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Abstract

Thermoacoustic instability is a major threat for combustion systems. The catastrophic conse-
quences might occur such as oscillations in thrust, structural damage or eventually engine
failure. Thermoacoustic instabilities are generally recur in the later stages of development
process. Since numerous parameters should be tuned elegantly due to the extreme sensi-
tiveness of thermoacoustic systems, numerical tools are becoming practical to stabilize the
system. By adjoint methods, the computation of gradient informations for system parameters
becomes relatively cheap compared to other methods such as finite difference methods.

In this report, shape sensitivity of eigenvalues of a thermoacoustic system is presented.
Possible changes in the shape of the geometries are discussed to reduce thermoacoustic
instability. To start, Helmholtz equation with unsteady heat release rate term is derived
and discretized with finite element method. Helmholtz solver is coupled with adjoint based
shape optimization method. As a case study, canonical thermoacoustic system, Rijke tube is
investigated using Dolfin and Dolfinx. Eigenmodes are determined for 1D and 2D config-
urations. Then, 2D domain is stabilized thermoacoustically by making minor changes on
boundaries. Additionally, solver’s capability on calculating eigenmodes and shape derivatives
for 3D combustors is also presented. Azimuthal degenerate modes of different geometries of
MICCA combustor and realistic combustor have been successfully captured by implemented
solver. By using adjoint method, the shape derivative information is obtained cheaply for
each combustor geometry.
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Nomenclature

Greek Symbols
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Chapter 1

Introduction

1.1 Background

Thermoacoustic instability is a major problem which threatens the sustainable operability
of gas turbine engines. Growing oscillations in the combustor chamber might lead to
detrimental vibrations that increase the fatigue of engine components. High amplitude
acoustic oscillations can extinguish the flame. For these reasons, it would be useful to be
able to predict thermoacoustic behaviour during the development process of aero-engines.
Nowadays, developing computational power allows the problem to be analysed more quickly.
In this way, Helmholtz solvers can give results in sufficiently short times that they could
enable optimization of the system thermoacoustically. Additionally, experimental studies are
used to generate flame transfer functions which are essential for Helmholtz solvers.

This introduction section follows the following structure; Firstly, thermoacoustic mechanism
and analysing techniques for thermoacoustic instabilities are presented. After that, thermoa-
coustic modes and control techniques for instabilities are summarized. Lastly, motivation of

the study is proposed.

1.2 Thermoacoustic Mechanism

Thermoacoustic oscillation mechanism can be explained by means of an analogy between
flame-acoustic waves and classical piston engine in internal combustion engines [1]; piston
replaces with acoustic waves and flame replaces with ignited gas in the combustor. When
the acoustic waves meet the flame, the flame gets perturbed due to sound waves and its
shape is inevitably changes in which lead to unsteady heat release rate. Then heat is
converted into work on acoustic waves and if this work is not dissipated in the chamber, then
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acoustic oscillations start to grow. Eventually, system is starting to behave thermoacoustically

unstable.

N\l o
/wdv>/p’u-ds (1.1)
|% pc2 S

where overline denotes an average quantity over one period of thermoacoustic oscillation,
p' is acoustic pressure, ¢ is heat release rate and u is particle velocity, ¥ is ratio of specific
heat capacities, c is speed of sound and p is density. Equation (1.1) is called general form of
Rayleigh’s criterion [2]. Left-hand side of the inequality holds amount of work done in the
volume, V, by gas expansion due to heat release rate(if they are sufficiently in phase which
means phase shift lies between -90 and 90 degrees) while the right-hand side term holds
acoustic losses through boundaries. If the volume integral term exceeds the surface integral
term, then acoustic oscillations are starting to increase. Numerous attempts has been made
by engineers and researchers either to avoid acoustic pressure p’ being in phase with ¢’ or to

increase the dissipation term on the boundaries.

1.3 Analyzing Thermoacoustic Instabilities

In the current literature, thermoacoustic problems are analysed by computational and experi-
mental approaches, as usual. Computational framework consists of large eddy simulations

(LES), network models and Helmholtz solvers.

1.3.1 Large Eddy Simulations

Computational fluid dynamics (CFD) simulations of thermoacoustic problems are mainly
done by LES. LES results are useful to obtain flame transfer functions of the combustor. It
plays an important role for Helmholtz solvers. However, LES requires high computational
power to produce high fidelity results.

The compressible LES of turbulent swirled combustor is performed in [3]. In this study, the
wave equation for reacting flow is derived and LES is performed to obtain flow variables.
Mean temperature distribution and FTF data are extracted to be used as input for Helmholtz
solver. Finally, most unstable thermoacoustic modes of combustor are determined using
Helmbholtz solver.

LES is also used for determining other thermoacoustic modes. The azimuthal modes of

annular combustion chamber are investigated in [4] by LES and Helmholtz solver. Real
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helicopter engine has taken into account and azimuthal modes are extracted by means of
compressible LES and three dimensional Helmholtz solver.

Despite all of advantages of LES, simulation results may not guide about how to control
or avoid thermoacoustic instabilities [5] qualitatively. It is possible to obtain reliable and
accurate solution by LES, but the cost of computation is too high to analyse problem
quantitatively, which could be useful for designing thermoacoustically stable combustor

more quickly.

1.3.2 Helmbholtz solvers

Since only considering acoustic field in frequency domain for combustors, Helmholtz solvers
provide computationally efficient solution of thermoacoustic eigenmodes comparing to LES.
It is also possible to handle complex valued impedance boundary conditions for two and three
dimensional geometries with Helmholtz solvers. Computation of thermoacoustic modes for
industrial burners via Helmholtz solvers shown in [6].

Juniper [7] proposed the effectiveness of adjoint methods by calculating the thermoacoustic
eigenmode sensitivities which enable to observe the impact of each parameter by performing
single calculation. The adjoint methods applied to the Helmholtz solver. Obtained sensi-
tivities reveal the tendency to stabilization effect of each system parameter. Effect of the
placement of the hot/cold mesh are also discussed by means of sensitivities of growth rate
with respect to that parameter. It has been shown that adjoint based calculations can be
leveraged to determine system parameter’s effects on eigenvalue of the thermoacoustically
unstable system. Consequently, adjoint methods could empower the capability of Helmholtz
solver to optimize system quantitatively and quickly.

1.4 Thermoacoustic Modes

It would be informative to make a quick review about thermoacoustic modes in literature.
There are two common eigenmodes occur in combustors; longitudinal and azimuthal. Lon-
gitudinal modes are mainly investigated to understand the thermoacoustic behaviour of
single-burner combustors and benchmarking the implemented solvers against low order
analytical results [8].

There are azimuthal thermoacoustic modes that can be exist in the combustors as well as
longitudinal modes. The analytical approach to calculate azimuthal modes is given by Sun et.

al.[9] for a simple annular chamber.
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The comprehensive acoustic analysis on lean premixed prevaporized gas turbine combustors
is performed by Dowling and Stow [10]. They built 1D network model with appropriate
boundary conditions and the instabilities are calculated in frequency domain, then the
obtained model is extended to simulate azimuthal modes which are dominant modes in
annular combustors. The effects of mean flow, temperature gradients and heat release
distribution have been analysed.

Extensive study on laboratory-scaled MICCA combustor has been conducted both numeri-
cally and experimentally in [11]. By constructing setup for a single burner, flame describing
function (FDF) is found for two different operating conditions of bulk velocity and air/propane
ratio. Since the found flame response represents certain operating points, the data is extrapo-
lated in order to cover MICCA combustor’s operation range. Then, obtained FDF is used in
Helmbholtz solver to predict spinning and standing azimuthal modes of annular combustor. It
has been concluded that simulation results of stability analysis from Helmholtz solver and
analytical solution are in good agreement.

Another study on azimuthal modes has been performed by Worth and Dawson [12]. The
circumferential modes of laboratory-scaled annular combustor has been investigated experi-
mentally. Effect of different flame seperation distances on combustion instability is observed.
It is indicated that resonance frequencies, amplitude of limit cycle and magnitude of heat
release fluctuations are found to be increased by decreasing flame seperation distances.
This quick review shows that Helmholtz solver successfully captures the eigenmodes of
the combustors. Also parameters of complex combustor geometries can be analyzed more

cheaply comparing to experimental studies.

1.5 Control Methods

Thermoacoustic instabilities are generally subjected to two control strategies; feedback

control methods and passive control methods.

1.5.1 Feedback Control (Closed Loop Control)

Feedback control methods are consistently gets the acoustic pressure signals from combustion
system, then necessary parameters are tuned and sent back to the combustor.

