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Abstract

Strict gas emission regulations are pushing gas turbine manufactures to develop devices
that operate under conditions that encourage the appearance of combustion instabil-
ities. Although methods to predict and control unstable modes inside combustion
chambers have been actively developed in the last decades, in some cases they might
be computationally expensive. Recently there has been a surge in sensitivity analysis
aided by adjoint methods that at a very low computational cost provide valuable
gradient information of the system. This report introduces the adjoint methods and
their application in low order network models to predict and control thermoacoustic
oscillations. The approach derives in a nonlinear eigenvalue problem, thus proper
adjoint methods are used to obtain the sensitivities of the system. Using a discrete
approach, base state sensitivities to parameters like reflection coefficients or flame
parameters are computed and discussed in order to stabilize the system. Afterwards,
structural sensitivities are computed by perturbing the system with intrinsic feedback.
To gain more insight into the problem a continuous approach is used to derive the
thermoacoustic adjoint equations. Finally, some of the equations in the low Mach
number limit are derived to compare with those with mean flow.
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Chapter 1

Introduction

1.1 Thermoacoustic Instabillities

F-1 engines used in the Saturn V rockets carry in their design probably the most
expensive but successful attempt to mitigate combustion instabilities; with more than
3200 full-scale tests (Culick, 2006) the Apollo program is the perfect example on why
there is a need to develop robust analytical tools to predict the onset of instabilities.
More recently, stringent emissions regulations are motivating the development of
combustors operating in a lean regime, which runs at lower temperatures to prevent the
dissociation of air molecules and therefore reduce the formation of NOx gases. However,
these operation conditions encourage the development of combustion instabilities
(Lieuwen et al., 2001), hence promoting the development of strategies to prevent them.

Thermoacoustic instabilities are a form of unstable combustion that arise in all
types of rockets, ramjets, afterburners, and gas turbines among others. All of these
devices continuously burn fuel in order to generate either thrust or other form of
mechanical energy. In general, the steady state of combustion will be accompanied by
small unsteady heat release fluctuations, that when coupled with pressure fluctuations
can cause thermoacoustic instabilities. This is because the flame (a source of volume)
acts as a distribution of monopoles producing acoustic waves that propagate and then
reflect at the boundaries to interact again with the flame. If the unsteadiness of the
flame gets in phase with the acoustic field, small amplitude pressure oscillations will
begin to grow in time and after many cycles, gain a considerable amplification which
could be enough to cause flame blow off or structural damage (Lieuwen, 2003).

The first account of thermoacoustic oscillations was in the 18th century due to
Higgins who described the generation of sweet sounds coming out from a tube burning
hydrogen (Higgins, 1802). The phenomenon was not yet completely understood, it took
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another century until Lord Rayleigh developed the theory behind the thermoacoustic
effect: the Rayleigh criterion (Rayleigh, 1878); which states that whenever unsteady
heat release is added during the condensation phase (increasing pressure) on the system,
the instabilities will appear, but if unsteady heat is added during rarefaction phase
(decreasing pressure), the instabilities are discouraged. The former statement has been
generalized (Nicoud and Poinsot, 2005) to account for energy dissipation Ψ across the
boundaries and is expressed mathematically as:

∫
T

∫
Ω

γ − 1
γp̄

p′(x, t)q′(x, t) dΩ dt ≥
∫

T

∫
S

Ψ(x, t) dS dt (1.1)

Where p′ denotes the pressure fluctuations and q′ denotes the unsteady heat release
fluctuations. Accounting for no losses across the boundaries (Ψ = 0), the original
Rayleigh criterion is recovered. In this regime, to predict the onset of instabilities the
only requirement is that the left hand side integral be greater than zero, which will
happen whenever the pressure and unsteady heat release amplitudes add up to get a
larger amplitude wave..

Nicoud et al. (2007) summarize several methods to predict thermoacoustic instabil-
ities, among others: Large Eddy Simulations (LES) currently used to study turbulent
combustion but with the drawback of being computationally expensive; Helmholtz
solvers which use equations for fluctuations in the frequency domain (ω) to solve the
nonlinear eigenvalue problem given by the inhomogenoeus Helmholtz equation:

∇ ·
(

1
ρ̄

∇p̂

)
+ ω2

γp̄
p̂ = iω

γ − 1
γp̄

q̂ (1.2)

and Network models, being of special interest since they provide a low order framework
that can be extensively used in predesign stages.

