flow. Turbulent flows are at the center of many
industrial systems but are also both theoretically and numerically puzzling. Shape
optimization of turbulent flows has already been attempted [22, 32]. This attempts
use either Reynolds Averaged Navier—Stokes (RANS) or Large Eddy Simulation (LES)
turbulence model.

Trying to apply the standard and double-decker algorithm on a turbulent flow would
present some technical challenges. The deepest concern is about the accuracy of the
turbulence models. Most RANS model have a strong dependence on the geometry and
perform badly when the various coefficients have not been adjusted to the geometry.
As we seek to repeatedly modify the shape of our domain, we need a model that
perform well in a wide range of geometry. LES model are less influenced by a change
in the geometry but their implementation with Finite Element Method is delicate. An
alternative could be to use Implicit LES turbulence models which are much easier to
implement with Finite Element Method as the turbulence model is included in the
numerical scheme[21]. However, wall functions are still used to avoid resolving the
boundary layer which may be problematic for shape optimization.

Yet, the main issues with stability of turbulent flows are more theoretical than technical.

While the stability of a steady solution has a clear mathematical and physical meaning,
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4. Future Work

the stability of a spatially and temporally averaged solution of a chaotic system is a
questionable concept. Any instantaneous snapshot of the flow would be unstable and
it is not clear how the averaging process affect the stability. Beside, whereas linear
mechanisms are at the core of the growth of disturbances evolving on top of a steady
solution, the same cannot be said for disturbances evolving on top of an averaged flow
[11]. If the solution is found to be unstable, it may not be truly relevant as the averaged
system may transition to a state very close from the initial state.

Therefore, it would be preferable to replace the eigenproblem of the stability equation
by the non-linear evolution equation of a perturbation that grows on top of the averaged
flow. It would have more prediction capabilities than the stability analysis, would make
more sense in my opinion but would require to implement an adjoint-looping technique

mentioned above.
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Appendix A

Mathematical tools

A.1 Boundary residual

This section establishes some mathematical results required to derive the shape deriva-
tive formulae (2.16) and (3.22). Two lemmata are first stated to condense the following

discussion.

Zero Dirichlet L’-approximation lemma
k k N, 1 —
Vz e H¥(Q),3{zn},en € Hy ()7 nh_)rgo |z — anLQ(Q) =0 (A.1)

The proof of this lemma can be carried out by explicitly building the sequence
{zn},en from z. However this proof requires to introduce mollifiers [6, p. 713] which
is quite tedious. The difficulty can be bypassed if we admit the density of C§°(£2) in
L2(9).

Proof. Consider z € H*(Q). As H*(Q) C L?(Q) and CSO(Q)H'”LZ(Q) = L2(), we get
using the sequential definition of the density that 3{z,},cy € C°(Q)N € HE ()N such
that nli—>H§oHZ_Z"HL2(Q) =0. O

Extended zero Dirichlet L?-approximation lemma

li —z, —0
VZ € 873 {Zn}nEN c SON . nLH;O HZ z HLQ(Q)

nliggo |2Ire — 2n rF"HL2(FU) =0
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A. Mathematical tools

The proof of this second lemma relies only on the first lemma (A.1) and on the

properties of the trace operator -[r.

Proof. Consider z € 8. As the trace -[p : § — H %(F)]TC is a surjective application, we
can find 2z, € 8¢ such that z — z, € {s € § | s|p» = 0}. By applying the lemma (A.1)
to each components of z — z,, which belong to H!(2) by definition of 8, we get that
I{zn}peny € {8€8 |8l = 0} such that nhﬁngo |z — 2y — anL2(Q) = 0. Moreover,
considering the spaces in which z — 2, and the sequence {z,},.y belong, we have
Vn € N : HZ[FU — 2Zy|pe — 2 [FJHLQ(FU) = HZ[FU — 2z, [FJHLQ(F(,) = 0. Therefore the

sequence {zp + 24}, oy € S meet the desired requirements. O

Consider a : 8 X 8§ — R a bilinear form and b : § — R a linear form. Let assume

than these forms can be decomposed in the following manner:
Vs =(s,8) €8:b(s) = B(s) + <BQ, '§>L2(Q) + <Bpa, ng“>L2(FU)
+ <7{b}7 s rI‘d>L2(Fd)
Vs = (51,51) €8,Vsy € 82 a(sy, 82) = A(Sl, 82) + <Ag(82), §1>L2(Q)

+ <A}‘U (SQ)a 51 rFU>L2(FJ) + <’7T{a}(s2)7 51 FFd>L2(Fd)

(A.3a)

(A.3b)

Define f € 83 as the solution of the adjoint equation Vs € 8y : a(s, f) = b(s).
Using the decomposition (A.3) and the definition of the space 8y, the integral on the

boundary portion I'? cancels and leads to the equality:

Vs € 80t (5, f) + (AL (f), 8) oy + (Abe (), 8lre) 1o
= B(s) + <BQa §>L2(Q) + <BF‘77 5[FU>L2(1~0) (A.4)

Thanks to the lemma (A.2) and to the Cauchy—Schwarz inequality, the equation (A.4)
can be prolonged to § :

Ve €8 A(e, f) + (AL(F): €)ooy + (Abo (£)s €l ) oo
= B(&) + (Bq, @) g, + (Bre, elre) o, (A5)

Using again the decomposition (A.3) results in:

Ve €S: a(e7 f) - <7T{a}(f)7 éer>L2(Fd) = b(e) - <’7{b}7 éer>L2(Fd) (Aﬁ)

This formula will be used in two particular situations:
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Boundary residual for an adjoint equation

Let a: 8 x8 — R and b: 8 — R be bilinear and linear form that can decomposed
as (A.3). If y € 83 is solution of the equation Vs € 8y : a(s,y) = b(s) and e € §
satisfies a(e,y) = 0, then:

b(e) = (1{b} 1 {a} (). elra) aqray (A7)

Boundary residual for an adjoint eigenproblem

Let a : 8 x 8§ — R be a bilinear form that can decomposed as (A.3b). If q € 8¢ is
solution of the equation Vs € 8 : a(s,q) =0 and e € §, then:

a(eaQ) = <7T{a}(y), éer>L2(Fd) (AS)

A.2 Green’s identities

This section is a reminder of some Green’s identities useful to derive the strong form
of the adjoint equations or to get the expression of the operator v and 4! introduced

in the section above.