One of the earlier study for closed loop control of thermoacoustic instability is conducted
by [13]. The feedback system is proposed by combination of loudspeaker, microphone,
amplifier and phase-shifter, that leads more than 40dB reduction of pressure oscillations in
Rijke tube.
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Most comprehensive review has been conducted by Dowling and Morgans [14]. In this study,
background information about feedback control systems and practical implementations are
elaborated from laboratory-scale Rijke tube to full-scale industrial gas turbines.

However, complex nature of active control methods offer expensive and complicated solutions
for instability problems that they cause operational difficulties. Subsequently, passive control

techniques are commonly preferred to avoid operational complexity of active control methods.

1.5.2 Passive Control Methods

In contrast to feedback control methods, passive control methods are considered more appli-
cable to incorporate into thermoacoustic systems. Perforated liners, Helmholtz resonators
and baffles are extensively used in the gas turbine industry.

Considering aerodynamic performance, the effectiveness of the drum-like silencers in the
thermoacoustic systems are demonstrated analytically in [15]. This study shows that the pres-
ence of silencer which consists of flexible membrane and backing cavity lead to decrement
of natural resonance frequency and increment of phase angle difference between heat release
rate and acoustic pressure fluctuations. It is noted that the length of silencer, tension of the
flexible membrane and depth of the cavity are crucial parameters for enabling acoustic losses
through membrane surface for Rijke tube.

The acoustic damping of perforated liners investigated experimentally and numerically by
Zhao et.al.[16]. Effect of pipe length and bias flow rate is observed, and these parameters
are handled in real time using a multiple-parameter tuning scheme. Agreed numerical and
experimental results show that the optimum damping performance of perforated liners can
be achieved for wide range of frequency.

It can be seen that geometrical changes have a significant effect on thermoacoustic stability
of the combustors. For that reason, geometrical dimensions of the combustor geometry can

be quantity of interest of shape optimization studies for thermoacoustic stability.

1.6 Motivation of the study

Main reference is [17] for this study. The Helmholtz solver will be extended to three
dimensional realistic gas turbine combustors. Efficacy of the adjoint based shape optimization
is wanted to be demonstrated for thermoacoustic stabilization for complex geometries.
Furthermore, effect of the geometry of cooling holes wanted to be investigated for reducing
the growth rate. To achieve this, more accurate FTF implementation in the code is aimed to

be developed.
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Moreover, current Helmholtz solver’s performance will be improved using efficient algo-
rithms for matrix generation and parallelization. In this way, quantitative analysis would be

obtained much more quickly.



Chapter 2

Mathematical Model of Thermoacoustic
Instability

This chapter describes the derivation of thermoacoustic Helmholtz equation and discussion

of boundary conditions and flame response.

2.1 Thermoacoustic Helmholtz Equation

Derivation of thermoacoustic governing equations is based on the conservation laws of mass,
momentum and entropy for an ideal gas. The flow of derivation follows the methodology of
[6].

To initiate the derivation, balance equations for mass, momentum and entropy can be written

in inviscid form;

ap _

L4y (pu)=0 (2.12)
% 4V (puu) 4+ Vp =0 (2.1b)

ds _q

E+u-Vs—p—T (2.1¢)

where ¢ represents time, u is velocity vector, p is pressure, s is entropy, 7 is temperature
and ¢ is heat release rate per unit volume. These transport equations represent the time

dependent/independent variations of flow variables within corresponding physical domain.
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The equations in (2.1) can be linearized through decomposition of flow variables. Each
variable can be decomposed into two distinct parts; mean part(subscripted by 0 - order O(1))

and fluctuating part (subscripted by 1 -order O(¢));

p(x,t) = po(x) + p1(x,1) (2.2a)
p(x,1) = po(x) + p1(x,7) (2.2b)
u(x,7) =up(x) +uy(x,z) (2.2¢)
T(x,t) = To(x)+ T (x,1) (2.2d)
q(x,1) = qo(x) +q1(x,1) (2.2e)

s(x,1) = so(x) + 51(x,7) (2.2f)

These perturbations are applied to equation (2.1) by making following assumptions;
* Gas is assumed as perfect gas
* Governing equations should be satisfied for mean flow field.
* Viscous terms and volume forces neglected.
* Mean flow field is not time dependant.

* Only first order perturbations terms are kept, second and higher order terms are
neglected. (The high order perturbations are very small comparing to mean flow

variables.)

In addition to assumptions above, the zero Mach number mean flow assumption(ug(x) = 0)
is imposed for further simplification of equation (2.1)(for details, see Appendix A of [6]).
Once the mean flow velocity vector ug(x) ~ 0, equation (2.1) gives that the gradient of
mean pressure(V pg) and volumetric heat release rate (qq) are zero. The linearized governing

equations for perturbed quantities become;

d
(9ptl +V-(pouy) =0 (2.3a)
8u1
poW +Vp = (2.3b)
dsy . q
W +uy- VS() = [ﬁ (23C)
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These three balance equations in (2.3) can be combined in terms of each other. To obtain
one single equation by combining them, rigorous analysis is needed including perfect gas
relations. If the perfect gas law p = pRT written in total differential form;

dp dr dp dT dp
dp =dpRT + pRdAT — =pR— +Rd - =—4— 24
p PRT +p — T p T +Rdp — 2 T + o (2.4)
The perturbations in (2.2) are applied to (2.4) and by keeping all the first order terms(€), it
leads to
T
pr_ci, P 2.5)
po  To  po
The first principle of the thermodynamics holds following entropy relation;
ds _evdp_cpdp 6

&t pdt pdt
Then, integrating (2.6) reads;

P P p s=so\ (P
_ — vln —_ — ln e —> — = eX — 2.7
ST=e (po) cr <Po) Po p( Cy )(PO) &P

Applying Taylor series expansion while keeping only first order terms results in;

(s —s0) (2.8)

Po,50

dp
(P —po) T

d
p(Po+pP1,50+51) = p(po,so) + £

Po,50

where p = po + p;. Partial derivatives of p with respect to density and entropy are;

8_p = y@ 8_19 _po (2.9)
ap I po.so Po ’ ds lppso ¢y .
Substitution of terms in equation (2.9) into equation (2.8) yields;
Po Po
p1+po=po+ Y%((Po +p1) = po) + " ((s0+s1) =50 (2.10)
Vv
Dividing both side with pg gives the relation for s1;
Pr_pr 5 2.11)
Po Po Cy

Reconsidering the equation (2.6) based on the resting mean flow assumption, pressure
gradient would be neglected Vpy ~ 0. Since the problem is time-independent, equation (2.6)

can be rewritten as;
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Vso = <" Vpo— LVpy~ —Lvp, 2.12)
Po p p

Introducing equation (2.12) into equation (2.3c) gives;

0 10 R
51 c rqn 1wy, Ra
ot Po Po cp ot po CpPo

From relation (2.11), p; can be obtained and the partial derivative with respect to time reads;

(2.13)

(2.14)

plzm(pl 51) _. 9P _ podp1_ podsi

vy \po o ot ypy Ot CPW

po G
Inserting equation (2.14) into (2.3a) and using (2.13) yields;
1 d R
= Iy, = 2.15)
Ypo Ot CpPo
Taking time derivative of (2.15) and equation (2.3b) over pg leads;
1 d 1 —10
_izl_v.<_vpl) _r=19q 2.16)
Ypo Ot Po Ypo Ot

Substitution of ¢ = \/Ypo/po, equation (2.16) can be written equivalently as;

dpi dq

Analysing (2.17) can be much more manageable by transforming the variables from time

domain into frequency domain. Then harmonic variables can be defined concisely;

p1(x,t) = Re {p(x)e” "'} (2.18a)
uj(x,1) = Re {@(x)e "} (2.18b)
q1(x,1) = Re {G(x)e™ "' } (2.18¢)

where @ denotes complex angular frequency of the acoustic wave, its real part @, is angular
frequency and imaginary part ®; is growth rate of the acoustic wave. Hence inhomogeneous

acoustic wave equation in frequency domain;

V- (PVp)+w*p=iw(y—1)g (2.19)
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The equation (2.19) is called inhomogeneous Helmholtz equation. If eigenvalue @ has
positive growth rate @; > 0, then oscillating term (e /") in (2.18) grows exponentially, then

the amplitude of the acoustic waves grows in time which leads thermoacoustic instability.

