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Chapter 1

Introduction

1.1 Machine Learning and Data Assimilation

The detection and tracking of interfaces is of central importance to many computer vision
techniques and applications [1]. Objects and boundaries in an image can be recognised once
the image is segmented through the identification of its contours. Rapid improvements in
computer processing power in the last decade and a half, combined with the notable discovery
of efficient methods for training large artificial neural networks (see [2]) have allowed for a
vast improvement in contour identification and image segmentation, which in turn have lead
to a wide variety of groundbreaking improvements in novel and existing applications, from
autonomous navigation systems to facial recognition systems and image captioning software
([31, [4D).

Whereas deep artificial neural networks have demonstrated excellent object detection and
recognition capabilities compared to previous methods, the process through which these go
about their object detecting is often referred to as a "black box", as it is difficult to identify
how the object detection predictions are being made. Moreover, these neural networks are
not, in general, built with a pre-existing understanding of any physics (governing equations)
behind the objects to be detected. Instead, neural networks are trained by being supplied
with a set of training examples from which they learn mappings from inputs (images) to
desired outputs (usually labels). In this way, neural networks can be said to provide a solely
data-informed tool for object and interface detection [2].

In applications where a physics-informed tool is more desirable, alternative interface
detection and tracking techniques to artificial neural networks can be used. The Kalman filter
is one example of a model-based method which combines model predictions and real data
in a statistically optimal way to predict the positions of objects and interfaces at any time,

present or future ([S], [6]). The Kalman filter and its variants have long been implemented in
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areas where predictive models and data coexist, from trajectory estimation with the Global
Positioning System (GPS) to weather forecasting and quantitative economics ([7], [6]).

Data assimilation is a mathematical discipline that seeks to statistically optimally combine
theory, usually in the form of a numerical model, and observations, and the Kalman filter
is one such technique. The data assimilation process usually involves taking a forecast
from a current state and correcting this forecast whenever observations, however noisy, are
available [8]. In this way, not only can data assimilation lead to better model forecasts but it
can additionally produce estimates for model parameters which best fit the data, as well as
the uncertainties in these estimates. Data assimilation techniques like the Kalman filter do
not assume steady state conditions, which is especially powerful when the data is from an
unsteady system, where a single estimate for the parameter values would not capture enough
of the physics.

1.2 Thermoacoustics

Thermoacoustic instabilities, driven by the interaction between the heat release from the
combustion process with the combustion chamber pressure waves [9], have long been a
problem in jet and rocket engine design, as unacceptably large oscillations often appear
during full-scale engine tests, despite being absent during part-scale tests, leading to costly
re-designs. A physics-informed, data-driven model of a flame would allow for important
quantities, such as the fluctuating heat release rate of the combustion process, to be estimated
for a given burner geometry. This in turn would enable different geometries to be assessed for
susceptibility to thermoacoustic instabilities before any physical testing, ensuring a cheaper
design process.

In this report a kinematic flame model tracks the flame surface: the interface between
premixed, unburnt air-fuel mixture and burnt products. A level-set based method is used
to track this interface, which involves defining a level-set function over the whole flow
domain and identifying the contour that corresponds to the flame surface [10]. This analytical
approach to tracking the interface has advantages over other, geometric approaches where
the flame surface is parametrized and discretized and its motion found by solving the laws
of motion for a sufficient number of points on the surface. These advantages include better
modelling of non-smooth flow features such as corners and cusps as well as topological
merging and break-up [11]. This model is implemented in the Level-Set G Equation Narrow-
band (LSGEN) solver, originally written by S. Hemchandra and significantly improved by 1.
Waugh, A. Orchini and K. Kashinath.



1.3 Literature Review

1.3 Literature Review

Thermoacoustic instabilities have been known and studied since as far back as the 1850s,
when P. Rijke noticed sounds due to the vibration of air inside an open-ended tube [12].
Twenty years later, Lord Rayleigh published his findings on the physical mechanism behind
thermoacoustic instability: velocity and pressure oscillations interact with the heat source,
causing unsteady heat release. Acoustic oscillations arise when the heat release cycle and
the pressure cycle are in phase [9]. The study of thermacoustic instabilities is of particular
relevance to modern day jet and rocket engines, as these are particularly vulnerable to the
excitement of high-amplitude instabilities due the high energy densities and low acoustic
damping in their combustion chambers [13]. Left unaddressed, these instabilities can lead
to increased heat transfer and structural vibrations, which in turn may lead to damage and
ultimately failure of the engine ([14], [15]).

