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Abstract

The tools developed for performing shape optimisation and linear stability analyses are
presented.

The shape optimisation tools are demonstrated on two problems - mixing of a scalar
field in a laminar flow and minimisation of the viscous dissipation within a domain. The
Hadamard structure of the gradient and its use in determining which regions of the shape
are sensitive to changes is highlighted. A method for constraining the area of the shape via
projection of the search direction is implemented.

The linear stability analysis tools are used to examine the stability of the flow past a
cylinder and an axisymmetric disk. The shapes of the unstable modes compare favourably
with the literature. A resolvent analysis is also performed and the pseudospectrum for
the cylinder flow generated. The use of this pseudospectrum in exploring the difficulty of
targeting certain eigenvalues in an optimisation routine is discussed.

The shape optimisation and stability tools are then combined in order to demonstrate the
use of perturbation growth rate as an objective function. The shape gradient information
is used to find the aspect ratio of an ellipse that gives marginal stability. A less restrictive
parametrisation is then used in order to demonstrate the problem arising from a lack of
smoothness of the shape gradient.

Finally the stability of the flow over a rotating cylinder is examined in order to demonstrate
how the tools developed can be quickly used for other optimisation problems when stability
forms part of the objective function.
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Motivation

Theoretical advances and the ready availability of computing resources have made computa-
tional fluid dynamics (CFD) usable as a design tool. Instead of using ’rules of thumb’ and
subsequent refinement to develop geometries of aircraft wings or turbomachinery, shape
optimisation can be used to focus in on a design that maximises a performance criterion
whilst satisfying the design constraints.

Whilst several modern CFD packages such as Ansys Fluent now have built in shape
optimisation tools, they are often restricted to simple objective functions such as lift or drag.
More complex objectives such as the stability of the flow or the mixing of an advected scalar
field are beyond the reach of these solvers.

The stability of a flow can be an extremely important objective. The presence of an
instability could cause the flow to transition to a different state when a control parameter is
varied. This new state may have fundamentally different and undesirable properties such
as unsteadiness, increased aerodynamic noise or an increased pressure loss. Targeting the
stability of the flow by ensuring that any infinitesimal perturbation decays with time provides
protection against this. Altering the geometry to achieve this aim results in a design that is
physically simpler to implement than achieving it via motion of the surface of the shape or
via blowing and sucking along the surface.

Stability can also be used as a constraint rather than the end objective. Suppose a duct
has been optimised for a certain objective using a steady solution of the governing equations.
If an instability is present this steady state may never be witnessed and an unsteady state that
performs poorly may occur instead. If one constrains the flow to be stable then this problem
will not arise.

The number of control parameters in a shape optimisation problem can range from a
few parameters describing the general shape to the coordinates of each vertex that makes
up the surface. When faced with such a large number of parameters an efficient means of
calculating the gradient of the objective function is required. A method known as the adjoint
approach provides an extremely efficient way of doing this.
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The end goal of this PhD is to develop the tools required to perform shape optimisation
with stability as an objective function and then apply this to a cyclone separator. Cyclone
separators use a highly swirling flow to separate out dust particles. They are susceptible to
a flow instability which causes the core of the vortex to precess. This precession reduces
performance and is the cause of a considerable amount of unwanted noise. In view of this
end goal work has been done on implementing an axisymmetric solver and optimisation of
an objective function based on a scalar field, a possible proxy for a modelling the separation
of dust particles.



Chapter 1

Background

1.1 Shape optimisation

1.1.1 Historical overview

The use of computational fluid dynamics (CFD) as the basis of design methods first began
with inverse methods. One of the first such methods was Lighthill’s conformal mapping
of potential flows to generate an aerofoil with a specified pressure distribution [20]. These
methods are limited as they require advanced knowledge of what the optimal flow field most
look like. For example, if one were use Lighthill’s method to maximise lift the user would
have to know the optimal pressure distribution in advance. Not only must the user be able to
work this out, they require that such a pressure distribution can be physically achieved.

Shape optimisation overcomes these problems by trying to minimise a cost functions set
by the user instead of directly targeting a specific flow state.

Shape optimisation problems take the general form:

Find min
Ω∈D

I(q,Ω)

subject to S(q,Ω) = 0 (1.1)

In the above, I represents a cost function based on the state, q, and the domain, Ω, that is
to be minimised. Ω is taken from a set of admissible domains, D, that define the geometrical
constraints. The state, q, is a function of Ω and is implicitly defined by S, the system of partial
differential equations (PDEs) and boundary conditions. Ω is parametrised by the design
variables, Ω = Ω(a). The design variables are given by a = ∑

K
k=1 akek, where ek is a basis

for the design space and K represents the number of design variables. The number of design
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variables may range from a few control points all the way to the coordinates of every point
on the surface. If every surface point is free to move then the shape optimisation problem is
termed parameter-free otherwise it is referred to as parametrised and the parametrisation of
the shape must be specified.

Gradient-based methods are particularly efficient at finding local minima by using gra-
dient information to calculate a search direction. For aerodynamic shape optimisation,
gradient-based methods were fist used by Hicks, Murman and Vanderplaats[12] where 2D
airfoils were examined using a transonic potential flow code. Hicks and Henne then extended
this technique to full wing design[11]. The techniques developed here used finite differencing
(1.2) to approximate the gradient. This is computationally expensive and requires K + 1
solutions of the state equation.

dI
dak

≈ I(q(a+ εek) ,a+ εek)− I(q(a) ,a)
ε

(1.2)

1.1.2 Efficient gradient evaluation

The finite difference has two key problems:

1. S typically represents a solution of non-linear problems that are expensive to solve

2. The form of (1.2) is very sensitive to the choice of ε [28]. Too large a value gives a
poor approximation of the gradient and too small a value causes large floating point
errors due to the subtraction of two very similar terms in numerator

The ε dependency was resolved by the introduction of the complex-step method [23],
(1.3).

dI
dak

≈ Im
(
I(q(a+ iεek) ,a+ iεek)

ε

)
(1.3)

The complex-step method, in addition to requiring K +1 solutions of the state equation,
mandates the use of a complex solver. It’s accuracy at small values of ε made it a commonly
used tool in the validation of other methods of obtaining the gradient in early work.

A potentially faster approach can be made by using the chain rule to express the derivative
of the cost function and state equations

dI
dak

=
∂I

∂q
dq
dak

+
∂I

∂ak
(1.4)

0 =
∂S
∂q

dq
dak

+
∂S
∂ak

(1.5)
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A single solution of the state equation is required followed by K solutions of (1.6), the
sensitivity equations. The sensitivities dq

dak
are then substituted into (1.4) in order to get the

shape gradient. As the sensitivity equations are linear and it is the same operator being
inverted each time, this can often be more convenient than solving K non-linear systems[3].

dq
dak

=−
(

∂S
∂q

)−1
∂S
∂ak

(1.6)

The most efficient method for calculating the gradient extends the above and is known as
the adjoint method.

1.1.3 The adjoint method

Inspired by the methods of optimal control developed by Lions[21], adjoint methods were
introduced as a means of calculating the gradient much more efficiently. Piornneau used
adjoints to find the minimum drag profile of a shape in Stokes flow[34] whilst Jameson used
them for optimisation of aerodynamic surfaces [14] with both governed by both the Euler
equations and the compressible Navier-Stokes equations.

The adjoint method uses Lagrange multipliers to convert the constrained optimisation
problem in to an unconstrained one. An augmented function L is defined with Lagrange
multiplier, p, and an appropriate inner product ⟨., .⟩.

L= I−⟨p,F⟩ (1.7)

A variational method is then employed by treating q, q and a as independent variables,
The optimality point is found by setting variations with respect to q,a and p to zero. The
variation with respect to p yields the state constraint whilst the variation with respect to q
leads to the adjoint equation, (1.8).

∂I

∂q
−
(

∂S
∂q

)†

p = 0 (1.8)

In the above, the definition of the adjoint of a linear operator L, equation (1.9) has been
used where † indicates the adjoint.

⟨u,Lv⟩= ⟨L†u,v⟩ (1.9)

The gradient with respect to the design parameters is then found by taking variations with
respect to the design parameters to get equation 1.10.
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dI
dak

=−
(

∂S
∂ak

)†

p+
∂I

∂ak
(1.10)

In the literature p is termed the adjoint state or co-state. The adjoint equation is linear and
specific to the objective function. In order to evaluate the gradient we require one solution
of the state equation, one solution of the adjoint equation and then K evaluations of (1.10).
The ∂I

∂ak
term is often known analytically and the only difficulty that may arise is with the

so-called grid sensitivities, ∂S
∂ak

.
The grid sensitivities represent how the residual changes as points in the mesh move.

The motion of the points on the surface of the deforming shape is well known and can be
derived analytically based on the parametrisation of the shape. The motion of the interior
points within the mesh depends on how the mesh is generated and can present a problem.

For structured meshes with an analytical expression for the location of the mesh coor-
dinates then an analytical from for the grid sensitivities can often be found. This was the
approach used by Jameson’s early work with structured body-fixed meshes[35, 28]. The
method for finding the grid sensitivities often depends on whether the adjoint method is
applied to the governing equations before or after they have been discretised.

The discrete adjoint

Applying the adjoint method to the discretised equations leads to the discrete adjoint approach.
Discretisation leads to the state variable being represented by a finite dimensional vector and
the linear operators being represented by matrices.