2.2 Source Term in Helmholtz Equation

The formulation for g in (2.19) has been adopted from [7];

j= UQV(X)F(@ / W(E)(x) - npdV (2.20)

b
where integrals of [vdV and [wdV are equal to 1, Q is total heat power of the flame and Uj, is
the bulk velocity of the flow domain, w and 4 are measurement and heat release distributions
and F(w) is the flame transfer function. In the case of w is specified as Dirac-delta function

Op, substitution of @(x) with Vp by using (2.19) and frequency domain form of (2.3b) gives;

. 0 " 0o 1 R
== F Ny = — F(w)V . 2.21
0= G VP (@)% me = oV F(@)V() me 22D
Therefore, Helmholtz equation (2.19) with the source term becomes;
. . 01 .
V- (PVh)+0’p == VX)F(0)VH(xy) -1 (2.22)

2.3 Flame Transfer Function (FTF)

Flame transfer function describes the relationship between heat release rate fluctuations and
acoustic field of the combustors to determine existing unstable modes [18]. These relation
is essential input for the acoustic Helmholtz solvers, to model flame response in frequency

domain [5]. Frequently used FTF is n — 7 formulation [19];

Q=nu(t—1) (2.23)

where n = NQ/Uj, is dimensional interaction index, 7 is the convection time of the velocity
fluctuations at injection plane to trigger heat release fluctuations [4]. Similarly, if the Fourier
transform applied to (2.23) and FTF can be extracted as;

F(®) = Ne'®" (2.24)

where N denotes non-dimensional interaction index which is also magnitude of the FTF while

o7 is phase. Spatial distribution of these parameters’(n, 7) fields can be obtained through
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experiments and LES simulations [3]. If n is zero, the case is called passive flame since there
is no source term for Helmholtz equation. Otherwise, it is called active flame case which
has non-zero interaction index, therefore unsteady heat release component comes into play.

These two cases will be taken into account while deriving the finite element models in §3.

2.4 Boundary Conditions for Helmholtz Equation

In thermoacoustic instability problems, there are three common boundary conditions used
as usual, Dirichlet (open boundary), Neumann (closed boundary) and Robin (arbitrary
impedance) [20].

Acoustic impedance Z, is a ratio of emitted energy by pressure and energy impeded on

surface. The specific impedance defined as Fourier transformed signal reads;

A

_r
pOCO'}-\l g Lh

To start with, some point allocated at surface S with unit normal vector ny pointing into

7 — (2.25)

the surface (Generally, unit vector are defined as pointing out the surface S). p is the
acoustic field and u is acoustic velocity. If specific acoustic impedance is a complex number
Z(®) =Re(w) 4+ iIm(w), the real part Re is acoustic resistance and imaginary part Jm is
acoustic reactance. The imaginary part of the impedance plays a key role to characterize the
phase angle between acoustic pressure(p) and heat release fluctuations(g).
It should be noted that Z cannot be considered as the property of surface due to the existence
of acoustic field p. Also Z can be represented by reflection coefficientI'; Z= (1+1I") /(1 —-T).
The inverse of Z is called admittance, Y.
Mathematically speaking, impedance is considered as "Robin" boundary condition. If (2.3b)
is considered in frequecy domain and inserting (2.25) into that relation gives Robin boundary
condition for thermoacoustic problem;

vpin—"2_o¢ (2.26)

cZ

Equation (2.26) consists all boundary conditions by considering different scenarios;

1. For open ends (Dirichlet), the limit Z goes to 0, then p = 0.

2. For closed ends (Neumann), the limit Z goes to infinity due to velocity u is zero on the

rigid wall. Hence, Vp = 0.

3. For arbitrary impedance case, the limit Z neither goes infinity nor zero. Therefore,

Robin boundary conditions applies which simulates acoustic radiation from boundaries.
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Finite Element Based Helmholtz Solver

In this chapter, the implementation of discretized forms of equations and eigenvalue solver
will be adressed.

The derived thermoacoustic Helmholtz equation is served as "main" equation to model
thermoacoustic behaviour for the given physical situation, geometry and boundary conditions.
Finite difference, finite volume or finite element methods can be utilized to perform numerical
simulations of model equation (2.19)[7].

As mentioned in previous chapter, three possible boundary conditions are considered for any

given domain € , then problem can be represented as;

20 A 2, Q=1
VAV O = g o

and its boundaries dQp for Dirichlet boundary, dQy for Neumann boundary, and dQg for

v(X)F(0)Vp(xy) -ny  inQ (3.1)

Robin boundary;

p=0 on dQp (3.2a)
3_1) =0 on dQy (3.2b)
on
Ip iw,
5, "z 0 on Qg (3.2¢)

Since combustor geometries have complex shape, finite element method is utilized to dis-
cretization of (3.1). The corresponding weak forms are derived in order to represent the
thermoacoustic problem as nonlinear eigenvalue problem. Then, obtained matrix system can

be solved by iterative solvers.
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3.1 Finite Element Method Definitions

Galerkin finite element method is used to discretize the problem domain. Continuous
Galerkin finite elements are built in Lebesgue space L. If the test and trial functions are

defined in that function space can be denoted as u and v, the inner product definition becomes;

(| v) = /Qu*vdV (3.3)

also L, norm is;

e ||= /Qu*udVZ\/W]u) (3.4)

superscript * denotes complex conjugate of function.

3.2 Passive Flame Discretization

Firstly, derivation for passive flame case (mentioned in §2.3) will be performed. If the source
term of the thermoacoustic Helmholtz equation is not considered, pure acoustic behaviour of

the domain can be obtained. The relevant form of (2.19) reads;

V- (PVp)+@’p=0 inQ (3.5)

Let’s focus on the first term and equate this to f by letting c2Vp =w ;

f=V- (CZVﬁ) =V.w (3.6)

To derive variational formulation of f, it is required to multiply both sides with complex
conjugate of the test function (v*) and integrate utilizing Green’s formula yields;

/fv*dx:/(V.w)v*dx (3.7a)
Q Q

/fv*dx:—/ W.VV*dX+/ (wn)v*do (3.7b)
Q Q aQ

Inserting relation w = ¢>V p back into equation (3.7) reads;

/va*dX: —/Q(CZVﬁ)~Vv*dx+/(m((02Vﬁ)-n)v*dG (3.8)
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The second term on the right-hand side of the (3.8) is boundary integral which represents the
Robin boundary condition. Trial function introduced as p with complex coefficients ; and
basis functions ¢;(x), pp = Z]Jy:l P;9;(x). Test function can also be defined as v = {@ }¥_,
therefore trial function and test function can be substituted into equation (3.8);

N N
/va*dx: _/QC2V (Z, ﬁjqu(x)) 'V¢kdx+/aQ (sz (Z, ﬁj¢j(X>> -n)¢do

_ Z / )-Vopdxp; + z / (2V9;(x) -m)¢ydo p;
(3.9)

Equation (3.9) defines the weak formulation of first term of (3.1). The second integral of
(3.9) states Robin boundary condition integral;

Z/ (2V;(x) -n) ¢ do p; (3.10)
Recalling the (2.25) and introduce this relation into Robin boundary condition equation

(2.26) gives;

. N
100 lCOp 10 n
Vpn-2 =0 = vpn="L=10% 3.11
p-n 7 p-n= Z:p ( )

Similar to definition of trial function above, its gradient can be written as V p;, = Z]Jy:l piVo;i(x).
Therefore, (3.11) becomes

N in Y N in Y
Y 5jVoi(x)-n= 7 Y 5i9i(x) = Y Vo;(x)-n= 7 Y ;%) (3.12)
= = = =

Substituting of (3.12) into (3.10), (3.9) can be written in terms of test and trial functions

without evaluating their gradients;

* Al 2 ~ N 10 R
/va dx:—jzl/gc V¢j.v¢kdxpj+j2‘,]/m ((,7) 0,040 p; (3.13)

Finally, substitution of test and trial functions for second term of (3.5) and integrating this

term over the domain gives the complete variational form of (3.5);



16 Finite Element Based Helmholtz Solver

_Z/C Vo, V¢kprJ+wZ/ ( >¢]¢kd6pj—|—a) Z/q),gbkdx;y,_o

(fork=1,2,3,..,N) (3.14)

If each relation in summations in (3.14) represented as symmetric matrices;

Ajk:—/gczwj-wpkdx (3.15a)
B, = /m (g) 0,0, do (3.15b)
cjk:/g¢j¢>kdx (3.15¢)

Therefore, the quadratic eigenvalue problem is obtained;

Ap+ wBp+ @*Cp =0 (3.16)

where A and C are real matrices while B is complex (except in the case of Z has real part of
zero, Z = 0+ bi), o denotes eigenvalues of the eigenvalue problem and p is corresponding
eigenfunctions that satisty (3.16).