The G equation method of describing the surface of a flame was first introduced by F.
Williams in 1985 in the study of premixed turbulent combustion [16]. This method has been
used to construct an analytical model to describe the dynamic response of a laminar premixed
flame with constant flame speed stabilised on the rim of a tube to velocity oscillations [17].
By considering both uniform and non-uniform velocity perturbations superimposed on a
base flow velocity profile, the results show that the magnitude of heat release perturbation
and its phase with respect to dynamic perturbations depend primarily on the flame Strouhal
number. The model is also used to obtain a time-domain differential equation describing
the relationship between the velocity perturbation and the heat release response over the
entire frequency range, which is key for studying thermoacoustic oscillations. A. Dowling
builds on this work to model the unsteady behaviour of a ducted flame stabilised in the wake
of a bluff body [18]. Dowling shows that for linear harmonic velocity perturbations, the
model allows for the time variation in the heat release rate to be calculated analytically and
in excellent agreement with experimental results.

More recently, efforts have been made to combine the lightweight and easy to use
analytical models previously described with real data, with very promising results. [8]
introduces a data-driven, statistically rigorous framework for the assimilation of flame surface
data into G Equation levels set methods, and the strengths of this framework are demonstrated.
The authors use an ensemble Kalman filter (EnKF) to assimilate theoretical, laminar flame
data into the G equation model in order to estimate unknown model parameters related to the
prescribed velocity perturbations. With the model parameters optimally estimated from the
combination of model predictions and the data, the flame surface profile can be forecasted
from given starting conditions and important quantities, such as the heat release, estimated at
any future time.
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1.4 Research Objectives

The objectives of this work and those to follow are to assess and demonstrate the feasi-
bility of data assimilation techniques applied to a G equation model of a flame, using
real open-source data for the Volvo burner provided by the United States Air Force
(see [19] for a description of the data). By assimilating this data, it is hoped that a physics-
informed, data-driven model of the flame from a Volvo burner can be created which could be
used to predict the onset of thermoacoustic instabilities in the flow. This mission is a step
forward from previous data assimilation efforts on G equation-based flame models which

have not yet dealt with noisy, turbulent combustion data.



Chapter 2

The G Equation as a Kinematic Model of
a Flame

The equations governing the response of a flame to a time-dependent flow are derived with

the following assumptions:

* The flame surface is a thin interface separating reactants (unburnt, premixed air-fuel

mixture) and combustion products;

* The flame surface moves at a constant speed, the laminar flame speed, with respect to
the reactants in the direction normal to the surface (the flame speed actually depends

on the flame curvature);

» All effects of expansion and vorticity generation across the flame front on the flow are

negligible;

* The flow field and the flame wrinkling and cusping are symmetric about the flame

centre-line;
* The flame is insensitive to pressure perturbations.

The G equation is the equation that governs the behaviour of a monotonically increasing
scalar field. The instantaneous flame surface position is given by a contour of this field. It is
a level set method which does not rely on parametrising the flame surface. Instead, the flame
surface is tracked by defining an arbitrary contour, usually G = 0, on which points on a grid
are said to be on the surface. Defining the G = 0 contour to be the flame surface, regions
where G < 0 then correspond to unburnt reactants, and regions where G > 0 correspond to

combustion products. The actual value of the G field at a given point has no intrinsic value.
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VG

Burnt gas

Fig. 2.1 G equation field, showing the zero contour representing the flame surface.

Unburnt gas

» X

Instead the value is used only to distinguish between reactants, flame surface and products.
Points on the zero contour satisfy:

G(x,y,t)=y—y(x,1)=0. (2.1)
Taking the derivative of G with respective to time leads to:

9G  9G 9G _

S e T =0 (2.2)
or
G
wVG+5=0, (2.3)

where u = [x y]T is the speed of particles on the flame surface. This speed is a result of the

underlying base flow ug minus a contribution from the laminar flame speed (s, the speed at
which the flame travels against flow, burning the reactants):
VG

UZUG—SLW . (24)



Substituting this into equation 2.3 leads to:

G VG
_ —— .VG=0 2.5
at+<llG SL|VG|) G ; (2.5)
and so 3G
S +uG VG =51|VG (2.6)

which is known as the G equation.

By prescribing a base flow ug, the value of G at every point on a grid can be calculated,
and the flame surface found (wherever G = 0). For example, using a steady, uniform,
vertical base flow ug = [0 ug]” leads to a triangular flame surface distribution, as shown by
substituting (2.1) into (2.6):

8’% &f dy\ V2
P — ot 2 —_—
; 0, o +ug.1=sg <1 +< ) > (2.7)

ay\2 1/2
UG =S (1 + (E) ) (2.8)
) 1/2
%’l =4 ((Z—G> — 1) = const. (2.9)
L

which states that the gradient of the flame surface is a constant. Its magnitude depends on the
ratio of the base flow speed to the laminar flame speed. The =+ is for each (symmetric) side

of the 2-dimensional flame. Integrating this with respect to x gives:

) 1/2
y(x) =+ ((L;—G) - 1) x+C, (2.10)
L

where C is found by using the initial condition that the flame is attached to the burner lip:

y(x =R) =0, leading to:
) 1/2
1//(x)=i<(l:—G) —1> (x—R) 2.11)
L
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Fig. 2.2 Plot of steady flame surface.