The appropriate inner product becomes the complex dot product and the adjoint of an
operator becomes the conjugate transpose of its matrix representation. For certain solvers
such as finite element solvers this allows the adjoint state to be found very quickly as the
matrix representation of the linear operators are normally calculated when solving the state
equations.

The key advantage of the discrete adjoint is that the gradient it produces is consistent
with the discrete system[28]. Given a level of refinement, h, of the mesh then the discrete
adjoint method finds dIh

dak
, the exact gradient of the approximate objective function, Ih. This

is referred to as consistency of the gradient. If the gradient is inconsistent then difficulties
may arise in constrained optimisation problems [19].

In the discrete case the grid sensitivities require the derivative of the discretisation. If
they haven’t been eliminated analytically they can be calculated by:
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1. Finite differencing - for each ak the mesh is perturbed whilst keeping the value of the
state at each vertex the same. The new residual field is calculated and this is then used
to estimate the grid sensitivity. For large meshes this may be extremely expensive

2. Automatic differentiation[47] - the source code itself is differentiated and so the exact
derivative of the discretisation with respect to each ak is found. This requires access to
the source code and is difficult to implement.

3. Grid displacement model[31] - the mesh is modelled as a linear elastic solid and the
approximate displacement is calculated based on the solution of this. To make this
process efficient the adjoint method may be applied to this displacement model as well

4. Freezing of interior points - the motion of interior points in the mesh is neglected. This
method is computationally cheap but eliminates the advantage of the discrete adjoint
approach

The continuous adjoint

Applying the adjoint method directly to the governing equations leads to the continuous
adjoint approach. This approach is inconsistent with the discrete system, providing an
approximation to the gradient of the exact objective function,

(
dI
dak

)
h
.

For the continuous adjoint approach the relevant inner product is normally taken to be:

⟨p,q⟩=
∫

Ω

p(x)∗.q(x)dΩ (1.11)

The governing equation and boundary conditions of the adjoint is then found by successive
applications of the divergence theorem. For flow problems the resulting adjoint equation
has a similar form to the original governing equations except with the sign of the advection
term reversed[37]. These equations have the advantage that, with a finite volume or finite
difference solver, they can be solved using the same method as the direct system except
with time-stepping now going backwards in time instead of forwards. For this reason the
continuous adjoint framework has been very popular and developed extensively [29, 41].
Formulating the continuous adjoint can be difficult and has proved problematic for turbulence
models, especially those with wall functions and so until recently the discrete adjoint approach
has chiefly been used for turbulent flows.

The interior contribution to the grid sensitivities still remains in the formulation of the
continuous adjoint problems and the methods used to find them for the discrete adjoint
approach all apply here. Early authors noted[16, 32], however, that the interior contribution



1.1 Shape optimisation 8

could be eliminated by application of the divergence theorem. The expression for the shape
gradient can then be arranged as a single surface integral over the shape being optimised.
This is the product of a result from shape calculus - the Hadamard structure theorem[6]. The
theorem states that for a displacement vector, Vk, associated with parameter ak then after
a certain amount of manipulation gradient can be expressed in the form of (1.12). If the
gradient is expressed in this form then it is said to be in Hadamard form.

dI
dak

=
∫

Γ

⟨Vk, n̂⟩gdΓ (1.12)

The Hadamard structure, g, can be used to calculate the value of dI
dak

for each ak or can
even be used to update the surface directly when using a parameter free approach. In sections
A.1 and A.3 we derive the Hadamard form for two different optimisation problems.

It is worth nothing that the Hadamard form is derived in the continuous limit. For
particularly coarse meshes then a more accurate gradient may be obtained by dealing with
the interior points in the same manner as the discrete adjoint [18].

Admissability

It has been noted that for certain objective functions (1.8) cannot be solved. This occurs only

in objective functions based on boundary integrals and arises because the operator
(

∂S
∂q

)†

may not put appropriate terms on to the boundaries that are able to eliminate the boundary
terms of ∂I

∂q . Such objective functions are termed inadmissible.
A problem can be made admissible either by adding auxiliary boundary condtions [1] or

by posing the adjoint governing equations in the weak form[19]. This would suggest the use
of finite elements as a spatial discretisation as they work directly with the weak forms of the
governing equations.

1.1.4 Shape calculus

Shape calculus is the rigorous way of deriving the Hadamard form for the gradient. It’s
origins are discussed in [8] and recent developments have been driven predominantly by
Zolesio and Delfour [6].

Shape calculus introduces a perturbed domain Ωt defined by the bijective mapping:

Tt(Ω) := {Tt(x) : x ∈ Ω} (1.13)
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There are two chief methods for defining Tt - the peturbation of the identity and the
speed method. Both approaches agree for first order shape derivatives but disagree for higher
derivatives [38]. The perturbation of the identity is defined in equation (1.14).

Tt [V](x) = x+ tV(x) (1.14)

The shape derivative in direction V is then defined as:

dI[V] = limt→0
I(Ωt)− I(Ω)

t
(1.15)

We examine only objective functions such as (1.16). Objective functions whose form is a
surface integral over the deforming shape are much harder due to difficulties in evaluating
the behaviour of the surface normal during the deformation of the shape [38].

I=
∫

Ω

F(q)dΩ (1.16)

The shape derivative of such an objective function, where Γ0 indicates the region of the
surface being deformed, is[39]:

dI[V] =
∫

Ω

∂F
∂q

q′dΩ+
∫

Γ0

⟨V, n̂⟩FdΓ (1.17)

where
∂S
∂q

q′ = 0 in Ω (1.18)

q′ =−⟨V, n̂⟩∂q
∂n

on Γ0 (1.19)

The sensitivity system is given by (1.18) and (1.19). It is this system that we get the
adjoint operator of in order to derive the governing equations for the adjoint state.

By choosing the adjoint governing equations to eliminate q′ and substituting in (1.19)
where possible we can find any admissible objective function in Hadamard form.

1.1.5 Parameter free optimisation

For parametrised problems the Hadamard form can be used to evaluate dI
dak

. For each ak we
calculate the displacement field Vk and integrate over the surface.

Alternatively the Hadamard form could be used as to directly update the shape by
applying the displacement field −βgn̂. This approach is used in parameter-free approaches.
It can be shown, however, that the Hadamard structure lacks the smoothness of the original
shape[26]. This results in a loss of smoothness and smoothing methods such as the traction
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method[2] or Sobolev smoothing[15] are required in order to maintain the regularity of the
shape. This is often not a problem for parametrised shapes as the parametrisation can be
chosen to guarantee their smoothness.

1.1.6 Current state of the art

Besides a steady stream of new applications, recent research in shape optimisation has
focused on three fields:

1. Turbulence modeling[48, 49] - continuous adjoint formulations for turbulence models
and wall functions have recently been developed. Previously these problems required
a discrete formulation and so couldn’t take advantage of the Hadamard form.

2. Shape Hessian[40] - it has been shown that the shape Hessian has a similar Hadamard
like structure as the shape gradient[5]. Knowledge of the Hessian would allow faster
convergence and can be used to develop new preconditioners. Difficulties arise however
when trying to use the shape Hessian with standard optimisation algorithms as the
Hessian is usuallys not symmetric.

3. Automatic differentiation [27],- this eliminates the difficulties in finding the grid-
sensitivities for the discrete adjoint formulation through direct differentiation of the
source code.

New fields of shape optimisation are beginning to emerge as well. These include topolog-
ical optimisation, done by allowing the porosity of regions of the mesh to change[33] and
robust optimisation where geometric certainties are introduced into the formalism[36].

1.2 Stability analysis

The objective of this PhD is to combine the above shape optimisation framework with a
linear stability analysis. A brief overview of both global and resolvent analysis is covered
here.

1.2.1 Global analysis

The incompressible Navier–Stokes equation, (1.20), is perturbed about a steady state, ub

through (u, p)→ (ub + εu′, pb + ε p′).

∂u
∂ t

+(u.∇)u+∇p−ν∇
2u = 0 (1.20)
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At order epsilon we get the governing equation of the perturbation

∂u′

∂ t
+(u′.∇)ub +(ub.∇)u′+∇p′−ν∇

2u′ = 0 (1.21)

Global modes [17] are found by looking for solutions of the form

(u′, p′) = (û, p̂)(x,y)e(σ+iω)t (1.22)

In (1.22) σ is the growth rate of the global mode whilst ω is its frequency. Substituting
this Ansatz into (1.21) leads to the generalised eigenvalue problem:

A

(
û
p̂

)
= sB

(
û
p̂

)
(1.23)

A =

(
((.).∇)ub +(ub.∇)(.)−ν∇2(.) ∇(.)

∇.(.) 0

)
(1.24)

B =

(
−1 0
0 0

)
(1.25)

s = σ + iω (1.26)

If any of the eigenvalues have a positive real component these are referred to as un-
stable global modes. As the time tends to infinity these unstable perturbations will grow
exponentially.

1.2.2 Resolvent analysis

If no unstable global modes are present then the perturbation will decay to zero as the
time tends to infinity. In finite time, however, there may be some amplification due to
non-normality of the eigenvectors[46]. This is the case for flat plate boundary layers[43].

As opposed to examining the behaviour of the flow when a perturbation is applied, the
resolvent analysis applies a harmonic forcing at order ε to the governing equations.