3.3 Active Flame Discretization

For active flame discretization, the weak formulation of left-hand side of (3.1) stays same and
additional weak formulation should be derived for source term. The relation to be discretized
1s;

Q-1
Up p(Xr)
Similarly, (3.17) can be multiplied with test function {¢k}11¥:1 and gradient of the trial

v(X)F(@)Vp(xy) - np (3.17)

function V pj,(x;) can be substituted with ley:l PiVo;i(xy). Next, integration over the domain
Q gives;

ul —1
(Ub (% )) (w)/QV(X)q)deVa)j(xr)-m)p} (fork=1,2,3,.,N)  (3.18)
j=1
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Then the matrix D can be defined as;

_ Qo1
yb p(Xr)

V
coef ficient

D () F((o)/Qv(x)¢>kdvv¢,-(xr)-nr (fork=1,2,3,...,N)  (3.19)

For operational simplicity, cross product between [, v(x)¢x dV and V@;(x;) - ny is performed,
and found matrix is multiplied with the other terms that are considered as constant labelled

coefficient.

3.4 Solution of Quadratic Eigenvalue Problem

Equation (3.16) can be solved by SLEPc (Scalable Library for Eigenvalue Problem Computa-
tions)[21]. SLEPc provides a bunch of eigenvalue solvers for linear and nonlinear eigenvalue
problems. Most of the case, the requested number of eigenvalues and left/right eigenvectors
can be easily computed via these solvers.

The composition of (3.16) and (3.19) leads to quadratic eigenvalue problem with right-hand
side;

Ap+wBp+ 0’Cp=D(w)p = [(A-D(®))+oB+®>C]p=0 (3.20)

This equation cannot be solved by traditional linear algebraic methods since the equation
is strongly nonlinear because of the flame matrix D(w). Hence, it should be represented as

generalized nonlinear eigenvalue problem to solve it iteratively;

[(A—D(ay_1))+ B+ wiClp=0 (3.21)

where k is the iteration number. Nicoud’s fixed point iteration is well-suited approach to
tackle with this nonlinear eigenvalue problem[6].
Short description of fixed point iteration is presented as pseudocode in Algorithm 1.
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Algorithm 1 Fixed Point Iteration
1: function FIXED POINT ITERATION(A, B, C, D, tol, maxiter)

2: k+— —1

3 a’+—05

4 oke—0

5: Determine /!l using A, B, C

6: Aw — 2 x tol

7: while [Aw| > tol and k < maxiter do

8: k<«—k+1

9: Assemble D(w/*))
10: N «— A —D(wk)
11: Determine /!l using N, B, C
12: if k £ 0 then

13: af — (1_(w\k\_w\k+11|))(w\k\_w\k+l\)
14: end if

15: o1 = ok s« ol*l 4 (1 — k) x @l
i6: 80| «— |01 = ol

17: end while

18: return Eigenvalue /¥l and Eigenvector p

19: end function

3.5 Implemented Helmholtz Solver

Implemented Helmholtz solver exploits PETSc[22] and SLEPc[21] libraries extensively. The
proposed methodology to compute eigenmodes of thermoacoustic system is shown in Figure
3.1. As usual, process starts with generation of geometry and mesh by means of Gmsh[23]
using Delaunay-triangulation. The matrices are generated using finite element libraries Dolfin
and Dolfinx. Then boundary conditions are imposed to predefined boundary faces/lines. Next,
relevant matrices are assembled according to boundary conditions. After switching the flame
mode as on/off the eigensolver SLEPc object is obtained which comprises eigenvalue and

direct/adjoint eigenvectors. Finally, eigenvectors can be post-processed using Paraview([24].
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Generate geometry and mesh
using GMSH (Optional)

Define boundary conditions

Dirichlet / Neumann Dirichlet / Neumann + Robin

Assemble matrices A and C Assemble matrices A,B and C

Passive flame matrices

Define flame transfer function

Assemble matrix D

Perform fixed point iteration

SLEPC
Eigensolver object

Normalize eigenfunctions

Post processing in Paraview

Fig. 3.1 Proposed Methodology






Chapter 4

Sensitivity of the Eigenvalue with
Adjoint

The finite element model is developed for thermoacoustic Helmholtz equation in previous
chapter. In this chapter, the same problem is considered with adjoint approach.

The adjoint formulation enables to determine physical behaviours of the system variables
more cheaply[7]. The effect of changes in thermoacoustic system variables on eigenvalue of
the system becomes quantity of interest. Comparing to traditional finite difference methods,
gradient information can be calculated inexpensively for each system parameter using adjoint
method. Only one single calculation, these gradients can be calculated via appropriate
formulation of (3.20).

This chapter starts with introduction of left eigenvector (adjoint operator). Secondly, base
state sensitivities of the flow variables are derived. Thirdly, shape sensitivities for different

boundary conditions is presented. Lastly, Taylor remainder test is described briefly.

4.1 Left Eigenvector

For any given linear operator £, the definition of adjoint for any given vectors p' and p;

(p" | Lp) = (£Lp" | p) 4 boundary terms 4.1)

Equation (3.21) represents the generalized nonlinear eigenvalue problem. If premultiplier p
is introduced to this equation;

p' [(A-D(®))+®B+®*C]p=0 (4.2)
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In equation (4.2), p' is called adjoint eigenfunction which satisfies equation (4.2) for arbitrary
p- And p is called direct eigenfunction which holds the right eigenvector considering equation
(3.21).

The matrix form of the direct equation (3.21) reads;

[((A—D(w))+®B+®*C]p=L(0)p=0 (4.3)

Considering definition (4.1);

(PH"L(w)p = (L(0)"p")p= (L' (0")p")p=0 (4.4)

Then adjoint formulation of the problem yields;

L' (0")p" = [(A-D(0)") + "B + ™*C]p" =0 4.5)

where superscript 7 denotes complex conjugation and subscipt . denotes complex conjugate
of the eigenvalue @. Since they contain imaginary components in their formulations, matrix
B and matrix D requires complex conjugation while matrices A and C remain self-adjoint.

By looking closer to the equations (4.3) and (4.5), it can be concluded that left eigenvectors

of the direct problem becomes the right eigenvectors of the adjoint problem.

4.2 Base State Sensitivities

If the eigenvalue problem £ (®)p = 0 is perturbed as £ + €5 L, then perturbed eigenvalue

and eigenfunction terms yields;

L(w+edw)(p+edp)+eSL(w)(p+edp)=0 (4.6)

The first order Taylor-series approximation is applied to first term, then £ (® + €0 @) becomes
L(w)+dL(w)/dw|nedm. This inserted into equation (4.6) with keeping only first order(€)

terms;

0L(w)
dw

The equation (4.7) is multiplied by adjoint eigenvector p' and integrate over the domain by

L(w)6p+ lwdwp+6L(w)p=0 4.7)

considering the inner product definition of (v | u) = (v/ | u) in matrix form reads;

. dL
p"HL(w)p+p1H%\w5wp+pTH5L(w)p =0 (4.8)
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Since p"“L(w)p = (L (w)pT)H p, the leftmost element of equation (4.8) becomes zero.
Therefore, by arranging the terms in equation (4.8), first order eigenvalue problem yields as;

tH
5w — _% 4.9)
P o lop
where perturbed matrices in perturbed operator 0L () are;
5Ajk = —/ 2555V¢j.V¢kdx = —/ 6\7(x)ypame¢j.V¢kdx (4.10a)
Q Q
icoZ
5B = _/(m (7) 0 0edC (4.10b)
8Cj =0 (4.10¢)
L O _ o / .
oDy = Unp (52) (y—1)0ne Q(])deVq)j(xr).nr (4.10d)
. Ql iCO‘L'/
2y Vi (xp).
+lebP(Xr) (y—1)ndte Q‘Pde ¢;(Xe).nr
0:2¢(xr)8¢(xr) (Y—1) iwr/
+ ne dVVe;(xy).n
UpPamb Y Q (Pk (Pj( l‘) )

In perturbed matrix 8B, the effect of speed of sound perturbation ¢ is neglected. It is easily

shown that the derivative of the operator £ with respect to eigenvalue is;

JL(w)

D) B _ IC

Now, sensitivity of the eigenvalue with respect to base state quantities such as n, 7, ¢ can be

written. These parameters are scalar apart from the speed of sound ¢ which is a function of
spatial variable x. Using the identities in equations (4.9), (4.10) and (4.11), the first order
sensitivities of these parameters can be calculated. To start, the formulation for base state

sensitivity of interaction index n;

on piHdLe)) o (4.12a)
P Wlwp
oL(w) _ 0 _ ian'/ '
én pr(xr)(y e Q‘/’deV%(Xr).nr (4.12b)



24 Sensitivity of the Eigenvalue with Adjoint

For base state sensitivity of time delay 7;

tH SL()
aa_“’ __ P 5P e P (4.13a)
TP lep
5L(a)) . Qt Tks
- _ — 1neé' Vo ) 4.1
Se = o= ne | 9:av99;(xc)one (4.13b)
For base state sensitivity of speed of sound ¢(x),
p) H OL(®)
a_“_’ _ _—pH 2 P (4.14a)
¢ p’ J0 loP
OL(®) _ / 26V 9;.V drdx (4.14b)
oc o
Qt ZE(Xr)> y—1 'a)r/
2 I e AVV;(xy).
Up ( Pamb Y e Q¢k O1(%e)-Br

4.3 Shape State Sensitivities

In thermoacoustic eigenvalue problem, the effect of small geometrical changes on growth
rate of the complex eigenvalue is crucial information for optimizing combustor geometry. To
ensure that the modified geometry is thermoacoustically stable, derived Helmholtz equation is
solved for modified physical domain €; which consists of deformable boundaries o;. These
modifications are possible by concept of shape derivatives. In this section, shape derivatives
for thermoacoustic eigenvalue problem is presented subjecting to various boundary conditions.