<(’;—g>2—1)1/2(1e—x) 0<x<R
B <(”_G>2—1>1/2(R+x) ~R<x<0.

which is plotted in figure 2.2
The base flow model used for data assimilation includes a steady, uniform vertical
component and continuity-obeying perturbations in the horizontal and vertical directions:

ug = uxi—l—uyj ;

KSt
Uy = — Beaxcos(St(Ky—t)) ;
uy = 1+e,sin(St(Ky—1)) , (2.12)

where St is the Strouhal number, ¢, is the perturbation amplitude, K is the perturbation
dy/dx|. The

results of a simulation of the resulting PDE are plotted figure 2.3, showing a short transient

wavenumber and f is the steady state ratio of flame length to flame width,

period before the oscillations become periodic and the flame system reaches a limit cycle.
The MATLAB solver requires y/(x) to be a single-valued function of x. Therefore it
cannot cope with the flame looping back on itself. For the same reason, it struggles with

pinch-off, at which point gradients become infinite. We therefore use this code only for



low amplitude oscillations in order to compare with the behaviour of LSGEN, our more

sophisticated code.
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Fig. 2.3 Brute force solving of the G equation flame model in MATLAB, with parameters
R=1.335,8=13.2,5 =10, K=0.5and ¢, = 0.1. Note that only the G = 0 contour is

shown, and the plots are scaled vertically by 1/f.



Chapter 3

Numerical Methods

3.1 Data Pre-processing

The raw data set! comprises 7998 consecutive snapshots, taken at 10 kHz, of the turbulent
flow downstream of a Volvo premixed gutter-stabilised flame burner. The snapshots include
measurements of OH emission intensity obtained through Planar Laser Induced Fluorescence
(PLIF) and measurements for axial and transverse velocity, over a 59x68 grid. Heatmaps
of two OH PLIF images are shown below (the velocity components are not shown, because

they are not currently used in the data assimilation process).

(b)

Fig. 3.1 OH PLIF images downstream of a Volvo gutter-stabilised flame.

The parameter f3, the ratio of the steady state flame’s length to its width can be estimated

IThis open source data set is kindly provided by B.A. Rankin, USAF.
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Beta: 13.2

50 100 150 200 250 300 350 400 450
Fig. 3.2 Estimation of 3, the steady state ratio of flame length to flame width.

from the data by calculating the mean OH PLIF profile and judging the flame position by
eye. This process is shown in figure 2.2, giving an estimate of B = 13.2. Another important
quantity is the ratio of the burner width to the duct width.

In order to assimilate this data, the positions of the flame surface must be detected
from each snapshot. A number of ways to do this were tried, the most successful being a
Hessian-based approach: the second derivatives of the OH signal are taken at every grid
point allowing the Hessian to be constructed and its largest eigenvalue calculated, giving a
measure for the maximum curvature at every point. The curvature at each point is compared
to its neighbours to decide whether the point lies on the flame surface.

As can be seen from the snapshots in figure 3.1, the shape of the flame is inverted as well
as horizontally aligned compared to that derived in the previous section. However, the data is

transformed for use with the ensemble Kalman filter and the G equation model as follows:
1. The top half of the flame data grid is selected and flipped vertically;
2. The points on the flame surface are estimated using a Hessian based approach;

3. The coordinates of the points on the flame surface are normalised by the vertical
distance between the duct wall and the burner lip;

12



3.1 Data Pre-processing

4. The data points are reflected through y = x.

This process is illustrated in figures 3.3 and 3.4.

From these two figures it can be seen that the ridge detection process misses parts of
the ridge. It also does not interpolate between ridge points and so these appear in bins
limited by the grid size. A possible alternative to this ridge detection process would be to
use computer vision algorithms such as convolutional neural networks (CNNs) to detect the
ridge. When supplied with a training set of manually detected ridges, these CNNs could
learn how to detect ridges in the other PLIF OH emission images with better performance

than the Hessian-based approach. This will be one area of further research.

Raw data

Top half, flipped

Ridge detection

Data in Computational Space

i, o

0.5F

o

2 %

0 I I I I I I I
0 0.5 1 1.5 2 25 3 35 4

Fig. 3.3 Snapshots showing the flame surface detection and the conversion to the LSGEN
computational domain (flipped and normalised by radius).