(u.∇)u+∇p−ν∇
2u = εf (1.27)

Looking for harmonic responses with a zero growth-rate, we can use a prolongation
operator, P, to express them in the form



1.3 Combining shape optimisation and stability analysis 12

û =C(ω)f̂ (1.28)

where C(ω) = PT (iωB−A)P

The singular values of this give the amplification of the forcing. By decomposing f̂ into
its leading singular modes a series of optimal forcings and responses can be found. The
singular values give the amplification of the response corresponding to each forcing. By
sweeping through the frequency of the forcing the optimal frequency for forcing the system
can be found. For systems governed by normal matrices this frequency will coincide with a
direct global mode. If there is a large degree of non-normality the resonant frequency may
be a long way from any mode present in the spectrum.

1.3 Combining shape optimisation and stability analysis

Few authors have combined shape optimisation and linear stability analysis.
Marquet et al. [24] used adjoint methods to find how the growth rate of an unsteady

global mode responds to a forcing in the base-flow. This was then used to find the optimal
position for a small control cylinder in order to suppress vortex shedding.

At about the same time Strauss and Heuveline [45, 10]examined shape optimisation for
hydrodynamic stability of a cylinder. They examined the use of perturbation growth rate
as both an objective function and a constraint. Their approach, however, relied on finite
differencing and the use of a bionic algorithm.

The only group to have published on a gradient-based method for shape optimisation using
the adjoint method to efficiently calculate the shape gradient are Nakazawa and Azegami [30].
In their paper they examine optimisation of a suddenly expanding duct. A flow instability
whereby the flow will suddenly switch to a new steady state and attach to the wall is present
in that configuration. They found that the addition of a small ramp eliminates this instability.

This group have also done work on shape optimisation of other eigenvalue problems such
as the resonant frequency of a brake disk[42] in order to suppress brake squeal.



Chapter 2

Computational methods

2.1 Finite elements with FEniCS

As discussed in the background text in section 1.1.3, a spatial discretisation using continuous
Galerkin finite elements is advantageous. This allows the governing equations of the adjoint
to be expressed in their weak form, eliminating the problem of inadmissable objective
functions.

The finite element package FEniCS[22] was chosen as it provides an easy to use Python
interface and has automatic parallelisation, enabling much faster development of the parallel
codes required for large scale optimisation problems. A large number of different element
types have been implemented by the developers and updates are released regularly. This
allows us to focus on implementing the shape optimisation code rather than having to develop
a finite element solver.

The Python interface allows many other useful packages such as scipy, numpy and sympy
to be used in conjunction with the solver. In addition Python interfaces are available for
PETSc and SLEPc, two well known linear algebra and eigensolver packages for sparse
matrices. This allows greater flexibility than the interfaces provided by FEniCS alone.

One disadvantage of using FEniCS is its lack of support for complex matrices. These
occur when examining swirling flows finding the adjoint base-flow. For swirling flows i
now appears in the governing equations when a non-zero azimuthal wavenumber is used.
Complex terms also arise solving for the adjoint base flow because the complex eigenvector
of the stability problem now acts as a source term to the governing equations. This problem
has been resolved by separating out the real and imaginary parts of the governing equations
and solving the N equations simultaneously as a 2N ×2N matrix.
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2.1.1 Solution of linear systems

The finite element method produces a linear system governed by a sparse matrix.The direct
solver MUMPS has been chosen as the linear solver. MUMPS is a parallel code for the
solution of linear systems governed by large sparse matrices. MUMPS can be used through
the PETSc interface and so is available without needing to install additional packages.

Whilst direct solvers do not scale as well as iterative solvers such as GMRES, they don’t
require preconditioning of the problem. As the problems dealt with here are sufficiently
small, finding the appropriate preconditioner would entail additional development effort for
little gain.

2.2 Finding the base-flow

In this report a base-flow is considered to be any steady solution of the incompressible
Navier-Stokes equations. When performing an optimisation study the base-flow is the flow
about which we optimise. For a linear stability analysis the base-flow is the steady state we
apply the perturbation to.

Steady solutions are found using a Newton method with an initial guess of a uniform flow
with speed 1. For the laminar flow problems featured here this process typically converges
within ten iterations. For higher Reynolds number flows or for unusual shapes this process
may diverge. If the solution fails to converge within a a certain number of iterations, or
divergence is detected, then the Reynolds number is reduced by raising the viscosity. The
viscosity is then gradually reduced until the target Reynolds number is achieved, each time
using the solution of previous viscosity as the initial guess for the next viscosity.

2.3 Shape parametrisation

Whilst the end goal is to use a CAD-like parametrisation for geometries in order to allow
a fast transition between the optimisation and manufacturing stages of the design, other
parametrisations have been used in order to explore the behaviour of certain shape optimisa-
tion problems.

An automated code for calculating the required geometric properties has been developed
by combining a tensor based approach[9] with the symbolic algebra package sympy. Shapes
with large numbers of parameters or where there is a complex relationship between the end
shape and its control parameters e.g. a Joukowsky airfoil, can involve a large amount of
tedious and error-prone hand differentiation when deriving these properties by hand. The
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automated approach allows a range of different parametrisations to be used with minimal
additional development time.

The tensor derivation is given in appendix B but the method can be quickly used for any
2D shape that can be defined by a surface coordinate. The simplicity is demonstrated below
with a snippet of code for defining a Joukowsky airfoil.

from shape import Shape2D
import sympy as sp

c l a s s J o u k o w s k y A i r f o i l ( Shape2D ) :
def g e n e r a t e _ s h a p e _ e x p r e s s i o n s ( s e l f ) :

x0 , y0 , R , t h e t a = sp . symbols ( " x0 yo R t h e t a " )
s e l f . s u r f a c e C o o r d i n a t e = t h e t a

s e l f . params = [ x0 , y0 , R]
s e l f . x E x p r e s s i o n = ( x0+R* sp . cos ( t h e t a ) ) * ( 1 + 1 / ( ( x0+R* sp .

cos ( t h e t a ) ) **2 + ( y0+R* sp . s i n ( t h e t a ) ) **2) )
s e l f . y E x p r e s s i o n = ( y0+R* sp . s i n ( t h e t a ) ) * (1 −1 / ( ( x0+R* sp . cos ( t h e t a

) ) **2 + ( y0+R* sp . s i n ( t h e t a ) ) **2) )

The Shape2D class then automatically generates the derived fields and returns them via
the following calls:

g e n _ v e r t e x _ l i s t ( mesh )
g e n _ c u r v a t u r e _ f i e l d ( mesh )
g e n _ n o r m a l _ f i e l d ( mesh )
g e n _ d i s p l a c e m e n t _ f i e l d ( mesh , paramIndex )

The three parameters that govern the shape of the Joukowsky airfoil are the two centre
coordinates and the radius of the circle to which the Joukowsky conformal mapping is applied.
The automatically generated displacement fields for the three parameters are shown in figure
2.1.
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(a) Displacement field due to x coordinate (b) Displacement field due to y coordinate

(c) Displacement field due to radius

Fig. 2.1 Automatically generated displacement fields for a Joukowsky airfoil



Chapter 3

Shape optimisation results

Two shape optimisation problems were undertaken in order to demonstrate the progress made
in developing the relevant tools. The first involves minimising the viscous dissipation, a
proxy for drag, in the fluid around a shape. The second involves optimising a duct to increase
mixing of a scalar field.

3.1 Minimisation of viscous dissipation

3.1.1 Motivation

Minimising the drag of a body is a common objective for many engineering applications. As
discussed in the previous section, objective functions with the form of a surface integral over
the deforming shape are much more difficult than field integrals and can have the problem
of admissibility. The viscous dissipation within the domain is therefore taken as a volume
integral proxy to the drag. This leads to an objective function of the form:

I=
∫

Ω

2

∑
i, j=1

(
∂ui

∂x j

)2

dΩ (3.1)

3.1.2 Problem statement

The problem statement is given by
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Find min
Ω∈D

I(u,Ω) (3.2)

subject to: (u.∇)u+∇p−ν∇
2u = 0 in Ω (3.3)

∇.u = 0 in Ω (3.4)

u = u+ on Γ+ (3.5)

pn−ν
∂u
∂n

= 0 on Γ− (3.6)

u = 0 on Γ0 (3.7)

∂u
∂y

,v = 0 on Γ f ree (3.8)

Where Γ+, Γ−, Γ f ree and Γ0 represent the inlet,outlet, free-stream and optimising bound-
aries respectively. If there were no restrictions on D then the solution of the above would be
a shape of vanishing area. We therefore require that D is the set of all shapes with specified
area, A0, and appropriate smoothness. This constraint is enforced by a projection method
performed at each iteration.

The cross-stream thickness of the shape is allowed to vary and the viscosity is set to give
an initial Reynolds number of 50 in order to allow comparison with the stability problem of
section 5.2.

Γfree

Γfree

Γ+ Γ−
Γ0

u+

Fig. 3.1 Initial domain for the viscous dissipation optimisation problem.

3.1.3 Shape parametrisation and area constraint

The parametrisation of the shape is given by a Fourier series in polar coordinates, equation
3.9. This parametrisation provides an easy to implement orthogonal basis for the design
space and does not place excessive restrictions on the form of the final shape.
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r = a1 +

N−1
2

∑
n=1

a2n sin(nθ)+a2n+1 cos(nθ) (3.9)

To apply the area constraint, every iteration of the optimisation we project the search
direction onto the plane given by equation 3.10. This performs an area correction accurate to
first order. This is visualised in figure 3.2.