The main reference of this section is [25].

4.3.1 Basic Shape Calculus

Reference [26] is useful guidance to introduce shape calculus. The spatial domain is mapped
via T; : (t,x) — T;(x) using parameter 7. If perturbed domain is defined as;

the mapping operator 7;(Q) can be defined using perturbation of identity;

L(Q)=I+tV)x=x+1V(x)
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where I is identity operator and V is displacement operator. The general representation of
the gradient of the shape functional J is;
Q) —d(Q
d3(Q)[V] :=1lim 5(&)~5(&)
t—0 t

If g is differentiable for all directions V, then Hadamard form of this gradient can be written;

d3(Q)[v] = /F (V-n)gdo (4.15)

where g is called costate, shape gradient in this case. Right-hand side of the equation (4.15)
contains terms that might not be written in Hadamard form. In order to get these forms,

tangential gradient and divergence relations are practical;

Vrf:Vf—ﬁn (4.16a)
an
Vr-v=V.v—(Dvn)-n (4.16b)

where f is a function f € C?(Q,R), v is a differentiable vector field, Dv is Jacobian of v and
n is the outward unit normal vector.

Therefore, Tangential Stokes formula can be defined;

/er-v—l-Vrf-VdG:/Kfv-ndG 4.17)
I I

where Kk = Vr - v is curvature of the boundary, which is zero for straight edges.

4.3.2 Shape Derivative for Boundary Condition

The shape gradient information of eigenvalue @ can be derived based on basic shape calculus
formulae. The abstract formula will be obtained by taking Robin boundary condition into
account since it includes Dirichlet and Neumann boundary conditions as a special cases.
If the boundary I" is decomposed into deformable (I';) and non-deformable (I'y) parts, the

thermoacoustic problem is redefined as;

L(®)p=0 in Q (4.18a)

95
P-Th=0  onl=Tp+I (4.18b)
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The material and local shape derivatives for perturbed solution of eigenfunction p; are;

d

dp[V](x) = - ‘;:  Prx) (4.19a)
oy A

[V](x) = p? t:Opr(x) (4.19b)

The combination of equations in (4.19) by applying chain rule;

dp[V] = p'[V]+V-Vp (4.20)

This material derivative is zero for any boundary condition. Using the expression of (4.20),

the material shape derivative for Robin boundary condition relation (4.18b) becomes;
o, io 0 i®
Vi ntVpn' +V-V(Vpn)=—pt+ D5 2 v.vepr v.vp 4.21
pon+Vp-n'+ (Vom)=—p+—p -5, V-Vep+—-V-Vp - (421)

If V = Cn, the local shape derivative of n becomes n’ = dn and

dn=-Vr(V-n)=-VrC = Vp-n'=-Vp-VrC (4.22a)
. 9?p
V-V(Vp-n) = CW (4.22b)
Therefore, equation (4.21) can be written as;
p o 0%p o' iw d¢ iwdp
———p =Vp-ViC-C=—5+—p—-C———p+C—— T 4.23
on EZp pyr on? + EZp ¢z 8np+ ¢Z dn only )
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4.3.3 Shape Derivatives for Eigenvalue

The general formula of shape derivative for any boundary condition is derived. This section
describes the derivation of shape derivatives for eigenvalue in Hadamard form. To start,
material shape derivatives of (4.18) yields;

L'(0)p+L(w)p =0 in Q (4.24a)

p o, i

op o ’p i io ¢ i®dp
Ly —vp-vic—cZ L+ 2 p o c2oP I, (424
on ¢z pyr on? + ch 2z 871 Pt ¢Z on only( ©)

The premultiplication of (4.24a) with complex conjugate of adjoint eigenvector pf and

integration over the domain €2 gives;

(p" L'(0) p)o’ + (LT (o /AT 200 5 -dS— /”-2 28 L as=0  (4.25)

Integration by parts operation on £ produces boundary terms. In addition, adjoint definition
of the same problem is;

LM (0")p'=0 in Q (4.262)
apt iw
= __—p'=0 r 4.26b
on ¢z on ( )

With the help of (4.26a), second term of (4.25) is zero. The terms that contain @’ and p’ can
be grouped or eliminated, if necesssary. Equations in (4.24) and (4.26) are utilized to obtain
shape derivative relation for eigenvalue;

(<p | £ (@ +/ 5" lcpdS)

-

Equals to 1
2 A

d°p i® Jd¢ iwdp
7 (Vp-ViC—Co5 +—Coe—p+C—=2 )dS=0 (4.27
/Flp ¢ ( pryr on o2 T 2z on” + cZ on “.27)
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The relation in front of the eigenvalue shape derivative @’ is imposed as normalization
relation of adjoint eigenvector. Also eigenvalue (®) terms in (4.27) can be removed using
(4.18b) and (4.26b) and @’ is given as;

v _0CIP

. v ,0%p opt ap
o= —pl &Vp-VvrCc+Cp" & C C——¢&
/rlp"”’r+p T P 5 C o

ds (4.28)

The term ﬁT*EZV p - VrC is not in Hadamard form, so tangential Stokes formula (4.17) can
be applied;

—plEVp-VrC = —kCp" @Vp-n+CVr- (p* &Vp) (4.29)
——

ap
an

Considering definition of tangential divergence (4.16b), the second term in (4.29) can be

given as;

Vr-(pT EVp) =V (pT EVp)— (( V) (ﬁT*EZVﬁ> ‘n (4.30a)
L op" ,9p o 0CAP v 0P

_ a2 2 (i SR R

=V (P V)~ o —2pT ey s (4.30b)

Inserting equation (4.30) into equation (4.28) gives main equation for shape derivative of the

eigenvalue;

o= C(—ﬁ** (v 450 ) Ly @) - Ll ) as (43D
1

This final equation holds the shape derivative of eigenvalue for Robin boundary condition.
As mentioned before, the relations for Dirichlet and Neumann boundary conditions can be
extracted from (4.31). For Dirichlet boundaries, p and p' are zero. Therefore, equation
(4.31) becomes;

o = /F c(v-(ﬁT*azvm 85 -2312 ) ds (4.322)
1

op" _2‘9P

5. ¢ 5, ds (4.32b)

a)’:/ clvp@vp+pevip—22l_
I ‘/—’O

op" ,9p _dp" _ ap op' ap
r_ 20D 2 2
w _/1"1C< I c I 57 ¢ o, dS = / C 57 ¢ an ds (4.32¢)
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For Neumann boundary condition, the normal gradients dp/dn and dp'/dn are zero. If
g is zero, equation (2.19) implies V - (¢?°Vp) = —w?p, then shape derivative of Neumann
boundary reads;

o = / C(V- (ﬁ**azvp)) ds (4.332)
I

o = / C(Vp" - (Vp)+5" -V (&V)) ds (4.33b)
I

o = / C (Ezvﬁ* Vp—o’p" ﬁ) ds (4.33¢)
Iy

4.4 Taylor Remainder Test

In order to check the accuracy of gradients found via adjoint method, the Taylor test is elegant
tool to verify adjoint calculations.

The derived shape gradient formulae can be tested with respect to any control point X on any
boundary. It is obvious to expect that the gradient calculated via adjoint f,(x) should be very
close to the gradient calculated via finite difference f;(x).

If the new control point is defined as x; = Xy + Ax, the Taylor series of the function f;
_ df ,
fx1) = f(xo) + | (X1—%)+0 ((x1 —x0)7) (4.34)
—_—
fa(xo)

Then difference between finite difference and adjoint calculations is formulated as;

8f = [f(x0) + fa(x0)(Ax) + O ((Ax)?)] — [(f(x0) + fu(X0)(AX)] (4.35a)
8f = [fa(x0) — fa(x0)] Ax+ O ((Ax)?) (4.35b)

In case the gradients are calculated correctly via adjoint and Ax is sufficiently small, the
term in the brackets should converge to zero. Hence, the second order term gains dominance
and the function Af should demonstrate parabolic behaviour for different Ax values. If the

behaviour of Af is linear, it points out that there is a bug in adjoint code.