13
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Result of Data Pre-processing
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Fig. 3.4 Scatter plot of flame surface data after preprocessing. This data is used in the
ensemble Kalman filter described in the next section.
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3.2 The Ensemble Kalman Filter (EnKF)

The ensemble Kalman filter is an approximation of the Kalman filter, which is an algorithm
that combines noisy measurements observed over time with model predictions to produce
estimates of unknown variables, including the state of the system and model parameters.
When using the Kalman filter, a state vector x of a model is assumed to have a Gaussian
probability density function (pdf) with mean vector g and covariance matrix X:

p(x)ocexp(—%(x—y)TZl(x—#)). (3.1)

Known as the prior, this pdf was generated by running the model in time and must now be
updated with newly available data, d. These data are also assumed to have a Guassian pdf,

this time with covariance R and mean Hx:

1
p(d|x) o< exp (- 5(d—Hx)TR—l(d—Hx)> : (3.2)
where H is known as the observation matrix (such that Hx is the value the data would be for
state x in the absence of data errors). For independent errors, the covariance R, describing
the estimate of the random errors in the data, is diagonal with the variance of the errors of

the corresponding entries in the data vector as its diagonal entries:

2

o =k
Rz %
0 jF£k.

Bayes’ theorem is used to find the posterior probability density of the state x given the data
d:

p(x|d) =< p(d[x)p(x) , (3.3)
which, given the fact that the pdf of a product of Gaussians is also Gaussian, can be written

as:

1 AT Al N
p(x|d) < exp (— 5 (x|d—0)7Q ' (x|d—4)) | (3.4)
and the posterior mean fi and covariance Q are:

p=p+K(d—Hy)
Q=(I-KH)Q. (3.5)

15
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also known as the Kalman update formulae, and
K =QH’ (HQH” +R)™! (3.6)

is known as the Kalman gain. In short, the Kalman filter gives the optimal way of combining
data with the current estimate of the state of a system.

The EnKF is a Monte Carlo approximation of the above filter which is more suitable to
problems with a large number of variables as it avoids evolving the covariance matrix Q,
by using a sample covariance C instead. The pdf of a prior ensemble X = [x1,...,Xy] of N
members which are initially sampled from the prior distribution p(x) is considered?. The data
d is replicated and noise added for each ensemble to form a matrix D = [d; ,... ,dy]| where
di=d+¢, &~ N(0,R). If the columns of X form a sample from the prior probability
distribution then the columns of

X =X +K(D - HX) (3.7)
form a sample from the posterior. The EnKF update for the gain is then:
K=CH'(HCH +R)!, (3.8)

which is the Kalman gain update with the state covariance Q replaced by the sample covari-

ance C computed from the ensemble members:

(X—E(X))(X-E(X))"

C=
N-—1 ’

(3.9)

where E(X) = [E(X),...,E(X)] is a matrix formed by repeating the ensemble mean N times.

2 Although the ensemble members do not in general remain independent (as each EnKF step ties them
together), they are deemed approximately so.

16
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3.3 The LSGEN Solver

The LSGEN code solves the G equation for the flame for any given set of parameters, taking
as input an initial flame surface distribution and returning as output the evolution of this
flame surface through time. An example set of outputs for an initially steady flame with
parameters St = 10, K = 1 and e, = 0.1 is shown in figure 3.5. Note how LSGEN captures
important physics such as pinch-off at the flame tip, which is crucial in the study of turbulent,
large-amplitude oscillating flames.

H. Yu (CUED) augmented this code with an implementation of the EnKF so that data
could be assimilated into the model and the model parameters K and e, estimated. This
was easily updated to include estimation of flame Strouhal number, St. Yu demonstrates the
effectiveness of the EnKF through a "twin experiment": flame surface data is extracted from
reference LSGEN outputs and fed into the EnKF, as shown in figure 3.6(c). The question is
whether the EnKF works just as well with real, noisy and incomplete data..

- - -
" " " 0
(a) (b) () (d)

Fig. 3.5 LSGEN output flame distribution files starting from a triangular distribution.

17
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A

(a)

((b))

((c)

Fig. 3.6 (Top) Reference LSGEN outputs from which the surface data is extracted and fed
into the EnKF. (Middle) An ensemble of independent simulations each with a unique set of
parameters K and e, are run through time, and the most likely locations (yellow regions)
of the flame surface are estimated from these. No data is assimilated. (Bottom) Yu’s twin
experiment: data is assimilated into the ensemble of simulations and the parameters of each
of these are updated accordingly, converging to the true value of K and e,,.