δA = A0 −Ai

O

dideal

dactual

g

dideal − g

n̂plane

Fig. 3.2 Correcting the area by a projection method. dideal is the ideal search direction for
the optimisation problem whilst g is the distance of the hyperplane from the origin. The
hyperplane is the set of all search directions that gives the first order area change δA. The
actual search direction is dactual = dideal − (dideal −g) .n̂plane.

N

∑
i=1

∂A
∂ak

δak = A0 −Ai (3.10)

The quantities ∂A
∂ak

are calculated by equation 3.11. This is a straightforward results found
by taking the domain volume as the objective function I=

∫
Ω

1dΩ.

∂A
∂ak

=−
∫

Γ0

⟨Vk, n̂⟩dΓ (3.11)

It must be noted that, in the initial state, the first shape derivative of the area is always
zero for the sine and cosine terms whilst the second derivatives are not. The first iteration
will therefore violate the area constraint due to a non-zero second order change in area. The
correction applied by subsequent iterations will eventually eliminate this.

3.1.4 Gradient evaluation and optimisation routine

Finding the gradient requires finding the adjoint base-flow λλλ . The governing equations are
derived in section A.1 and are found to be:
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ν∇
2
λλλ +∇λp +(u.∇)λλλ +(∇λλλ )T u = 2ν∇

2u in Ω (3.12)

∇.λλλ = 0 in Ω (3.13)

λλλ = 0 on Γ+ (3.14)

λλλ = 0 on Γ0 (3.15)

λpn̂+ν
∂λλλ

∂n
+ ⟨λλλ ,u⟩ n̂+ ⟨n̂u⟩λλλ −2ν

∂u
∂n

= 0 on Γ− (3.16)

The resulting expression for the gradient with respect to Vk, the perturbation field associ-
ated with ak, is given by (3.17)

dI[V ] =
∫

Γ0

⟨V, n̂⟩
2

∑
i=1

[
−ν

(
∂ui

∂x j

)2

+ν
∂λi

∂n
∂ui

∂n

]
(3.17)

Every iteration the base-flow and adjoint flow are found for the current shape. The ideal
search direction is then given by the steepest descent method:

dideal =−β

N

∑
i=1

dI[Vk]ek (3.18)

The quantity β is small and positive to ensure that the objective function decreases.
Before applying the update we use the method of figure 3.2 and project dideal to get the actual
search direction dactual .

3.1.5 Results

The optimisation program was run with both N = 65 and N = 49 from the same initial
configuration of a circle with unit diameter. The initial Reynolds number based on the
maximum thickness was 50.

The projection method for satisfying the area constraint was found to work well but
required a large number of iterations, ≈ 50, before the area violation from the initial step
was cancelled as seen in figure 3.3.

Both parametrisations achieved a reduction in the viscous dissipation in the fluid of
≈ 36% and had similar rates of convergence as seen in figure 3.4. The shape at various
instances during the optimisation process can be seen in figure 3.5.

Examining the base-flows of the initial and final configuration, figure 3.6, we can see that
by moving to a thinner streamlined shape the length of the wake has been greatly reduced



3.1 Minimisation of viscous dissipation 21

0 10 20 30 40 50 60
−0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

iteration

P
e
rc

e
n
ta

g
e
 e

rr
o
r 

−
 a

re
a

 

 

N=65

N=49

Fig. 3.3 Percentage error in area, 100Ai−A0
A0

, during the optimisation process for different
shape resolutions. In both cases the error from the initial step is mostly eliminated after ≈ 50
iterations.
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Fig. 3.4 Convergence of the objective function for viscous dissipation using the two different
parametrisations. Similar rates of convergence are achived for both.
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Fig. 3.5 Initial, interim and final shapes for an objective function based on viscous dissipation
using the N = 65 parametrisation.

and the recirculation bubble has been eliminated. The solution here is a compromise between
form drag and skin friction - as the shape gets thinner and thinner the form drag decreases but
the dissipation due to skin friction increases thanks to the increased surface area of the shape.

As the expression for dI[Vk] is in Hadamard form, by plotting

2

∑
i=1

[
−ν

(
∂ui

∂x j

)2

+ν
∂λi

∂n
∂ui

∂n

]

along the surface of the shape we can visualise how the surface will move in order to reduce
the cost function.

The Hadamard structure for the first few iterations is shown in figure 3.7. The largest
reduction in dissipation occurs when the top and bottom of the cylinder are moved towards
the centre. This compression then causes the shape to elongate due to the area constraint. The
objective function is most sensitive to changes in regions at the front of the shape and where
the shape protrudes into the flow. Viscous dissipation appears to be relatively insensitive to
the geometry at the rear of the shape as would be expected for a bluff body.

Due to the nature of the viscous dissipation problem, issues over the regularity and
smoothness of the Hadamard structure are alleviated. Any protrusion of the shape into the
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(a) Initial base flow - the wake extends far downstream and a large recirculation bubble is present.

(b) Final base flow - the wake has been reduced and the recirculation bubble eliminated.

Fig. 3.6 Comparison of the base flows for the initial and optimised shapes of the viscous
dissipation problem.

flow due to a lack of smoothness in the gradient is penalised in the next iteration and causes
the shape to be smoothed.

This Hadamard structure provides useful insight for a designer as it immediately high-
lights the regions of the shape that have most influence on the objective function.

3.2 An advection-diffusion problem

Motivation

The end goal of this PhD is to apply shape optimisation to a cyclone separator in order to
ensure stable flow without compromising the separation of dust particles. Potential dust
particle models may be based on a scalar field governed by the advection-diffusion equation.
An objective function based on the scalar at the outlet surface might therefore be an effective
model.

In order to demonstrate that the shape optimisation tools developed here can be applied
to such a problem a model problem involving a temperature field was developed.
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(a) Iteration 1 (b) Iteration 2

(c) Iteration 3

Fig. 3.7 The Hadamard structure on the surface for the first 3 iterations. Red indicates that
the objective function will be reduced by displacing the surface out away from the shape in a
direction normal to the surface. Blue indicates the objective function will be reduced by an
inwards displacement. The brightness of the colour indicates the magnitude of the objective
function change

Problem statement

A pipe section with an expansion is chosen as the domain for this problem and is shown
in figure 3.8. As the scalar, T , is conserved and the problem is applied to the steady state
solution we can calculate its ideal value, T ∗, that it would obtain if perfect mixing occurs.

This leads to the objective function:

I=
∫

Γ−
(T −T ∗)2 dΓ (3.19)
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Γ+,cold

Γ+,hot

To Outlet, Γ−

Γfree

Γfree

Γw

Γ0

Fig. 3.8 Domain for advection-diffusion optimisation problem. Only the small region Γ0 of
the surface is deformed during the optimisation procedure

The problem statement becomes:

Find min
Ω∈D

I(u,Ω) (3.20)

subject to (u.∇)u+∇p−ν∇
2u = 0 in Ω (3.21)

u.∇T −α∇
2T = 0 in Ω (3.22)

∇.u = 0 in Ω (3.23)

u = u+ on Γ+ (3.24)

pn−ν
∂u
∂n

= 0 on Γ− (3.25)

u = 0 on Γ0 (3.26)

∂u
∂y

,v = 0 on Γ f ree (3.27)

T = 0 on Γ+,cold (3.28)

T = Thot on Γ+,hot (3.29)

∂T
∂n

= 0 on Γw ∪Γ0 ∪Γ f ree ∪Γ− (3.30)
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3.2.1 Shape parametrisation

In a similar way to the viscous dissipation problem, the surface of Γ0 is given by a Fourier
series of the form given in 3.31 where x0 and x f represent the x coordinates of the start and
end of the optimisation region respectively.

y = y+0+
N

∑
k=1

a2k−1 sin
(

2πk
x f − x
x f − x0

)
+a2k cos

(
2πk

x f − x
x f − x0

)
(3.31)

3.2.2 Gradient evaluation and optimisation routine

In order to evaluate the gradient we must introduce an adjoint base-flow λλλ and an adjoint
temperature ψ . The governing equations for these are given in section A.2.

The resulting expression for the gradient becomes:

dI [V] =
∫

Γ0

⟨V, n̂⟩
d

∑
i=1

∂ui

∂n

{
ν

∂λi

∂n
+T ψni

}
−
∫

Γ0

αψ ⟨V, n̂⟩ ∂ 2T
∂n2 dΓ+ (3.32)∫

Γ0

αψ ⟨∇ΓT,∇Γ ⟨V, n̂⟩⟩dΓ

Whilst this expression is a surface integral it is not in true Hadamard form. We therefore
cannot draw the Hadamard structure to get plots such as those in 3.7a.

3.2.3 Results

The optimisation routine was performed with parametrisations using the first 10 and first
25 harmonics. After only a few iterations the optimisation procedure had to be stopped as
base-flow solutions could no longer be found. In these few iterations the objective function
is dramatically reduced. When using both the first 25 harmonics of the Fourier series the
objective function drops to less than 10% of its original value as seen in figure 3.9.

The base flows and scalar fields for the initial and final shapes are shown for the N = 25
case in figure 3.10.

As the flow used here is laminar, all mixing takes place only by molecular diffusion. This
requires large gradients in the scalar field and a large interface between hot and cold regions.