1.2 Low Order Network Models

Network modeling is a technique often used in the field of thermodynamics to analyze
each of the components of a bigger network separately and then couple them together
using conservation laws. Their usage in thermoacoustics is based upon the fact that the
wave behavior of acoustics inside a duct is linear, therefore being accurately captured
by a low order network model; additionally, it provides physical insight using a very
simple approach and it is very fast compared to standard CFD computations (Morgans,
2015).
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As described by Dowling and Stow (2003) a thermoacoustic network is a collection
of acoustic elements such as ducts, plenums, combustors, boundaries and a combustion
zone, normally assumed as a compact flame. The element’s mean flow quantities are
often considered homogeneous and a mode shape for the fluctuations is considered.
Both mean flow quantities and fluctuations are joined by jump relationships which in
general seek to conserve one or more of these quantities: mass, momentum and energy.
There are two major outcomes, one is a dispersion relationship used to compute all
of the resonant modes of the system, and the other are the relative amplitudes of the
waves considered in the model, which are normally the forward and backward acoustic
waves and if there is a flame and an entropy wave (for example, Goh and Morgans
(2012)), in 2 or 3 dimensions vorticity waves also play a role (Lieuwen, 2012). The
resonant modes of the system, will then depend on the configuration of the system.
Through this report only longitudinal waves are considered, but for a different geometry
the inclusion of radial or azimuthal modes is necessary, for instance in the case of
annular combustors (Stow and Dowling, 2001)

Chu and Kovásznay (1958) showed that to first order any wave can be considered as
a linear superposition of acoustic, entropy or vorticity fluctuations. This is because the
acoustic fluctuations which travel at the speed of sound (c̄) are treated as isentropic
and irrotational, entropy fluctuations which travel at the mean flow speed (ū) are
treated as incompressible and irrotational, and vorticity waves which travel at the
mean flow speed (ū) are treated as incompressible and isentropic. To second order
there are some interactions between these fluctuations and can no longer be considered
independent. Since the models used through this report are only one dimensional, and
knowing that vorticity modes are produced by the baroclinic mechanism (Lieuwen,
2001) only acoustic and entropy disturbances are considered.

To guarantee that the flame can be treated as an infinitely compact source of heat
release Dowling (1995) suggests that the wave length of the acoustic variables (La)
be much larger than the length of the flame (Lf), that is Lf/La ≪ 1. However, on
the presence of convected disturbances like equivalence ratio fluctuations or hot spots
(entropy waves) a stricter consideration must be made, which implies that the wave
length of the convected variable (Lc) must be much smaller than the length of the flame
(Lf/Lc ≪ 1). As the name suggests these type of disturbances convect away with
the mean flow, therefore, depending on the boundary at the exit, the latter condition
can be relaxed, which is not the case of a boundary condition that generates acoustic
waves from entropy disturbances such as the exit nozzle studied by Marble and Candel
(1977).
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The last piece to complete a network model is to state the form of the unsteady
heat release. Following from Crocco’s combustion time lag theory, the famous n − τ

model can be derived from the form of heat release:

Q = ρucp∆T (1.3)

when linearized provides an unsteady mechanism that can depend on both the density
and the velocity fluctuations, from both Lieuwen (2003) proves that the velocity
coupling mechanism is potentially a stronger source of acoustic amplification. These
fluctuations are normally delayed, given that they need to convect from their source of
origin, for instance the location of the fuel injectors, until they reach the flame. Then
the unsteady heat release model can be thought as:

q′ = β1u
′(xi, t − τ) + β2ρ

′(xi, t − τ) (1.4)

if this model is substituted in equation (1.1), it is clear that the time delay (τ) is
then the major source of instabilities (and non-linearities) that occur in the system.
Unsteady heat release can be chosen to saturate at certain limits (imposed for example
by the type of fuel) so that limit cycles of finite amplitude can be studied as done by
Dowling (1997).