18



Chapter 4

Transients in the G Equation Model

4.1 Linear Perturbation Analysis of the G Equation Model

The following analysis is based upon work in [17], in which the results of a linear perturbation
analysis of the G equation model using a purely vertical velocity perturbation are stated.
This analysis considers instead a velocity perturbation with both horizontal and vertical
components, and uses the same Laplace transform method suggested by [17] to solve the
governing PDE.

The G equation is:

2G

If the flame position can be represented as a single-valued function of x then G =y — y(x,t) =

0 and ug = [uv]”. Substituting into the above gives:

oy oy dy\? =
—W—l—v—ug:SL <1+<g) > . 4.2)

Steady state conditions have y = ¥ # f(¢), u = 0 and v = v, which leads to:

a_ 2 ]/2
S (H(&_D ) . (4.3)

In the perturbed state u = u’, v =vs +V' and ¥ = ¥+ y'. Substituting this into (2) gives:

_ / - / 7 N\ 2 1/2
_a(W+W)+vG+V/—u/M:SL 1+ M , 4.4)

19
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or

1/2
oy ;0w A+v)\°
— g, tvetv —u—=st 1+(T) : (4.5)

To linearise the RHS requires the approximation, for small 7':

fz+d) =~ f(2)+ d](;(;) Z, (4.6)
where
fo)=1+2)" @4.7)
Therefore
Fat+d)~(1+22)"7 + mz . (4.8)
Thus

12 RN Iy /
(”(W) ) ~ <1+(‘9_"’) ) + x A
X dx
(1+(

_ _ 1/2 oy
oy’ L A% > oy’
T tretvougy =\t e ) ) 2o |0 ¢
<1+(

or, using the steady state result:

/ - A

ay' 0y SLgyx ay’
_ 81‘ —|—V—Mg— all_/ 5 1/2 ax N (411)
<1 + (W >
and hence:
oy’ oy’
allr/ _5 ali — v+ B |. 4.12)
Where we note that —%—‘)’;’ = B > 0, the ratio of flame length to flame width, and define:
Sp = B 4.13)

20
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We prescribe the following continuity-obeying velocity perturbations:

, KSte,

u=-— ; xcos(St(Ky—1)) ; (4.14)
V = egsin(St(Ky—1t)) . (4.15)
Substituting these into (4.12):
oy’ oy’
allr/ 5 a"’ — eqsin(St(Ky — 1)) — KSteaxcos(St(Ky —1)) . (4.16)
X
This PDE is of the form:
Yy’ oy’
—W—S_L i = aj sin(t 4 b) + axcos(wt +b) , 4.17)
ot ox
where a; = —e,, ap = —KSte,, ® = St and b = —StKy. As this PDE is linear, we can

separate the solution Yy’ = y| + y?:

y; _dy; . '

5, Lo, = a;sin(@t+b) ; (4.18)
y, _dy,

5 5L, = apxcos(wt +b) , (4.19)

and consider these problems individually. We now tackle PDE (4.18) by applying the Laplace
transform to both sides, noting that x and y remain parameters when the Laplace transform is
taken over variable . PDE (4.18) becomes:

d¥’ ssinb + wcosb
v — t=0)—5— =
sW) — v (x, ) — 5L F 2 + @2

(4.20)

using standard results. We note that the initial condition for | is y|(x,# = 0) = 0. This

leads to: o - )
Syt 1 ap ssinb + @cos
= —— . 4.21
SL 1t dx ST, 52 + w? ( )

This is solved using the integration factor exp(—sx/5z):

d, _. /- ap ssinb+wcosb ___ /-
Gl = e (4.22)

e*S)C/ASTLlI,/l — _@Ssinb—i— (DCOSb /esx/STde (4.23)
SL 52 + >

21
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oy = 4158Inb+ 0 cosh {—5—%—“/ Sy C] (4.24)
ST, $“ 4+
or: _ B
= ASSNbFOCOSh IS i) (4.25)
! ST, 52+ w? )
Using the initial condition ¥} (x = R, y,s) = 0 results in:
p =2 SSinl;Jr wEOSb {S—L _ 5L (k=) S'L} (4.26)
SL. Rl ol () s s
ssinb+ wcosh .
N7 [ — —S<R—X>/SL] 427
1=a s(s? + @?) ’ (4-27)
which is of the form:
W =Fi(s) —e “F(s) . (4.28)
This implies a solution of the form:
‘I/{(xvyut> - fl(-x7yat) _fl (-xayut _C)H(t _C) ) (429)
where ¢ = Rs_—:x and H (1 — ¢) is the Heaviside step function:
1 t>
H(t—c)= { =€
0 t<c
and f is found to be (see appendix 7.1):
f1(t) = %(cosb —cos(wt +b)) . (4.30)
We next tackle PDE (4.19):
o, oV,
;:2 -5 a‘l’z = ayxcos(wt+D) .
x
Applying the Laplace transform to both sides:
_d¥ scosb — wsinb
s, — yh(x,t =0) -5 dx2 S R s (4.31)
This leads to: . b b
s az scosb — wsin
N\ 7/ 2 __ 2= 4.32
ST, 2+ dx ST, s2 4 w? * ( )