At the inlet the blockage introduced by the optimisation routine causes a large temperature
gradient with the cold fluid flowing over the relatively stagnant hot fluid. Forcing the fluid
through a small gap generates a series of counter-rotating vortices shown in figure 3.11. The
temperature is relatively uniform in these recirculation regions as seen in figure 3.10d. This
causes a large temperature gradient between the recirculation region and the fluid flowing
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Fig. 3.9 Objective time against iteration for N = 10 and N = 25 harmonics in the surface
parametrisation

(a) Initial base flow

(b) Initial scalar field

(c) End base flow

(d) End scalar field

Fig. 3.10 The initial and end base flows and scalar fields for the N = 25 parametrisation

past it. The recirculation regions further increase the mixing by producing a long windy
interface with a high surface area between the hot and cold regions of the flow.

As with the viscous dissipation case the Fourier series parametrisation introduces wobbles
in the optimised surface. By examining the difference between the final shapes obtained
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Fig. 3.11 Large counter rotating vortices caused by the emerging jet

using the N = 10 and N = 25 parametrisation we can see that the higher harmonics serve to
flatten out the rest of the inlet, figure 3.12. In the limit of the parameter free approach one
would expect the surface to be perfectly flat except for the last vertex where there is a step
jump which blocks off the inlet.

(a) N = 10 (b) N = 25

Fig. 3.12 Comparison of final shapes for the N = 10 and N = 25 parametrisations of the
convected scalar problem



Chapter 4

Stability analysis

In order to demonstrate the progress made so far in developing the stability analysis tech-
niques used in this project, linear stability analyses have been performed on the flows
past a cylinder and a disk. The example of the disk also allows the demonstration of the
axisymmetric code.

4.1 Cylinder flow

4.1.1 Motivation

Around a Reynolds number of 50 the steady laminar flow behind a cylinder becomes unstable
and the flow starts to oscillate with a series of counter rotating vortices being shed behind
the cylinder as seen in 4.1. Linear stability analyses about the steady solution of the Navier-
Stokes equations around this Reynolds number show that this base-flow is unstable and
provides a good estimate of the frequency at which vortices are shed. Implementing these
analyses is an important step in the path of stability optimisation.
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Fig. 4.1 Vortex shedding behind a cylinder from an unsteady solution of Navier-Stokes using
a fractional step method derived from Donea et al.[7]. Particles have been injected into
the flow to visualise the vortex street with colours indicating the side of the cylinder they
originate from

4.1.2 Global analysis

The global analysis of section 1.2.1 was performed on the base-flow of the flow over a
cylinder using the same domain as the viscous dissipation case, section 3.1. For a Reynolds
number of 50 the base-flow is the same as the initial flow for the viscous dissipation problem,
figure 3.6a.

The resulting spectrum, figure 4.2 shows that there is one unstable mode with a non-zero
frequency. This is to be expected as the vortex shedding that emerges is periodic.

For the unstable global mode the direct and adjoint mode shapes, figure 4.3,were cal-
culated and good agreement was found with [24]. The real and imaginary parts of the
direct global mode are in spatial quadrature indicating that the perturbations are advected
downstream.

4.1.3 Resolvent analysis

The resolvent analysis of section 1.2.2 was performed on the cylinder flow at Reynold
numbers 20 and 60. The first two optimal forcings and the amplitude amplification of the
corresponding responses were tracked. The relationship between the amplification, λ , and
the frequency of the forcing is shown in 4.4

It can be seen that the amplification due to the first mode completely dwarfs that of the
second mode. The correspondence between the peak amplification and the frequency of
the unstable global mode is observed as expected. Much like the effect of damping on a
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Fig. 4.2 Spectrum of global modes for cylinder flow at Re = 50. The blue line indicates the
line of zero growth rate

mechanical system, increasing the viscosity causes the amplitude and frequency of the peak
response to drop.

Pseudospectrum

The resolvent analysis can also be used to find the pseudospectrum[46], σε of the system.
The pseudopsectrum provides a measure of how sensitive the eigenvalues are to perturbations
in the matrix representing the linear operator. If a perturbation matrix with norm ε is added
to the system then the contour of level ε will contain all possible perturbed eigenvalues.

The pseudospectrum for the Re = 60 case is shown in figure 4.5. It can be seen that
the stable global modes are enclosed by contours of low ε and so are very sensitive to
perturbations. This would suggest that they are not physically meaningful as slight changes
in the discretisation will result in significant changes in these eigenvalues.

Once a discretisation has been applied and provided that the number of elements and
their connectivity is unchanged, shape optimisation can be thought of as simply applying
such a perturbation matrix to the original system. The contours of the pseudospectra will
therefore indicate how difficult it is to alter the eigenvalues. Finding pseudospectra is
very computationally expensive and so the use of the pseudospectrum to diagnose why an
eigenvalue may be difficult to change would likely be a step of last resort.
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(a) Direct mode x component (b) Adjoint mode x component

(c) Direct mode y component (d) Adjoint mode y component

Fig. 4.3 Direct and adjoint modes for a cylinder at Re = 50
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Fig. 4.4 Resolvent analysis for cylinder flows at Re = 20 and Re = 60. The dotted line
indicates the frequency of the unstable mode in the Re = 60 base-flow

Fig. 4.5 Pseudospectrum for cylinder flow at Re = 60. Black squares indicate the eigenvalues
whilst the colours indicate the value of ε enclosed by each contour. ε ranges from 10−2 (red)
to 10−6 (blue).



4.2 Axisymmetric disk wake 34

4.2 Axisymmetric disk wake

4.2.1 Motivation

The cyclone separator problem is axisymmetric.By taking advantage of this and applying a
stability analysis to the axisymmetric Navier-Stokes equations we avoid having to perform
a full 3D stability analysis. The stability of the flow past a disk has been investigated by
Meliga et al. [25] and so this is a good case to validate the axisymmetric code against.

4.2.2 Modal analysis

For an axisymmetric stability analysis we assume that the perturbation is of the form:

u′ → û(r,z)esteimθ (4.1)

The eigenvalue problem is then solved at different azimuthal wavenumbers, m. For the
disk wake at Re = 120 with base-flow shown in figure 4.6, unstable modes appear only for
the m = 1 azimuthal wavenumber. The spectrum is seen in figure 4.7.

Fig. 4.6 Base-flow for disk wake at Re = 120

There are two modes which cross the marginal stability line at roughly the same Reynolds
number. This has an important impact on the resulting flow around the cylinder and has been
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Fig. 4.7 Spectrum for m = 1 azimuthal wavenumber in the disk wake. Two unstable modes
are observed: one is steady and the other is unsteady

examined extensively by Meliga et al [25]. One of these modes is steady and represents a
deflected wake. The other is spiralling and unsteady.

The mode shapes for the steady and unsteady are given in figure 4.8 and are found to be
in good agreement with [25]. This validates the axisymmetric code and stability analysis.
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(a) Steady mode r component (b) Unsteady mode r component

(c) Steady mode z component (d) Unsteady mode z component

(e) Steady mode θ component (f) Unsteady mode θ component

Fig. 4.8 Mode shapes for the steady and unsteady mode shapes for m = 1



Chapter 5

Introducing stability to optimisation

The shape optimisation and stability analysis from the last two chapters are now combined.
We first demonstrate the use of shape optimisation in a simple stability problem: finding
the aspect ratio of the ellipse that is marginally stable for a given Reynolds number. We
then relax the restrictions on the shape and use the same parametrisation that we did for the
viscous dissipation example. The problem of gradient regularity is then observed. Finally
we demonstrate that the shape optimisation for stability can be easily changed to investigate
other stability problems such as control of vortex shedding by rotating cylinders.

5.1 Shape optimisation for stability

5.1.1 Motivation

Optimising the shape of the domain to helps to ensure than it won’t spontaneously transition
to a new undesirable state. Additionally, the shape gradient information for the stability
problem can be used to enforce a stability constraint via a projection method in much the
same way as we enforce the area constraint in section 3.1

5.1.2 Finding an ellipse with marginal stability

The problem statement for a marginal stability problem becomes:
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Find Ω ∈D (5.1)

such that σ(Ω) = 0 (5.2)

subject to: (ub.∇)ub +∇pb −ν∇
2ub = 0 in Ω (5.3)

û+(û.∇)ub +(ub.∇) û−∇p̂+ν∇
2û = 0 in Ω s ∈ C (5.4)

ub = u+ on Γ+ (5.5)

pbn−ν
∂ub

∂n
= 0 on Γ− (5.6)

ub = 0 on Γ0 (5.7)

∂ub

∂y
,v = 0 on Γ f ree (5.8)

û = 0+ on Γ+∪Γ0 (5.9)

sp̂n−ν
∂ û
∂n

= 0 on Γ− (5.10)

∂ û
∂y

, v̂ = 0 on Γ f ree (5.11)

Gradient evaluation and optimisation routine

Reducing the set of admissible shapes to those consisting purely of ellipse with unit thickness
reduces the problem to a single control variable: w, the length of the major-axis. This means
there is only one deformation vector, V , and so dJ[V ] = dσ

dw .
As we are attempting to find the w at which the flow is marginally stable we can now

perform a Newton method with, at each iteration, i

wi+1 =−σ(wi)
dσ

dw

∣∣
wi

(5.12)

The governing equations for the adjoint base flow λλλ and the adjoint global mode ξξξ have
been derived in section A.3.