Chapter 5

Results

In this section, eigenvalue and shape derivative calculations of dolfin and dolfinx codes
are presented for Rijke Tube. Additionally, eigenmodes and shape derivatives of different
configurations for MICCA combustor and realistic gas turbine combustor are also presented

using dolfin code.

5.1 Rijke Tube

It is worth to mention that the most canonical example to illustrate thermoacoustic instability
is Rijke tube. Because of the nature of its simplicity, Rijke tube serves broad physical insight
into thermoacoustic phenomena [27]. Hence, thermoacoustic models can be build for Rijke
tube first, then they can be extended to complex geometries.

This tube has one electrical heat source which placed at x; from one end. With the powered
heat source, base air flow occurs through the tube due to the natural convection. As a test
case, one dimensional and two dimensional configurations are considered. All the physical
properties of the flow variables are assumed to be constant in the radial direction.

The system parameters has been taken from [7] which is tabulated in Table 5.1. The

nondimensionalized mean density distribution p is modeled as;

p(x) ﬂ)ﬁ@ [(1+tanh (X;fxf)} (5.1)

where subscripts u and d denotes upstream and downstream considering the flame location

Xy, then ay is the flame region width. Therefore, the speed of sound distribution can be

defined with the equation ¢ = \/Yp,/p-
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Table 5.1 Dimensional and non-dimensional parameters of modelled Rijke Tube [7]

Dimensional Non-dimensional

Parameter

value unit value
L 1 m 1
d 0.047 m 0.047
r 287 Jkg7'K~!1 287
y 1.4 - 14
P, 100000 Pa 100000
Pa 1.22 kg m—3 1.22
pi 1.22 kg m—3 1.4
Pd 0.85 kg m—3 0.975
Cu 338.75 ms! 1
cy 405.83 ms~! 1.198
R, -0.975-0.05i - -0.975-0.05i
Ry -0.975-0.05i - -0.975-0.05i
0 200 W 200
U, 0.1 ms! 0.1
N 0.014 - 0.014
T 0.0015 s 0.0015
n 28 Jm™! 0.1613
Xp 0.25 m 0.25
ay 0.025 - 0.025
Xy 0.2 m 0.2

5.1.1 Eigenmodes

The normalization of direct eigenfunctions is defined such that

/ﬁﬁdV:I
Q

Boundary conditions at the inlet and outlet are considered as Robin boundary condition
which represents the most realistic physical state for acoustic waves. The acoustic impedance
Z=(1+4T)/(1—T) is imposed at both ends of the tube by taking reflection coefficients into
account according to Table 5.1. In addition to Robin boundaries in one dimensional case, the
Neumann boundaries for bottom and top walls are considered in two dimensional case.

Eigenmodes of the Rijke Tube are shown in Figure 5.1 and Figure 5.2 for Dolfin and Dolfinx
code. In these plots, every left subplots shows the real part and every right subplot shows

imaginary part of the eigenvectors.
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Fig. 5.1 Eigenmodes of Rijke Tube in Dolfin Code [28]
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Fig. 5.2 Eigenmodes of Rijke Tube in Dolfinx Code

Dolfin code is previously implemented in [25]. Non-dimensional variables are used for
eigenvalue calculations of Rijke tube. Two dimensional cases in Dolfin and Dolfinx codes
have same eigenvalues around @ ~ +3.4254 + 0.0019i. The calculated eigenvectors are also

in good agreement according to the comparison between Figure 5.1 and Figure 5.2.
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5.1.2 Base State Sensitivities

The sensitivities of base state parameters are given in section §4.2. Therefore sensitivity of the
eigenvalue (@) with respect to interaction index (n) is found dn/d® = —0.02299 4 0.17881..
Similarly, sensitivity for time delay (7) is calculated as dn/dt = —0.09884 — 0.01276i. In
order to check validities of adjoint calculations, Taylor tests are made;

le—6 le-5
6 -
8 5
4 -
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(a) Sensitivity for Interaction index (n) (b) Sensitivity for Time Delay ()

Figure 5.3a and Figure 5.3b show parabolic characteristic with squared x-axis variables.
Consequently, the implemented adjoint code passes Taylor remainder test for calculations of

interaction index and time delay sensitivities.

5.1.3 Shape Optimization

Shape optimization of the Rijke tube is presented in this section. The optimization domain is
treated as two dimensional planar case. 13 BSpline control points are defined for upper and
lower boundaries which account for Neumann boundary condition. The polynomial degree
of the basis functions specified as 2 to enable quadratic BSplines. System parameters are

remained as in Table 5.1.



36

Results

Shape Derivatives for Control Points
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Fig. 5.4 Shape Derivatives (@) of each control point for Rijke Tube in Dolfin [17]

Equation (4.33) is considered for calculating shape derivatives for each control point along

Neumann boundaries. Calculated derivatives are complex numbers including frequency and

growth rate components for both x and y directions. It is clear to expect that shape derivatives

in x direction becomes zero due to the rectangular computation domain. The calculated

derivatives for y direction is represented in Figure 5.4 and 5.5 for both Dolfin and Dolfinx.
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Vector representation is useful to monitor magnitudes of the frequency and growth rate
components of the derivatives, then each derivative is scaled with some arbitrary scalar for
visualization. The upper plots shows the frequency portion while the lower plots accounts
for growth rate of the derivative values.
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Fig. 5.5 Shape Derivatives (@) of each control point for Rijke Tube in Dolfinx

Optimized Shape

In order to optimize the shape thermoacoustically, the lower plot in Figure 5.4 should be
taken into consideration, since the aim is reducing the growth rate. The vectors pointing
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+y direction indicates that if the control point moved in +y direction, then growth rate is
expected to be increased. Therefore, the control points are moved in contrast to direction of
shape derivative vectors.

During shape optimization, arbitrary step size Ay can be chosen and points can be relocated
at each iteration. Next, the eigenvalue and eigenmode of the new geometry is determined. If
the growth rate is still positive, then new shape derivatives can be calculated for new control
points again. After a few iterations, the final geometrical domain is appeared as in Figure
5.6. While the eigenvalue of the initial geometry is 3.42738+0.001801i, the eigenvalue of
optimized Rijke tube becomes 3.56103-0.007761 with wavy boundaries.
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—0.01 A
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0.0 0.2 0.4 0.6 0.8 1.0

Fig. 5.6 Optimized geometry of Rijke Tube [17]
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5.2 MICCA Combustor

To observe the thermoacoustic instabilities in laboratory scale, rigorous investigations have
been performed in annular combustor called MICCA. It has been designed in order to
resemble all features of gas turbine combustors, by having plenum, burner, injector and
combustion chamber (Figure 5.7).

In this section, implemented solver with Dolfin is used for calculating eigenmodes and shape
derivatives of certain configurations of MICCA combustor. For first case, geometrical speci-
fications are kept same as in [8]. Table 5.2 also provides additional parameters for numerical
simulations. The local speed of sound is computed from the temperature distribution using
¢ = VkRT.

Table 5.2 Dimensional parameters of Micca combustor

Dimensional

Parameter
value unit

r 287 Jkg~ K1
Y 1.4 -
P, 101325 Pa
T, 300 K
T, 300 K
Ty 1521-321(z/lc)*> K
0 2080 \\%
U, 0.66 ms~!
Zf 0.0 m
Xy -0.02 m

As explained in section §2.3, the flame transfer function should be defined as analytical
form in order to being differentiable. The analytical form of flame transfer function is
approximated using state-space representation [29];

d
aX =S1x+ Szu/ (5.2)
¢ = S3x+Squ/ (5.3)

where X is state vector and system matrices S1,S3,S3 and S4 are taken from reference [11].
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The Laplace transform (s = iw) of (5.2) and (5.3) with relative substitutions gives;

FTF(CO) === (S3(iwI—Sl)_1SZ+S4)

SRS

ak
S =FTF(0) = ((—i)kk!S3(ia)I - sl)—<’<+1>sz) fork > 1
Equation (5.2) is enabling the differentiability of flame transfer function by using experimen-
tal data and that is crucial for applying perturbation theory[29].
For shape optimization, due to existence of repeated eigenvalues, degenerate eigenmodes p

and pT are used to calculate eigenvalue problem [17];

(/cc(pj,ﬁj)ds) —0 (5.4)

Direct and adjoint eigenfunctions are normalized such that [, ppdV = 1. Eigenvalues of (5.4)
gives shape derivative @' for azimuthal modes. C = 1/A where A denotes the surface area.
In this way, local average of the shape derivatives is obtained for corresponding boundary
faces. Three different configurations of MICCA combustor are proposed; base case, extended

plenum case and extended plenum with cooling holes case.