22



4.1 Linear Perturbation Analysis of the G Equation Model

which is again solved using the integration factor exp(—sx/5p):

d sy a scosb—wsinb _ /-
e T #33)
e—sx/fL\P/ — _Cf_QSCOSb - (DSlIlb xe_sx/Ede (4.34)
2 ST 52 + w?
. _ ~\2

oS/ — _‘j_zscosf— “’;mb [_S_Lxe—sx/si _ (S_L) eSS 4 ¢ (4.35)

SL. s+ s N

) _ -\ 2
W, = _cj_zscosé)— a)251nb [—S—Lx— <S_L> 1 CeS/ (4.36)

SL. Rl o () s s

The initial condition W) (x = R, y,s) = O results in:

, ap scosb — @wsinb ST, ST, 2 ST, S 2 —s(R—x)/5
Y, =—— ——x——=) +| =R+ —= e L (4.37)
5. 82+ w? s s s s

W, = aZSCOSb_ wsinb [E (f _efs(fo)/s-L)
s \R

(4.38)
+2 (1 — ¢ SR/ SL) ] ,
s
which is of the form:
W, =F(s)(x/R—e )+ F(s)(1—e™ ). (4.39)
This implies a solution of the form:
X
ll// (X,y,t) :_fZ(xayvt) —fz(X,y,t - C)H(t - C)
2 R (4.40)
+f3(x7yat) _f3(x7y7t _C)H(t - C) )
and f, and f3 are found to be (see appendix 7.2 and 7.3):
arR . .
fa(t) = ?(sm(a)t + D) —sinb) ; (4.41)
fa(t) = aj)—szL(cosb—wtsinb—cos(a)H—b)) : (4.42)
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Transients in the G Equation Model

The overall solution is then:
4!
Y za(cosb —cos(wt + b))

1 %(sin((ot +Db) —sinb)

arsy,

+ —5-(cosb — ot sinb — cos(ot + b))
w
« (4.43)
— E(COSb —cos(w(t—c)+Db))H(t —c)
_ %(Sin(a)(z‘ — &)+ b) —sinb)H(t —c)
arsy,

— 7 (cosb—@(t —c)sinb —cos((t —c) + b)) H(r —c) .

To see why this solution is transient, we note that at any point on the flame surface where
R—x.
< T

v z%l(cosb —cos(wt + b))

+ %(sin(wt + D) —sinb) (4.44)

+ a(j)—szL(cosb — otsinb —cos(wt + b)) ,

whereas at any point on the surface where # > Rs_—zx, the solution is:

v :a—(;(ge's’b’— cos(@t + b))

+ %(sin((vt + D) —sinb)

+ @(M—MITE— cos(wt + b))
aoi) (4.45)

v :a—al(cos(a)(t —c¢)+b))—cos(wt+b))
n %(xsin(a)t +b) — Rsin(o(t — ¢) +b) + (R—x)sinb) (4.46)

+ a;—szL(cos(a)(t —c¢)+b)— wcsinb —cos(wt +Db)) ,
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4.2 Evidence of Transients and Implications for the EnKF Method

which is different to the initial oscillation in (4.44). (4.46) applies everywhere on the flame

surface after a time ¢ > g, which is when the system has reached its limit cycle.

4.2 Evidence of Transients and Implications for the EnKF
Method

As predicted by the linear perturbation analysis, for any given set of model parameters,
transients are indeed found in the LSGEN solution, as shown in figure 4.1. This happens
with both pinned and floating boundary conditions at the burner lip. Furthermore, if the
parameters of the model are varied at any point in the simulation, transients reappear until
the system reaches a new limit cycle for this new set of parameters. This same behaviour is
confirmed using the MATLAB solver, as seen in figure 4.2.

00 0 400 400
350 30 350 30
300 30 30 30
250 250 250 250
200 200 200 200
150 150 150 150
100 100 100 100
50 50 50 50
3 o 3 3

o 200 00 600 800 13 200 0 600 800 o 200 400 600 800 o 200 400 600 800

(a)t=0.1T (b)t=05T (c)t=08T dt=T

Fig. 4.1 One cycle of the transient nature in the LSGEN solution.

The implication of this fact is that when using the EnKF method, one must either study
cases for which the transients are very short-lived, or the data assimilation process must be

slowed down to allow for the transients to die away.
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Transients in the G Equation Model

1.4 T T T 1.4

—— MATLAB Solver
O LSGEN i

0.4

021

1.4 : : = : : 1.4 .