The expression for the gradient with in the direction of deformation field V has been
found in true Hadamard form and is:

dI [V ] =
∫

Γ0

d

∑
i
⟨V, n̂⟩ ∂ ûi

∂n

{
ν

∂ξ ∗
i

∂n

}
dΓ+

∫
Γ0

d

∑
i=1

⟨V, n̂⟩ ∂ub,i

∂n

[
ν

∂λi

∂n

]
dΓ (5.13)
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Results

The change in shape and movement within the spectrum is shown in figure 5.1.

Fig. 5.1 On the left hand side the original and final, marginally stable shapes are shown. The
left hand side shows the spectra of the two shapes with the motion of the leading direct global
mode highlighted

By stretching the cylinder the strength of the shear layers is reduced, preventing them
from coupling and behaving as an oscillator.

5.2 The problem of regularity

We now look at a growth rate minimisation problem using the steepest descent method and
with the less constrained parametrisation of the radial Fourier series from section 3.1.3.

The problem of the shape gradient being not as smooth as the surface can now be seen in
figure 5.2. Whilst the objective function is smaller for the end shape, the lower regularity
of the shape gradient causes it to loose smoothness. This has an effect on the convergence
as well, figure 5.2c, where the minimisation of the objective function is interspersed with
sudden spikes.

As the form of the shape gradient for this problem has been expressed in a Hadamard
form we can plot the gradient structure on the surface as shown in figure 5.3.
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(a) Initial shape (b) End shape
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(c) Objective function convergence

Fig. 5.2 A lack of regularity of the shape gradient causes the final shape to loose smoothness.
The effect of this on the convergence of the objective function can be seen

When compared with the surface gradient for the same initial shape in the viscous
dissipation problem, figure 3.7a, several immediate differences are seen. For both cases,
moving the surface outwards or inwards has same effect on the objective function. The
relative importance of each part of the surface differs significantly however. For the viscous
dissipation case the initial cylinder has a very strong front-back asymmetry where changes at
the rear of the cylinder produce little effect on the objective function. For the stability case,
however, both the front and back of the cylinder produce a similar level of change in the
objective function.
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(a) Initial shape (b) Final shape

Fig. 5.3 The surface gradient structure for the initial and final shape

As the optimisation procedure continues and the shape becomes spikier the Hadamard
structure is dominated more and more by its values at the tips of the spikes. With the viscous
dissipation problem any increase in spikiness would increase the objective function and
subsequent iterations would try and smooth the shape. For the stability case this feedback
loop is no longer present. Subsequent shape changes tend to increase the spikiness of the
shape and so, even though the objective function on the whole decreases, the smoothness of
the shape decreases rapidly. This causes difficulties in finding a base-flow and problems with
the convergence.

5.3 Rotating cylinder

5.3.1 Motivation

With only a small modification to the code the tools developed here can be applied to other
optimisation problems where perturbation growth rate is an objective.

Active means for suppressing the onset of vortex shedding behind a cylinder has had a
long history in the literature. These range from actively blowing or sucking the flow on the
surface, the use of a control cylinder and even rotating cylinders.

The literature for rotating cylinders typically finds the minimum non dimensional rotation
rate α = Ωa

U that suppresses vortex shedding either via a direct search method for minimisation
or by using gradient information for an unsteady objective function whose minimum was
assumed to coincide with a non-oscillating flow. The first approach is slow as it does not
use any of the gradient information available. The second approach will converge quickly to
a solution due to the gradient information found via the adjoint state but is very expensive
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computationally as the direct system must be solved forwards in time first before the adjoint
system is subsequently solved backwards in time.

The purpose of this problem is to demonstrate the versatile nature of the optimisation
code developed and how using gradient information in stability optimisation allows a large
reduction of computation time.

5.3.2 Alterations to the optimisation code

The adjoint method used for shape optimisation can be quickly adapted to this optimal control
method with only a couple of lines being changed in the code. The governing equations of
the adjoint states remain the same whilst the form of the gradient expression changes due to
new boundary conditions for the sensitivities on the surface of the cylinder:

u′b =
d

dΩ
(−Ωay) =−y on Γcyl (5.14)

v′b =
d

dΩ
(Ωax) = x on Γcyl (5.15)

û′ = 0 on Γcyl (5.16)

The new sensitivity boundary condition for the unstable mode means that the adjoint
mode no longer features in the gradient expression and so no longer needs evaluating. The
gradient expression is given in equation 5.17.

dI=−
∫

Γcyl

〈
λpn̂+ν

∂λλλ

∂n
,

(
-y
x

)〉
dΓ (5.17)

5.3.3 Results

The code was implemented and the marginal stability curve showing the critical value of
alpha for each Reynolds number was plotted, figure 5.5. The base-flow (see figure ) and
angular velocity, αcrit , found from each Reynolds number were used as the initial guesses in
the base-flow solver and optimisiation code.

In the paper by Homescu et al. [13] the calculation of αcrit for a single Reynolds number
takes about two hours. The unoptimised single processor code used to find αcrit here took
2.5 hours to find data points for 12 different Reynolds numbers whilst using a larger mesh
with higher resolution. This demonstrates the large computational savings obtainable with
this method.
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Fig. 5.4 Base-flow for rotating cylinder at Re = 100
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(a) Typical convergence for αcrit
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Fig. 5.5 The marginal stability curve for a rotating cylinder for a range of Reynolds numbers.
A typical convergence plot for αcrit is shown to demonstrate the rapid convergence possible
when using gradient information



Chapter 6

Future Work and Research Plan

6.1 Key work

The main underlying methods and analyses required for the optimisation of the cylcone
separator have now been implemented. To move to the target flow configuration the following
work must be performed:

1. Introduction of swirl

2. Separation of metrics

3. Turbulence modelling

4. Shape Hessian information

6.1.1 Swirl

The cyclone separator uses a highly swirling flow in order to separate out particles. Carried
by their own inertia, the particles spiral outwards before colliding with the rules, losing their
energy and subsequently falling into the collector.

A swirling base-flow is therefore needed in order to optimise and perform stability
analyses about. This will be introduced to the axisymmetric code developed for section 4.2.

6.1.2 Separation metric

Once swirl has been introduced to the base-flow then a separation metric can be introduced.
This allows us to use separation performance as a constraint during the stability optimisation.
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A number of potential models are available ranging from empirical models, such as the
lambda model provided by Dyson, based on flow properties within the volume, all the way
through to scalar fields representing the concentration of different sized dust particles. Part
of the PhD work arranged with Dyson will involve going to their site and comparing the
separation models developed with empirical measurements.

The performance of the separator is an engineering compromise between stability, sep-
aration performance, size and pressure drop. Multi-objective optimisation techniques or
appropriate weightings applied to each objective will need to be introduced in order to
produce an acceptable final design.

6.1.3 Turbulence modelling

The Reynolds number of a cyclone separator is much higher than the low Reynolds number
laminar cases we have considered here. A turbulence model must be introduced and the
stability framework be based around the closure model and RANS equations combined
instead of just the steady incompressible Navier-Stokes.

For the simple 2D case the Spalart-Allmaras turbulence model [44] has already been
implemented with the modifications and solution method suggested by Crivellini et al. [4]
albeit using a continuous Galerkin discretisation.

The Spalart-Allmaras code has been tested for a flat plate boundary layer with the results
shown in figure 6.1.

Whilst Spalart-Almaras works well for simple 2D cases, it is not appropriate for swirling
flows. These flows require a full Reynolds-stress model to be implemented. The additional
equations require for this model will greatly increase the computational expense and so
ensuring the good performance of the code becomes an important priority.

Despite its shortcomings the Spalart-Almaras model does provide a good test -bed for
shape optimisation techniques in conjunction with turbulence models.

6.2 Shape Hessian information

The steepest descent method here takes a step of size β down the gradient vector in order to
find the minimum. The value of β has so far been chosen by trial and error in order to get
good performance over the first few iterations.

More advanced optimisation methods use knowledge of the second derivatives of the
system in order to determine the optimal step size. For shape optimisation this information
us known as the shape Hessian.
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(a) Ratio of turbulent to molecular viscosity

(b) Non-dimensional velocity against non-dimensional wall distance at two different stations. The
theoretical law of the wall with κ = 0.41 and C = 5.0 is shown for comparison

Fig. 6.1 Results from the Spalart-Allmaras code for a flat plate boundary layer. Plotting the
dimensionless velocity profile at two different locations shows the self similar behaviour of
the boundary layer is captured. The analytical law of the wall agrees well

It has been shown that, like the gradient, the shape Hessian can be expressed in a
Hadamard form along the surface of the deforming shape. This means that similar design
plots as those in figure 3.7 can be made to aid design before the Hessian is introduced to the
optimisation algorithm. The shape Hessian, is in general not symmetric, and so optimisation
methods which can deal with an asymmetric Hessian need to be implemented.
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Appendix A

Derivation of state equations for the
featured optimisation problems

This appendix derives the strong form of the state equations governing the continuous adjoint
for the problems presented in this report.