5.2.1 Micca - Base Case

Combustor
Outlet

Combustion
Chamber

Flame

Perforated
Plate

Burner

Plenum =<

Plenum
Inlet

(a) 3D Geometry (b) Subcomponents (c) 3D Mesh

Fig. 5.7 Geometry of Micca Combustor
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Eigenmodes

The geometry, boundaries and mesh of base case for MICCA combustor visualized in 5.7.
For eigenvalue calculations, all the boundaries are modelled as Neumann boundary condition
apart from Dirichlet boundary for combustion chamber outlet (Figure 5.7b). End correction
is added to the combustion chamber’s outlet end since the pressure node occurs at short
distance to the combustor outlet boundary [11].

(a) First azimuthal mode, P, (b) Second azimuthal mode, P>
! I . m

(c) First longitudinal mode, P, (d) Second longitudinal mode, P>

Fig. 5.8 Eigenmodes of Micca Combustor

Calculated azimuthal degenerate eigenmodes are displayed in Figure 5.8. Eigenfrequencies
of the first (Figure 5.8a) and second (Figure 5.8b) azimuthal eigenmode are found as @, =
507.7682 + 83.6084i and w, = 507.7638 + 83.6773i. As expected, they have very close
eigenfrequencies while having different mode shapes.
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Intersection planes pointing normal Y direction demonstrate longitudinal modes of azimuthal
modes. These longitudinal modes display quarter-wave stading modes in longitudinal
direction (Figure 5.8c and Figure 5.8d). Finally, phase shift between azimuthal modes is
plotted in Figure 5.9. Circular data has been extracted from plenum section of the MICCA.

Acoustic waves show 90° phase angle difference.

17.5 A NI g S
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12.5 K % 3 %
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7.5 " g( % g %

5.0 1

2.5 % X % X x P
0.0 1 x x P,

0 50 100 150 200 250 300 350

Fig. 5.9 Phase shift between P; and P,

Shape Derivatives

During shape optimization study, geometries of burner and injector are fixed. Since they play
significant roles for combustion process in chamber, any geometrical change on their shapes
might effect the combustion performance.

As introduced in start of this section, (5.4) is used to calculate shape derivatives of boundaries.
Using calculated eigenmodes for direct and adjoint methods, average shape derivative for
each boundary is plotted in Figure 5.10.

Sensitivities in Figure 5.10a shows that geometrical changes on plenum has significant effect
on eigenfrequency of the system. All the plenum boundaries can be moved outwards to
reduce frequency component of eigenvalue. Geometry of combustion has negligible effect on
frequency. Shape derivatives for combustion chamber surfaces are relatively small comparing
to the plenum surfaces.

For thermoacoustic stabilization, shape derivatives in Figure 5.10b can be elaborated. Ge-
ometries of plenum and combustion chamber has significant effect on growth rate of the
system. Most sensitive boundary is inner boundary of plenum. The scaled shape derivatives
suggest that all 3 surfaces of plenum can be moved outwards and inner and outer boundaries
of combustion chamber could be moved outwards. Only boundary that can be moved inwards

is the combustion chamber outlet to reduce growth rate of the MICCA combustor.



5.2 MICCA Combustor

43

(a) Shape sensitivity of eigenvalue for changes in frequency

(b) Shape sensitivity of eigenvalue for changes in growth rate

Fig. 5.10 Shape derivatives for MICCA - base case
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5.2.2 Micca - Extended Plenum

New configuration is proposed to resemble realistic gas turbine combustor which has a
extended plenum surrounding combustion chamber (Figure 5.11b). For this case, boundaries
of plenum outlet and combustor outlet are specified as Dirichlet boundaries. Rest of the
boundaries are kept as Neumann boundaries. Similar to base case of MICCA, end correction
is considered again for combustion chamber’s outlet and plenum’s outlet.

Combustor Plenum
Outlet Outlet
A A

7\

ZAVAVA

Combustion

Chamber

vavavara

Z
AVavaVad

I

£
\ 7

Perforated

-~ ==
Plate

Burner

Plenum <

Plenum
Inlet

(a) 3D Geometry (b) Subcomponents (c) 3D Mesh

Fig. 5.11 Geometry of Micca Combustor - extended plenum case

Eigenmodes

Azimuthal eigenmodes for extended plenum case are shown in Figure 5.12. Eigenfrequencies
of the first (Figure 5.12a) and second (Figure 5.12b) azimuthal eigenmode are found as @, =
516.7917445.0086 and @, = 516.8010+4-45.00087:. They have very close eigenfrequencies
with reduced growth rate comparing to original MICCA.

Section views of the eigenmodes on XZ plane are displayed in Figure 5.12c and Figure 5.12d.
Similar to base case, longitudinal eigenmodes are captured in +Z direction. Furthermore,
thermoacoustic characteristics of extended part of the plenum and combustion chamber are
similar in magnitude of acoustic pressure.

Shape Derivatives

Shape derivatives for extended plenum case are calculated and plotted in Figure 5.13. Ge-
ometries of burner and injector kept same again. All the derivatives are scaled for better
visualization.
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The effect of shape derivatives on frequency of the system shown in Figure 5.13a. Similar to
base case, most influential part is plenum. The changes on plenum inlet boundary has most
considerable impact on frequency. In addition, inner and outlet boundaries of plenum can
be moved outwards to reduce frequency. Surface movement through outward for inner and
outer walls of combustion chamber and outer surface of plenum is increases the frequency of
the system, since they have negative shape derivatives.

& &

(a) First azimuthal mode, P, (b) Second azimuthal mode, P>

Py P2
0.0 5.0 10.0 18.3 EE 0.0 5.0 10.0 16.0

— —

e N i -

(c) First longitudinal mode, P; (d) Second longitudinal mode, P>

Fig. 5.12 Eigenmodes of Micca Combustor - extended plenum case
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In order to reduce growth rate, inner and inlet surfaces of plenum and outlet faces of plenum
and combustion chamber can be moved inwards. Moreover, in addition to inner and outer
faces of combustion chamber, outer and inner surface of extended section could be moved in

direction of their normal vectors to improve growth rate of the system.
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Fig. 5.13 Shape derivatives for MICCA - extended plenum case
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5.2.3 Micca - Extended Plenum with Cooling Holes

Last configuration for MICCA combustor includes cooling holes between combustion cham-
ber and extended plenum (Figure 5.14). Similar to previous cases, Dirichlet boundary
condition imposed on boundaries of plenum outlet and combustor outlet while other bound-
aries are specified as Neumann boundaries. Number of cooling holes between plenum and
combustion chamber is 16, each cooling hole has 15mm radius and distance to flame is
175mm.

(a) 3D Geometry (b) Subcomponents (c) 3D Mesh

Fig. 5.14 Geometry of Micca Combustor with cooling holes

Eigenmodes

Azimuthal eigenmodes are calculated for MICCA with cooling holes and plotted in Figure
5.15. The first azimuthal mode has eigenfrequency of @; = +535.2372 4 53.6872i and
second azimuthal mode has eigenfrequency of @, = +533.6472 4 54.5960i. It can be clearly
seen that eigenmodes are identical in magnitude but the phase angle difference between
eigenmodes is 90°. Adding cooling holes with extended plenum decreased growth rate
of the eigenvalues comparing to MICCA - base case. However, adding cooling holes is
increased growth rate comparing to MICCA - extended plenum case. The total surface area
is increased with cooling holes to dissipate acoustic energy, but phase angle relationship
between heat release rate fluctuation and acoustic wave might lead to improve system’s
instability according to the Rayleigh criterion (1.1).

Additionally, longitudinal thermoacoustic eigenmodes in +Z direction can be seen in Figure
5.15¢ and Figure 5.15d for both azimuthal modes in XZ plane section view.
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Fig. 5.15 Eigenmodes of Micca Combustor - extended plenum with cooling holes

Shape Derivatives

Figure 5.16 shows shape sensitivities of all boundaries. Effect of cooling holes on frequency
and growth rate of the eigenvalue is displayed in Figure 5.16a and Figure 5.16b. Similar to
previous case, inner and inlet faces of plenum and outlet surfaces can be moved in surface

normal direction to reduce frequency of the system,
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Improvement in growth rate of the system can be achieved by moving boundaries of outer
plenum, outer and inner surfaces of combustion chamber could moved in normal vector
directions. In contrast to shape derivative values for frequency, inner and inlet faces of
plenum and outlet surfaces of the combustor can be moved inwards. Furthermore, radii of
the cooling holes could be decreased to decrease growth rate.

r

— 0.5

— 0.0

[ -0.5
-0.9

w'r changes

(a) Sensitivity of eigenvalue for changes in frequency

(b) Sensitivity of eigenvalue for changes in growth rate

Fig. 5.16 Shape derivatives for MICCA - extended plenum with cooling holes
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5.3 Realistic Combustor

One of the aims of this study is optimizing real gas turbine combustor geometries thermoa-
coustically. As an initial step, the realistic combustor geometry is simplified further to reduce
complexity during meshing process. Schematic diagram of proposed geometry is sketched in
Figure 5.17a. Geometry generation accomplished by using open-source CAD environment
FreeCAD [30]. Mesh generation of CAD geometry is performed by means of Gmsh.