1.4 — T . 1.4

0.8

0.6

0.4

021

Fig. 4.2 MATLAB solution (blue solid line) to the G equation flame model with parameters
R=1.335,8=13.2,5t =40,K =0.5 and ¢, = 0.03. The LSGEN solution (red circles) is
superposed onto one half of the MATLAB solution for comparison. Note that only the G = 0
contour is shown, and the plots are scaled vertically by 1/B. A long-lasting transient can be

seen, with period of 0.3 seconds.
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Chapter 5

Proposed Alternative to EnKF using
Limit Cycles and Bayesian Inference

5.1 The GMRES Method

The generalised minimal residual (GMRES) method is an iterative technique used to solve for
X in linear algebraic problems of the form Ax = b [20]. The method is said to be "matrix-free"
because although A is assumed invertible, its inverse is never calculated. Instead, GMRES

uses successive matrix-vector products to define a n-dimensional Krylov subspace:
K, = K,(A,b) = span(b, Ab, A’b,... A" 'b), (5.1

from which a vector x,, € Kj, is found which minimises the residual r,, = Ax,, —b. It achieves

this by first using the Arnoldi method on K, to find a new matrix

which is an orthogonal reduction of A to Hessenberg form. H,, is then used in a small least

squares minimisation problem whose solution y,, yields an estimate for x, = Q,y,,-

5.2 Finding Limit Cycles with GMRES

Finding a limit cycle of the flame system described with a given set of parameter values
amounts to finding a state vector Y of positions on the flame surface (zero contour) to which
the system returns after a known period, 7. An iterative Newton method is used whereby

an initial guess is made for a state Y(0). The resulting end state Y(7') after a time r = T is
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Proposed Alternative to EnKF using Limit Cycles and Bayesian Inference

found and the residual r = Y(0) — Y(T') is calculated. The Newton method then gives the
correction 8Y to be added to the initial guess in order to reduce the residual. This process
is repeated until the residual reduces below a threshold. One step of this method can be

expressed as
JoY=—r (5.3)

where the J is the Jacobian. This is of the form Ax = b, and can be solved with GMRES.
This converges to a state Y on the limit cycle as well as the period 7.

5.3 Bayesian Inference for Model Selection

Our aim is to find the probability that a given model M(0), parametrized by a vector 8 of p
parameters 0; (i = 1 to p), gives rise to the observed d-dimensional state (data) vector Y ,p;.

To do this, we first consider the probability that a given model produced the ith observed

state Yg’gs:
p(M(0)[Y,,) (5.4)
Using Bayes’ rule:
()
i Y |M(@O)pM(O
p(1(6) 1)) = P YoMt (),.))p( 9) (5.5)
p(YObS)

which, assuming a uniform prior p(M(0)) = 1/m over m models leads to:

P(M(8)|Y,p5) = Cy p(Y)

obs

M(8)) (5.6)

where Cj is a constant.

We assume the observed state undergoes a simple additive noise stochastic process:

Y, =Y} g + WN(e*") (5.7)
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5.3 Bayesian Inference for Model Selection

(i)

where Y M(0) is the model predicted state and WN(O'Z(i)) is a white noise vector with variances
2" Using this equation, the probability that a state Yglg , arose due to model M(0) is:
YY) 1m(6)) = p(Y") [Y) 5.8
_ (i) i
= N(YM(O),A( ) (5.9)
_ Ly _y@ \TAG oyl _ )
T (=305~ Yie)"AY (Y, = Y}00))  (5.10)

Ly v \TAG y@) )
= Coexp (= 5 (Yo, = Yiig)"AD (Y0 ~ Vi) (5.11)
where A" is the diagonal noise matrix:
A =g 7
0 JF#k

The likelihood of all the data given the model is then:
p(Yy5.1M(8)) = p(Yy1. Vi, . Yo M(0)) (5.12)
= [Tp(YS,1M(8)) (5.13)

n 1 i i i~ i i
= 3 Texp (= 5(Y0, — i)"Y (Y0, - Y0p))  514)

" 1 i i i)~ i i
= Chexp (—3 LY, — Yo )"AY (Y0, Y1) 519)

i

— Clexp <—WSSE(M(6))> (5.16)
where WSSE (M (0)) is the weighted sum of squared errors under model M(0):

1 i i i)t i i
WSSE(M(8)) £ 3 Y (Y, — Yy A (Y0 — ng(o))) (5.17)

i

The posterior probability of the model given the data is then:

p(M(0)[Y'™) = Cyexp <—WSSE(M(0))> (5.18)

obs
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Proposed Alternative to EnKF using Limit Cycles and Bayesian Inference

where C3 = CC} is a constant. C3 can be found by the requirement that p(M () \Y(IZ")) be a

obs

valid probability distribution i.e:

Y p(M(O)Y") =1 (5.19)
M(0)
which leads to: i
Cs = (5.20)
Eu(o)exp (— WSSE(M(8)))
and finally:
. O (- wssEM(8)))
p(M(0)|Y,,, ) = (5.21)

¥ 11(6) €XP ( . WSSE(M(O)))

This states that the probability that a model M(6) gave rise to the d observed data points in
(i)
state Y

bs 18 @ weighted function of the weighted sum of squared errors, WSSE.