1.3 Adjoint Methods in Stability Analysis

Magri (2015) discusses how thermoacoustic systems being defined by a wide range
of parameters, that encompass geometry definitions, operation regimes, forms of
heat release etc. characterize the properties of its eigenvalues. Whenever one of the
eigenvalues is unstable it is common to start changing any of the parameters until a
stable solution is found. The power of adjoint methods relies in the ability to show
for the desired eigenvalue how every single parameter is affected, therefore giving
gradient information. The main advantage of this method being that it only requires
one calculation apart from the one required to compute the eigenvalue. given these
features of the adjoint methods they are perfectly suited for optimization and sensitivity
problems.

To give some specific examples, in aerodynamic design Jameson (1995) used control
theory aided by adjoint methods to compute the optimal design of a wing. In his
paper it is shown how an iterative algorithm coupled with gradient information is
used to reduce the drag of the wing by almost 50 percent. In this case, however, the
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main objective was not the eigenvalue but the drag coefficient. Another example in
the same area is done by Nielsen et al. (2010) where adjoint methods are used again
for large scale shape optimization of both a jet fighter and a tilted rotor on dynamic
unstructured grids. This time a handful of geometries including wings, tails, camber
angles, and thickness of blades are optimized for a specified flight regime.

Stability analysis using adjoint methods has as primary objective the study of
the properties of the eigenvalues. In flow instability, eigenvalue sensitivity is used
to calculate the forced response of the flow to external forcing or the sensitivity of
the eigenvalues to perturbations of the system, for example by changing a boundary
condition. Pioneering this field was Hill (1992) working with the flow around a cylinder
which presented for the first time adjoint based global mode stabilization. It is well
known that in an open flow, the wake behind a cylinder becomes unstable by increasing
the Reynolds number to around 47. At this point the flow bifurcates into the von
Kármán Vortex Street, which is a two dimensional periodic oscillation. The onset
of instability was studied experimentally by Strykowski and Sreenivasan (1990) by
inserting a second smaller cylinder to get the response (stability/instability) of the
system and mapping the overall behavior. The novelty of Hill’s work was mapping the
sensitivity of the unstable mode to external disturbances, and finding the point where
the system is most sensitive to them by using the adjoint equations. The same problem
was studied later by Giannetti and Luchini (2007) while performing global analysis on
the flow around the cylinder, however, this time the concept of structural sensitivity1

was brought to deal with the problem. These two approaches were still diverging from
the experimental results mainly to the fact that sensitivity analysis do not perturb
the mean flow, but the experiments did. The final resolution that combined the effect
of the perturbation on the mean flow and the time varying disturbance was done by
Marquet et al. (2008) and Luchini et al. (2009) which produced sensitivity maps that
match very well with the experimental results of Strykowski and Sreenivasan (1990).
A thorough review of this problem along with other instabilities in fluids such as the
Tollmien-Schlichting waves and the Görtler instability is given by Luchini and Bottaro
(2014a).

From this work in stability analysis, the applications soared. To show some in the
field of hydrodynamics, using incompressible flow Marino and Luchini (2009) explored
the stability of forward facing step. Another application in this area is given by Pralits
et al. (2010) studying the flow around a rotating cylinder. In low Mach number flows

1The structural sensitivity turns out to be the proportional to the product of the direct and adjoint
eigenfunctions.
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Qadri et al. (2013) studied the spiral vortex breakdown of swirling flows. In the field
of compressible flows Spagnoli and Airiau (2008) proposed noise mitigation strategies
by using adjoint fields to identify the sources of noise in compressible mixing layers,
and Freund (2011) used adjoint based optimization to produce an iterative algorithm
that reduces jet noise.