Consider two tensor fields J and 8 of order m and m — 1 respectively. If this tensor

fields are regular enough the following Green’s identity is satisfied:

/diVT:S:—/T:VS—F/T:S@n. (A.9)
Q Q T

Let apply this general identity to some particular cases. Consider z a scalar field
and a, b two vector fields of sufficient regularity. The three following Green’s identities

are helpful to handle the pressure term, the diffusion term and the convective term
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respectively:

/zdiva:/a‘Vz—F/za-n
9 r

Q
—/Aa-b+/Va:b®n:—/Va:Vb:—/a-Ab—i—Vb:a@n
Q I Q Q

/QVa:c@)b:/Q(Va)*:b@)c
:—/Qa~div(c®b)+/(a-c)(b-n)

r

__/ch:a®b+(a-c)divb+/F(a-c)(b~n)
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Appendix B

On the Navier—Stokes equations

B.1 Geometry and notation

Consider a bounded open domain  C R™ and a partition of its boundary I' = T UT%:
I'Y is the part of the boundary where the value of the velocity is prescribed (Dirich-
let boundary condition) while I'” is the part of the boundary where a flux is pre-
scribed (Neumann or Robin boundary condition). Consider a different partition of
the boundary I' = I'_ U T'y : given a velocity field u, define the inflow boundary
I'' ={xz €T |u-n <0} and the outflow boundary I'y = {x € I' | w-n > 0}. Finally,
defined the intersection I', =1 NI'y and I'Y =17 NT_.

B.2 Boundary condition

The natural boundary condition is to prescribe the momentum flux on the inflow and

the traction on the outflow:

u=g on I' (B.1a)
(~u®u—pI+2Re 'Vu) -n=h_ on I'? (B.1b)
(—pI+2Re 'Vu) -n=hy on I'7 (B.1c)

However, this natural boundary condition is not always appropriate. On some
occasions, the boundary does not have any physical significance and is used to crop
a large or even infinite domain. Consider as an example the numerical study of an
infinite channel Poiseuille flow depicted below.

The velocity inside the channel is uw = 4y(1 — y)e, and the pressure p = py —
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B. On the Navier—Stokes equations

Ly D D in

8Re~!z. Therefore the traction on a vertical plane is (—pﬂ + 2Re_1§u) ‘e, = —poer+
2aRe™! (ze, — ye,). The prescription of a zero traction at the outflow is certainly not
the appropriate boundary condition. This is logical as the boundary I'Y is not a free
surface; the wall after the boundary still constrains the flow. For such configurations, it

is more suited to use the following boundary condition often called advective boundary

condition:
u=g on T'? (B.2a)
(—u®u—pI+Re 'Vu) -n=h_ on I'” (B.2b)
(-pJI+ Re_1Vu) -n=hgt on I'Y (B.2¢)

B.3 Conservative form

The incompressible Navier-Stokes equations can be written in several equivalent forms
that leads to slightly different discretized forms. The form that arises from the physics

is called the strong conservative form.

Strong conservative form

Find (u,p) € 82 that respect the condition (B.1) [or (B.2)] and the following

equations on €2:
—div(~u®u—pIJ +2Re 'Vu) = f

divu = 0.

(B.3)

The weak form of this equation can be obtained using the Green’s identity (A.9):
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Weak conservative form

Find (u,p) € 8[g] such that ¥(v,q) € S :

/(—u@u—pﬂ—i—W):VU—i—qdivu—i— 9:n®v—/f-v+/ h-v
Q Re 1"0’ Q o

Ipg (u®u) if (B.1) is used

with G = )
Ips(u®u) — Re 'Vu if (B.2) is used

(B.4)

B.4 Advective form

If we use the incompressibility relation divau = 0 to simplify the term div(Vu), we get

a different form of the Navier—Stokes equations called strong advective form:

Strong advective form

Find (u,p) € 82 that respect the condition (B.1) [or (B.2)] and the following

equations on 2:
Vu-u+Vp—Re tAu =
P J (B.5)
divu = 0.

This form is widely used in numerical application, partly due to an easier implementa-

tion with finite differences codes.

The weak form of this equation can be obtained using the Green’s identities (A.10):

Weak advective form

Find (u,p) € 8[g] such that V(v,q) € Sp:

/Vu:(v@u—l—vv)—pdivv—i—qdivu— 9:n®v—/f-v+/ h-v
Q Re l“cr Q Fo‘

Ire (u®@u) — Re 'Vu if (B.1) is used

with G = .
Ire (u® u) if (B.2) is used

(B.6)
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B. On the Navier—Stokes equations

With the weak conservative form, the boundary term G is simpler when the natural
boundary condition is used. On the contrary, with the advective form, the term G is
simpler when the advective boundary condition is used. In this sense, the advective
boundary condition (B.2) is the standard boundary condition! associated with the
weak advective form (B.6) and the natural boundary condition (B.1) is the standard

boundary condition associated with the weak conservative form (B.4).

!Sometimes called ”no” boundary condition.
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