For this case, specified dimensions of the subcomponents feature realistic combustor geom-
etry for typical gas turbine. 20 sector is considered with 20 cooling holes and 3D mesh of
single sector is plotted in Figure 5.17c.

Plenum Burner Injector Flame Combustion Chamber

Plenum

Outlet
Combustor
Plenum
Outlet
Inlet
Plenum
Outlet

Coooling Holes

(a) Section view of proposed real combustor components

(b) 3D geometry (c) 3D mesh and section view

Fig. 5.17 Real combustor geometry and mesh
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For thermoacoustic eigenmode calculations, lot of simulation parameters are kept same as
in MICCA combustor simulations. Only heat release rate per burner changed to S00kW
and reference point location (x,) is changed to (0,0,-0.08). Modelling of flame response is
accomplished by n — 7 model for n =1 and 7 = 0.003s.

Eigenmodes

R Py s Pz
0.0 5.? 10.6 0.0 5.? 1.7
(a) First azimuthal mode, P, (b) Second azimuthal mode, P>

L]

Py Rl
0.0 5.0 10.6 0
_— o
(c) First longitudinal mode, P, (d) Second longitudinal mode, P,

Fig. 5.18 Eigenmodes of realistic combustor
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Azimuthal and longitudinal thermoacoustic modes of real combustor are captured and
monitored in Figure 5.18. The computed eigenfrequencies for first and second azimuthal
modes are @) = +407.8497 +0.2663i and @, = +407.9930 4 0.2676i respectively. The 90°
phase angle difference can be seen in Figure 5.18a and Figure 5.18b.

In addition to azimuthal eigenmodes, longitudinal eigenmodes are observed in +Z direction
(Figure 5.18c and Figure 5.18d).

Shape Derivatives

Shape derivatives for boundary faces are calculated except for boundaries of burner and
injector. The most influential part is plenum for both components of the eigenfrequency.
Shape derivatives for frequency is visualized in Figure 5.19a. The negative valued boundary
faces implies increment in frequency of the system, if they moved in normal vector direction
for corresponding boundary face. Conversely, positive valued shape derivatives reduces the
frequency if they moved outwards with respect to its boundary.

For thermoacoustic stabilization, Figure 5.19b shows the shape derivative values effecting
growth rate of the system. Scaled shape derivatives suggest that positive valued boundaries
could be moved in surface normal direction for lowering the growth rate. It can be also

deduced that cooling holes have almost negligible effect on eigenvalue of the system.
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Fig. 5.19 Shape derivatives for realistic combustor
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Chapter 6

Further Work

6.1 Current Findings

In this report, the methodology of shape optimization for a thermoacoustically unstable
system has been presented. Derivation of non-homogeneous Helmholtz equation with
frequency-dependent boundary conditions is given assuming zero Mach number mean flow.
Finite element discretization is applied and obtained weak forms are implemented using
open-source finite lement frameworks Dolfin and Dolfinx [31, 32].

Horizontal Rijke tube and annular laboratory combustor MICCA are treated as benchmark
cases. Additionally, different geometrical configurations for MICCA combustor and realistic
gas turbine combustor are introduced. Flame response of the thermoacoustic system are
modelled by n — 7 formulation and state space approach using experimental data.
Longitudinal and azimuthal eigenmodes are successfully captured for each geometry using
implemented solvers. For Rijke tube, base state sensitivities of interaction index n and time
delay 7 are calculated and checked using Taylor test. Results of Dolfin and Dolfinx are
showed good agreement.

Starting by Rijke tube case, shape derivatives are calculated for different designs of MICCA
combustor and realistic gas turbine combustor. Effect of boundary displacements on fre-

quency and growth rate is presented for proposed geometries.

6.2 Future Work

* The shape parametrization of three dimensional geometries will be implemented.

 Effect of number and size of cooling holes will be investigated.
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Further Work

More realistic geometries will be implemented such as gas turbine combustor. Shape

optimization will be done for reducing the growth rate of the combustor.

Developed solver uses n — T formulation or experimental data for modelling flame

response. More robust models for flame transfer function will be discussed.

Current solver tested for only Rijke tube and MICCA combustor. More challenging

benchmark cases will be implemented.

Parallelization of code is essential for more complex and bigger geometries. Code is
tested for 1,2,3 and 4 number of cores. Parallel runs with more than 4 processes will

be performed.

Complete shape sensitivity for every boundary point of the mesh will be implemented

to get shape sensitivity for whole geometry.

Further complex shape and mesh generation frameworks will be implemented using
FreeCAD.
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6.2 Future Work
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Appendix A

Thermoacoustic Eigensolver

Geometry files including Rijke tube and Micca combustor and implemented solver can be
accessed by following GitHub repository;

* https://github.com/ekremekc/Helmholtz-x


https://github.com/ekremekc/Helmholtz-x




Appendix B

Nondimensionalization

Nondimensionalization of the governing equations follows the same procedure in [7]. The
characteristic length of the combustion chamber L., the ambient pressure p, and the local
speed of sound ¢ = \/}/pT/pa are used during nondimensionalization process. If the quantities
with (7) denoted as nondimensional, the parameters of the problem can be seen in Table B.1;

Table B.1 Nondimensionalization of Quantities

Quantity X t

)
=

P

Nondimensionalized Quantity XL, LTJ p 7’/’“ uc ppq

Considering (2.23), the interaction index and time delay are rewritten as n = ﬁpaLz and
T = TL./c, respectively.

All the nondimensional parameters in Table B.1 are inserted into (2.16). The obtained
nondimensional equation stays same, apart from the parameter n. Since the interaction index
is depending on the geometrical dimension of the anaysis, the values are tabulated in Table
B.2.

Table B.2 Nondimensionalization of parameter n

Dimension Nondimensionalization relation
I Ndim

1D Ndgim = (71:/4)D2
L _Ngim

2D-Axisymmetric  ngj, = (7;’7%

3D Ndim = Ndim
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In Table B.2, the subscript 4, denotes dimensional quantity of interaction index and D is the
radius of the tube. These relations come out due to the volume scaling of volumetric heat

distribution function v(x), introduced in §2.2.



Appendix C

BSpline Curves

To parametrize the boundaries which are considered to be optimized against thermoacoustic
instability, BSpline curves are exploited due to their proven robustness for shape optimization
problems. The reference is The NURBS Book[33].

BSplines require knot vector (u), control points (X) and degree (p) as an input parameters.
Parametrized curve (K) is calculated via basis functions (V; ,). The ith BSpline basis function
of order p reads;

1, ifu; <u<uy;
Nio(u) = coh (C.1)
0, otherwise

U— U; Uj 1—U
Nip(u) = ————N;p 1 (u) + —=——Ni 1 1 (1) (C2)
Uitp — Ui Uitp+1 — Uit
K(u) =Y Nip(u)X; (C.3)

C.1 Simple Example

Let’s say we have knotvector as python numpy array and control points (x-y pairs) by
following;

u=1[0.,0.05,0.1,0.15,0.2,0.25,0.3,0.35,0.4,0.45,0.5,
0.55,0.6,0.65,0.7,0.75,0.8,0.85,0.9,0.95,1.]
X =[(—1,0),(1,2),(1.5,1.5),(3,0)]
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By equations (C.1) and (C.2) the calculated basis functions with polynomial order 3 are

shown in following Figure;

1.0 A

0.8 1

0.6 1

0.4

0.2 1

0.0 1

0.0 0.2 0.4 0.6 0.8 1.0

Fig. C.1 Basis functions for BSpline curve

And corresponding xy couples and curve shown in Figure C.2.

3.0 1 —— x-values 2.00 L] — K(u)
—— y-values
2.5 A 1.75 A
2.0 1 1.50 A [ )
1.5 1.25
1.0 1 1.00 A
0.5 1 0.75 4
0.0 1 0.50
—0.5 A 0.25
—1.0 A 0.00
OtO 0t2 074 0t6 018 1t0 —i.O —(').5 OtO ofs 1?0 1r5 2t0 2?5 3io
(a) Individual x and y values of curve (b) BSpline curve

Fig. C.2 BSpline curve and its Xy points

In Figure C.2b, it is clear to see that location of control points (red dots) effects the character-

istic of the BSpline curve.
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