5.4 Parameter Estimation using Bayesian Inference and

Limit Cycles

The observed data set Y(()Zs") comprises n frames of one cycle of the pre-processed PLIF

data. This is compared to the model prediction data set Y](é:(’;))

of one cycle of a limit cycle, beginning at the same phase of the cycle as the observed data

which comprises n frames

and taken at identical time intervals. The WSSE is calculated by estimating the noise C)'l2
of each observed data point in the state vector YE}Z . and finding the distance of this point to
the closest point on the 0 contour of the G field. This is done for a set of models each with
different parameters, and the model with the least WSSE is selected to give the best guess of

the system parameters.
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Chapter 6

Conclusions and Programme of Further
Research

This report has introduced the aim of creating a physics-informed, data-driven model of
a flame using data assimilation. The open-source data set, provided by the United States
Air Force, consists of noisy images of part of a turbulent flame downstream of a Volvo
burner. Due to this turbulence, the parameters used in the G equation model of the flame
vary in time. The ensemble Kalman filter (EnKF) technique to estimate these parameters
was shown to require the transients in the model to dissipate, which takes time. Instead,
an alternative approach to the EnKF technique is proposed which uses Bayesian inference
over (transient-free) limit cycles of the system calculated by a generalised minimal residual
(GMRES) method to estimate the model parameters.

The next steps will involve using the Bayesian inference and limit cycles approach for

parameter estimation in three different cases:

1. estimating the parameters of a bunsen flame through the twin experiment (input data set

is the output from a separate LSGEN solution with known parameters to be estimated);

2. estimating the parameters of a bunsen flame from experimental images taken at suffi-

ciently high frequency;
3. estimating the parameters of the Volvo burner flame data set.

This will involve merging limit-cycle calculating GMRES code written by I. Waugh with
the LSGEN code, followed by writing code to perform the Bayesian inference to estimate
the parameters. This is expected to be completed by the end of Michaelmas 2019. Some
additional data pre-processing will be necessary to extract flame surface data from the

LSGEN solution and from the experimental images of a bunsen flame. The proof-of-principle
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Conclusions and Programme of Further Research

exercises (1. and 2. above) are expected to be completed by Easter 2020, with exercise 3.
expected to be completed by the end of the summer. Assuming satisfactory results from these,
better ridge detection algorithms will be investigated, including the use of convolutional
neural networks. If these out-perform the current Hessian-based approach, these will be
implemented in Michaelmas 2020. At the same time, the United States Air Force will be

contacted for additional data in the hope that these will validate the model predictions.
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Chapter 7

Appendix

7.1 Finding f;(z), the inverse Laplace transform of F(s)

Thus:

7.2

ssinb + wcosb

Fi(s)=a s(s2+a)2)
sinb wcosb
“N9 w2 +a1s(s2+a)2) (7.1)
_aisinb ajcosb (1 S
0 s+ ? ® (E_s2+a)2>
fi(t) = a1sinb sin of + - COSb(l —Ccos @t)
© (7.2)

= a—a;(cosb —cos(wt+b))

Finding f>(¢), the inverse Laplace transform of F(s)

scosb — wsinb

F>(s) = aaR S(S2 n 602>
cosb wsinb
=az Zra? az m (7.3)
_ aRcosh  © asRsinb (1 Ky
T 0 240’ o (E_s2+w2)
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Appendix

Thus:

arRcosb . arRsinb
= ———sinwt —

fa(t) (1—cosmt)
(7.4)

R
= %(sin(a)t +b) —sinb)

7.3 Finding f;(7), the inverse Laplace transform of F;(s)

scosb — wsinb
F (s) = asSy,

52(s2 4+ m?)
_ cosb _ wsinb y
=S, ————— — S5~
i+ w?) R8P+ 0?) (7-5)
_axSpcoshb (1 s aspsinb [ 1 1
B w? s 824+ w? () 2 24+ w?
Thus:
3 b §7.sinb 1
fa(t) = m(l —cost) — w(t — —sinr)
Q] w w
B (7.6)
. ansy,

= ?(cosb — otsinb —cos(wr + b))
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