In thermoacoustics one of the first applications of adjoint methods was done by
Juniper (2011) where an optimization routine is aided with adjoint looping of the
governing equations using a discretized Galerkin method to identify triggering of self-
sustained oscillations inside an electrically heated Rijke tube. Continuing with the same
model Magri and Juniper (2013b) used a time delayed thermoacoustic system in low
Mach number conditions and adjoint methods to assess the stability of its eigenvalues.
In that paper they study the changes to any of the parameters on the system (base
state sensitivity) and also those generated by a generic passive control device acting on
it (structural sensitivity). One of the major outcomes was that of a fine drag mesh used
in the second half of the tube near the exit to help stabilize the system. This theory
has been experimentally tested by Rigas et al. (2015) where they measure the linear
stability of the system to quantify the growth rate and the frequency shift, as well
as testing the drag mesh as a control device. As expected, the experiments had very
good agreement with theory at least while measuring the growth rate. The frequency
shift measurements were somewhat different because Magri and Juniper (2013b) did
not consider a jump in temperature. Afterwards, Magri and Juniper (2013a) extend
the theory developed in the electrically heated Rijke tube to consider the infinite rate
chemistry diffusion flame, again doing base state and structural sensitivity analysis.
Following the same line of research, Magri and Juniper (2014a) introduce the adjoint
operators via a toy model, and later develop the adjoint techniques as applied to a
ducted flame that considers a jump in temperature. Furthermore, using the same
diffusion flame2 proposed by Balasubramanian (2008) to study its non-normality and
nonlinearity, Magri and Juniper (2014b) study both receptivity and sensitivity of the
flame, revealing that it is very receptive to open loop forcing of the mixture fraction
towards the tip of the flame, something that is not straightforward to obtain from just
the sensitivity analyses. Base state sensitivities to stoichiometric mixture fractions,
geometries and heat release parameters are studied as well. Adding up, Juniper (2015)
introduces the Helmholtz equation (Eq. 1.2) and performs the adjiont of the Helmholtz
solver including the study of several passive devices such as a Helmholtz resonator.

2In this flame, convection and reaction are modeled instead of a time delayed system between
velocity and heat release fluctuations.
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Given by the fact that in ducts only plane waves propagate, while the others decay
exponentially fast, most of the previous reviewed work has been done in 1D, however,
Magri et al. (2014) consider a 3D domain of low Mach number combustors and uses
adjoints to identify unstable modes and introduce passive feedback mechanisms to
help stabilize them. Finally Juniper et al. (2014) introduce a low order model of the
Helmholtz equation to later perform uncertainty quantification taking into account
the adjoint advantage which according to Luchini and Bottaro (2014b) states that:
with fewer outputs than inputs adjoint computation is faster than direct computation.
Alongside, nonlinear eigenvalue problems are studied and the eigenvalue drift formulas
to first and second order are derived.

1.3.1 Definition of the Adjoint Function

Since most of the report will deal with adjoint equations, it is important to set their
definition. To begin, consider the following inner product:

[a, b] =
∫

V

∫
T

a∗ · b dt dV (1.5)

where the ∗ represents the complex conjugate. Using the bilinear form described above,
the adjoint system is defined as:

[
q+, Lq

]
−
[
L+q+, q

]
= constant (1.6)

Where q is the vector and L is the operator that define the direct system, and q+ is
the vector and L+ is the operator that define the adjoint system. The constant on the
right hand side is normally set to zero. The former expression is a simplification of the
system presented by Juniper and Magri (2014). To get the adjoint equations, simply
put the direct equations in the form presented by Eq. (1.6) and integrate by parts
until the direct variables are isolated. The former operation can also be seen from the
Lagrangian point of view while doing constrained optimization (Gunzburger, 1997).
To follow that procedure the only requirement is to create a cost function (L) that is
to be optimized and take the adjoint variables as Lagrange multipliers:

L ≡
[
q+, Lq

]
=
[
L+q+, q

]
+ constant (1.7)

Then, the cost function is equal to the adjoint system as defined in Eq.(1.5). To
optimize a function one seeks that the derivatives of L with respect to the direct (q)
or adjoint (q+) variables are equal to zero for any possible q or q+ respectively. Hence,
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obtaining the adjoint equations, and the bilinear concomitant3, which after setting to
zero, helps relate the boundary conditions and the initial and final values in time4. An
ideal example of this process is given by Schmid and Brandt (2014) while deriving the
Navier-Stokes adjoint Equations.