For all sections in this appendix the general problem statement is that of equation 1.1

A.1 Viscous dissipation in the flow

The objective function is:

I=
∫

Ω

2

∑
i, j=1

(
∂ui

∂x j

)2

dΩ (A.1)

The incompressible Navier-Stokes equations form the governing state equations:

(u.∇)u+∇p−ν∇
2u = 0 in Ω

∇.u = 0 in Ω

With corresponding boundary conditions:

u = 0 on Γw

u = uin on Γ+

∂u
∂y

,v = 0 on Γ f ree

pn̂−ν
∂u
∂n

= 0 on Γ−
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Taking the shape derivative of the state equation yields the sensitivity equations and
boundary conditions with surface motion, V .(

u′.∇
)
.u+(u.∇)u′+∇p′−ν∇

2u′ = 0 (A.2)

∇.u′ = 0 (A.3)

u′ = 0 on Γ+∪Γw (A.4)

∂u′

∂y
,v′ = 0 on Γ f ree (A.5)

p′n̂−ν
∂u′

∂n
= 0 on Γ− (A.6)

u′+ ⟨V, n̂⟩ ∂u
∂n

= 0 on Γ0 (A.7)

We then take the dot product of the momentum equation with an adjoint base flow, λλλ ,
and multiply the continuity equation by the adjoint pressure, λp. After integrating over the
domain and successive applications of the divergence theorem we obtain:

∫
Ω

2

∑
i=1

[
−ν∇

2
λi −

∂λp

∂xi
+

2

∑
j=1

[
−u j

∂λi

∂x j
−u j

∂λ j

∂xi

]]
u′idΩ (A.8)

−
∫

Ω

2

∑
i=1

p′
∂λi

∂xi
dΩ (A.9)

+
∫

Γ

2

∑
i=1

[
λpni +ν

∂λi

∂n
+

2

∑
j=1

[
λ ju jni +λiu jn j

]]
u′idΓ (A.10)

+
∫

Γ

2

∑
i=1

λini p′dΓ−
∫

Γ

2

∑
i=1

νλi
∂u′i
∂n

(A.11)

= 0 (A.12)

Taking the shape derivative of I yields:

dI[V ] =
∫

Γ

⟨V, n̂⟩
2

∑
i, j=1

ν

(
∂ui

∂x j

)2

dΓ+
∫

Ω

2

∑
i, j=1

ν
∂ui

∂x j

∂u′i
∂x j

dΩ (A.13)

Applying the divergence theorem yields:
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dI[V ] =
∫

Γ

⟨V, n̂⟩
2

∑
i, j=1

ν

(
∂ui

∂x j

)2

dΓ (A.14)

−
∫

Ω

2ν

2

∑
i=1

u′i∇
2uidΩ+

∫
Γ

2ν

2

∑
i=1

u′i
∂ui

∂n
dΓ

We add equation A.8 to the left hand side of equation A.14. As λλλ and λp have so far been
arbitrary functions, we can use them to eliminate the sensitivity terms u′i and p′ by choosing
them such that they satisfy:

ν∇
2
λλλ +∇λp +(u.∇)λλλ +(∇λλλ )T u = 2ν∇

2u (A.15)

∇.λλλ = 0 (A.16)

λλλ = 0 on Γ+ (A.17)

λλλ = 0 on Γw ∪Γ0 (A.18)

λpn̂+ν
∂λλλ

∂n
+ ⟨λλλ ,u⟩ n̂+ ⟨n̂,u⟩λλλ −2ν

∂u
∂n

= 0 on Γ− (A.19)

The boundary conditions for the above have been found by splitting the integrals over
Γ into integrals over the subsections Γ0,Γw,Γ+,Γ− and Γ0. The boundary conditions of the
primal and sensitivity variables are substituted in and the boundary condition of the adjoint
state is chosen to cancel out any term involving a sensitivity variable.

For λλλ and λp that satisfy the above, we then obtain the following expression for the
gradient dI[V ] in Hadamard form:

dI[V ] =
∫

Γ0

⟨V, n̂⟩
2

∑
i=1

[
−ν

(
∂ui

∂x j

)2

+ν
∂λi

∂n
∂ui

∂n

]
(A.20)

The above has has made use of the fact that both ∑
2
i=1

∂ui
∂x j

ni = ∇.u and ∑
2
i, j=1

(
∂ui
∂x j

)2
=

∑i=1

(
∂ui
∂n

)2
on Γ0.
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A.2 Mixing of convected scalar on outlet plane

A convected scalar, T e.g. temperature, has been introduced and the objective function based
on a target uniform outlet temperature, T ∗, results in an objective function of:

I=
∫

Γ−
(T −T ∗)2 dΓ (A.21)

We split the inlet boundary into a ’hot’ and ’cold’ region, Γ+ = Γ+,hot ∪Γ+,cold . The
governing equation and boundary conditions for T are therefore:

(u.∇)T −α∇
2T = 0 (A.22)

T = 0 on Γ+,cold (A.23)

T = Thot on Γ+,hot (A.24)

∂T
∂n

= 0 on Γw ∪Γ−∪Γ0 (A.25)

In the above α is the scalar’s diffusivity and u satisfies the incompressible Navier-Stokes
equations.

Taking the shape derivative of the governing equations and boundary conditions generates
the state equations for the sensitivities, T ′.

(
u′.∇

)
T +(u.∇)T ′−α∇

2T ′ = 0 in Ω (A.26)

T ′ = 0 on Γ+,hot ∪Γ+,cold (A.27)

∂T ′

∂n
= 0 on Γw ∪Γw (A.28)

∂T ′

∂n
+ ⟨V, n̂⟩ ∂ 2T

∂n2 −⟨∇ΓT,∇Γ ⟨V, n̂⟩⟩= 0 on Γ0 (A.29)

In the above ∇Γ is the tangential gradient operator and we define ∂ 2T
∂n2 by:

∂ 2T
∂n2 = ⟨∇(∇T ) n̂, n̂⟩

The equations governing the sensitivity of the base flow, u′, are the same as those in
equation A.2.

We take the product of the governing sensitivity equation with the adjoint scalar ψ and
integrate over the whole domain. By applying the divergence theorem we get:
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∫
Ω

−
(
u′.∇ψ

)
T +(u.∇ψ)T ′−αT ′

∇
2
ψdΩ

+
∫

Γ

T ψ
〈
u′, n̂

〉
+T ′

ψ ⟨u, n̂⟩−α
∂T ′

∂n
ψ +α

∂ψ

∂n
T ′dΓ = 0 (A.30)

The shape derivative of I gives:

dI[V ] =
∫

Γ−
2(T −T∗)T ′dΓ (A.31)

To the left hand side of equation A.31 we now add equations A.8 and A.30. This gives

∫
Ω

(
−α∇

2
ψ −

2

∑
i=1

ui
∂ψ

∂xi

)
T ′dΩ+

∫
Ω

2

∑
i=1

[
−T

∂ψ

∂xi

]
u′idΩ

∫
Ω

d

∑
i=1

[
−ν∇

2
λi −

∂λp

∂xi
+

d

∑
j=1

{
−u j

∂λi

∂x j
−u j

∂λ j

∂xi

}]
u′idΩ+

∫
Γ

(
ψ

d

∑
i=1

{uini}+α
∂ψ

∂n

)
T ′dΓ+

∫
Γ

−αψ
∂T ′

∂n
dΓ+

∫
Γ

d

∑
i=1

{T ψni}u′idΓ+

−
∫

Ω

d

∑
i=1

p′
∂λi

∂xi
dΩ+

∫
Γ

d

∑
i=1

[
λpni +ν

∂λi

∂n
+

d

∑
j=1

{
λ ju jni +λiu jn j

}]
u′idΓ+

+
∫

Γ

d

∑
i=1

λini p′dΓ−
∫

Γ

d

∑
i=1

νλi
∂u′i
∂n

dΓ+

dI [V] =
∫

Γoutlet

2(T −T ∗)T ′dΓ

(A.32)

We now choose the system of equations that must be satisfied by ψ and λλλ in order to
eliminate any dependence on the sensitivities.

The governing equations for the adjoint scalar are:
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(u.∇)ψ +α∇
2
ψ = 0 in Ω (A.33)

ψ = 0on Γinlet (A.34)

α
∂ψ

∂n
+ψ ⟨u, n̂⟩= 0 on Γw ∪Γ0 (A.35)

α
∂ψ

∂n
+ψ ⟨u, n̂⟩= 2(T −T ∗)on Γ− (A.36)

The governing equations for the adjoint scalar remain the same except for a new source
term and a change of the outlet boundary condition:

ν∇
2
λλλ +∇λp +(u.∇)λλλ +(∇λλλ )T u = T ∇ψ in Ω (A.37)

λpn̂+ν
∂λλλ

∂n
+ ⟨λλλ ,u⟩ n̂+ ⟨n̂u⟩λλλ = T ψn̂ on Γ− (A.38)

The final equation for the shape gradient is given in equation A.39. This is not in complete
Hadamard form due to the last term. As all the field integrals have been eliminate and the
shape paramaterisation code can generate the tangential gradient of ⟨V, n̂⟩ we do not attempt
to bring it into full Hadamard form. If a parameter free shape optimisation approach were to
be used then this would need to be performed.

dJ [V] =
∫

Γopt

⟨V, n̂⟩
d

∑
i=1

∂ui

∂n

{
ν

∂λi

∂n
+T ψni

}
−
∫

Γopt

αψ ⟨V, n̂⟩ ∂ 2T
∂n2 dΓ

+
∫

Γopt

αψ ⟨∇ΓT,∇Γ ⟨V, n̂⟩⟩dΓ (A.39)

A.3 Stability eigenvalue problem

In the previous cases the objective function has been a field or surface integral. For the
stability case out objective is now:

I= s s ∈ C (A.40)
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The linear stability eigenvalue problem defines s and is given by

sû+(û.∇)ub +(ub.∇) û+∇ p̂−ν∇
2û = 0 in Ω (A.41)

∇.û = 0 in Ω (A.42)

û = 0 on Γ+∪Γ0 ∪Γw (A.43)

∂ û
∂y

, v̂ = 0 on Γ f ree (A.44)

p̂n̂−ν
∂ û
∂n

= 0 on Γ− (A.45)

In above the base-flow ub is governed by the incompressible Navier-Stokes equations.
Taking the shape derivative of the governing equations yields the sensitivity equations:

sû′+ s′û+
(
û′.∇

)
ub +(û.∇)u′

b

+
(
u′

b.∇
)

û+(ub.∇) û′+∇ p̂′−ν∇
2û′ = 0 in Ω (A.46)

∇.û′ = 0 in Ω (A.47)

û′ = 0 on Γ+∪Γw (A.48)

p̂′n̂−ν
∂ û′

∂n
= 0 on Γ− (A.49)

∂ û′

∂y
, v̂′ = 0 on Γ f ree (A.50)

û′+ ⟨V, n̂⟩ ∂ û
∂n

= 0 on Γ0 (A.51)

The sensitivities and primal variables in the above are now complex quantities. We
therefore take the complex dot product with the adjoint stability variable, ξξξ , and the adjoint
stability pressure ξp. Integrating over the whole domain and applying the divergence theorem
yields:
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∫
Ω

d

∑
i
{ûiξ

∗
i }s′+

d

∑
i

{
sξ

∗
i −ν∇

2
ξ
∗
i +

∂ξ ∗
p

∂xi
−

d

∑
j

[
ub, j

∂ξ ∗
i

∂x j
+ub, j

∂ξ ∗
j

∂xi

]}
û′i −

d

∑
i, j

{
û j

∂ξ ∗
i

∂x j
+ û j

∂ξ ∗
j

∂xi

}
u′b,idΩ

−
∫

Ω

d

∑
i=1

{
∂ξ ∗

i

∂xi

}
p̂′dΩ

+
∫

Γ

d

∑
i

{
ν

∂ξ ∗
i

∂n
+∑

j

[
ub, jξ

∗
i n j +ub, jξ

∗
j ni
]
−ξ

∗
p ni

}
û′i +

d

∑
i, j

{
û jn jξ

∗
i + û jξ

∗
j ni
}

u′b,idΓ

+
∫

Γ

d

∑
i

ξ
∗
i ni p̂′dΓ−

∫
Γ

ν

d

∑
i

ξ
∗
i

∂ û′i
∂n

dΓ

= 0
(A.52)

We add this and equation A.8 to the left hand side of equation A.40 to get:

∫
Ω

d

∑
i
{ûiξ

∗
i }s′+

d

∑
i

{
sξ

∗
i −ν∇

2
ξ
∗
i +

∂ξ ∗
p

∂xi
−

d

∑
j

[
ub, j

∂ξ ∗
i

∂x j
+ub, j

∂ξ ∗
j

∂xi

]}
û′i −

d

∑
i, j

{
û j

∂ξ ∗
i

∂x j
+ û j

∂ξ ∗
j

∂xi

}
u′b,idΩ

−
∫

Ω

d

∑
i=1

{
∂ξ ∗

i

∂xi

}
p̂′dΩ

+
∫

Γ

d

∑
i

{
ν

∂ξ ∗
i

∂n
+∑

j

[
ub, jξ

∗
i n j +ub, jξ

∗
j ni
]
−ξ

∗
p ni

}
û′i +

d

∑
i, j

{
û jn jξ

∗
i + û jξ

∗
j ni
}

u′b,idΓ

+
∫

Γ

d

∑
i

ξ
∗
i ni p̂′dΓ−

∫
Γ

ν

d

∑
i

ξ
∗
i

∂ û′i
∂n

dΓ

(A.53)

+
∫

Ω

d

∑
i=1

[
−ν∇

2
λi −

∂λp

∂xi
+

2

∑
j=1

{
−ub, j

∂λi

∂x j
−ub, j

∂λ j

∂xi

}]
u′b,idΩ

−
∫

Ω

d

∑
i=1

p′b
∂λi

∂xi
dΩ+

∫
Γ

2

∑
i=1

[
λpni +ν

∂λi

∂n
+

d

∑
j=1

{
λ jub, jni +λiub, jn j

}]
u′b,idΓ

+
∫

Γ

d

∑
i=1

λini p′bdΓ−
∫

Γ

d

∑
i=1

νλi
∂u′b,i
∂n

dΓ

+dI [V]

= s′

(A.54)

We choose the governing equations and boundary conditions that ξξξ and λλλ in order to
elminate the remaining sensitivity terms.
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sξ
∗
i −ν∇

2
ξ
∗
i +

∂ξ ∗
p

∂xi
−

2

∑
j

[
ub, j

∂ξ ∗
i

∂x j
+ub, j

∂ξ ∗
j

∂xi

]
= 0 in Ω (A.55)

ξξξ = 0 on Γ+∪Γ0 ∪Γw (A.56)

∂ξ1

∂y
,ξ2 = 0 on Γ f ree (A.57)

ν
∂ξξξ∗
∂n

−ξ
∗
p n̂+ ⟨ub, n̂⟩ξξξ

∗−
〈
ub,ξξξ

∗〉 n̂ = 0 on Γ− (A.58)

ξξξ is termed the adjoint global mode. When we eliminate the sensitivity of s we end up
with a normalisation condition between the direct and adjoint global modes:∫

Ω

〈
û,ξξξ ∗〉dΩ = 1 (A.59)

As with the convected scalar problem, the only change that occurs to the governing
equations of the adjoint base-flow are the source terms and the outlet boundary condition.
These become:

−ν∇
2
λi −

∂λp

∂xi
+

d

∑
j=1

{
−ub, j

∂λi

∂x j
−ub, j

∂λ j

∂xi

}
−

d

∑
i, j

{
û j

∂ξ ∗
i

∂x j
+ û j

∂ξ ∗
j

∂xi

}
= 0 in Ω (A.60)

λpni +
1

Re
∂λi

∂n
+

d

∑
j=1

{
λ jub, jni +λiub, jn j

}
−

d

∑
j

{
û jn jξ

∗
i + û jξ

∗
j ni
}
= 0 on Γ−

(A.61)

Now that the sensitivities have been eliminated the final expression for the shape gradient
can be written in Hadamard form.

dI [V] =
∫

Γ0

2

∑
i
⟨V, n̂⟩ ∂ ûi

∂n

{
ν

∂ξ ∗
i

∂n

}
dΓ+

∫
Γ0

2

∑
i=1

⟨V, n̂⟩ ∂ub,i

∂n

[
ν

∂λi

∂n

]
dΓ (A.62)

The real part of the above gives the shape gradient of the global mode’s growth rate.



Appendix B

Automatic generation of geometric
properties

In order to apply shape optimisation to a shape paramatrised by a set of design variables
one needs to be able to compute the deformation field, V , associated with the change in any
parameter.

Additionaly, for objective functions that exist as surface integrals over the deformed
shape, the curvature also needs to be calculated.

These expressions can be extremely complex and deriving them by hand can be slow and
error-prone. An automated solution allows new parameterisations to be experimented very
quickly.

A symbolic algebra library, sympy, was used and the quantities required were derived
using a tensor formalism. The symbolic algebra package is able to generate an analytical
expression for the required quantities based on the surface coordinate. The process is
performed using a tensor formalism for surfaces which is summarised in [9].

B.1 Derivation of shape quantities

An expression for the x and y coordinates in terms of surface coordinates, Sα , is input by the
user.

The position vector, R, is then defined by:

R(Sα) =

(
x(Sα)

y(Sα)

)
(B.1)
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The covariant, Sα , and contravariant, Sα basis vectors are generated alongside the
corresponding metrics Sαβ and Sαβ .

Sθ =
∂R
∂Sα

(B.2)

Sαβ = Sθ .Sα (B.3)

Sαβ =
(
Sαβ

)−1 (B.4)

Sα = Sαβ Sβ (B.5)

A shift tensor, Zi
α , where the upper index denotes a coordinate in the ambient space in

which the surface is embedded is defined. For this work the embeddings used here are a
two dimensional space defined by cartesian coordinates. This causes the shift tensor to be
identical to the covariant basis.

The surface Christoffel symbol for a single surface coordinate is defined as

Γ
α

βγ
= Sα .

dSβ

dSγ
(B.6)

For ambient cartesian coordinates the upper Levi-Citta symbol is simply:

ε
i j =

[
0 1
−1 0

]
(B.7)

We can now find the normal vector from the result

n̂ = N j = ε
i j

εαZα
j (B.8)

In order to get the surface curvature we must first get the covariant surface derivative of
the covariant basis:

∇β Sα =
∂Sα

∂Sβ
−Γ

γ

βα
Sγ (B.9)

Taking the dot product of this with the normal vector gives the curvature tensor Bαβ . This
is used to get the mean curvature κ by

κ = Bα
α = Bαβ Sαβ (B.10)

The last thing that remains is imply to get the surface deformation field, V , by taking the
derivative of R with respect to the relevant parameter:
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Vk =
∂R
∂ak

(B.11)

Whilst this is perhaps excessive for two dimensional shapes embedded in a cartesian
space it can be easily extended into more dimensions and different underlying coordinate
systems.
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