In stability analysis it is common to consider an eigenvalue problem of the form:

Lq = λq (1.8)

Where λ is the eigenvalue. Note that under the definition of the inner product (Eq.
1.5) the eigenvalues of the adjoint system are the complex conjugates of the direct
system. The system can now be perturbed in two different ways:

• Perturbing the operator L. This implies changing a parameter in the operator,
which can be the reflection coefficients, the flame interaction index, flame position,
etc. The outcome of analyzing the change caused by this perturbation in the
eigenvalue is also known as base state sensitivity.

• Perturbing the system by adding a small intrinsic feedback source. This implies
adding a small source proportional to one of the state variables of vector q. In
thermoacoustics it is likely to be either mass addition, a force, or some kind of
energy. The change in the eigenvalue due to this source is known as structural
sensitivity.

To first order, the change in the eigenvalue (δλ) is the given by:

δλ = [q+, δLq]
[q+, q] (1.9)

where δL represents the perturbation added to the system. However, it is often that
thermoacoustic systems are nonlinear (Juniper et al., 2014):

L(λ, p)q = 0 (1.10)

Where p are the internal parameters of the system. Hence, the eigenvalue drift formula
changes to:

δλ = [q+, δLq][
q+, ∂L

∂λ

∣∣∣
λ

q
] (1.11)

3Previously referred to as the constants.
4By following this procedure it can be shown that the adjoint operator evolves backwards in time.
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One key point to ensure that eigenvalue analysis provides useful information, is the
non-normality of the system. Nicoud et al. (2007) proved that in a thermoacoustic
system the eigenfunctions are not orthogonal to each other due to the presence of the
unsteady heat release. This means that transient growth around a fixed point5 can
be driven by linear mechanisms. Nonetheless, Magri et al. (2013) proved that at least
in the presence of diffusion flames the non-normality is not as influential, therefore
non-modal effects can be ignored.

1.4 Scope and Structure

Currently most of the approaches to get the sensitivity of a thermoacoustic system have
been developed under a discretized Galerkin method, thus the mode shapes generated
to create the sensitivity maps depend on the number of Galerkin modes used. These
maps while being correct, display a smooth path through the jumps (low number of
modes) or the Gibbs phenomenon (high number of modes) (see for example Magri
and Juniper (2013b)). Therefore the first objective of the report is to obtain both the
base state and the structural sensitivities using a wave based network model, which
eventually displays a

On the other hand, Dowling and Stow (2003) showed that for Mach numbers less
than 0.2 (M < 0.2) the frequency shift is less than 5 percent thus promoting the use of
Low Mach number analysis. The presence of a mean flow will be considered through
the first chapters of the report to see the influence in sensitivity of the system. For the
structural sensitivity the influence of mass addition, a force or heat addition will be
studied therefore analyzing the implications of each device on the acoustic and entropy
waves of the system.

The structure of the document is divided into 5 more chapters:

• Chapter 2 will be focused on the eigenvalue problem derived from a simple
thermoacoustic network including the effects of mean flow. The problem is
derived and the resonant modes are obtained.

• Chapter 3 is focused in obtaining the base state the structural sensitivities of the
system using a discrete approach.

• Chapter 4 does the same as chapter 3 but it considers a continuous approach. It
is important to note that even when they derive in the same results, both provide
a different insight into the sensitivities of the system.

5The preferred choice for a fixed point are normally the mean values of the system.
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• Chapter 5 will discuss the the equations in the low Mach number limit, therefore
providing a framework that is comparable to that already developed.

• Chapter 6 will conclude with some remarks on the outcomes and difficulties on
the approaches taken in the report, as well as providing a framework for the
future work.



Chapter 2

Low Order Thermoacoustic
Network

2.1 Network Definition

The thermoacoustic network is composed of a duct of length (L) with a flame located
at (x = b). Considering that the flame is sufficiently compact, it can be treated as a
jump. Therefore, the whole domain is split into two sections governed by a similar
set of linearized equations (eq. 2.3). The jump conditions (eq. 2.4) connect the two
domains. To solve the system a proper set of boundary conditions at the inlet (x = 0)
and at the outlet (x = L) is required. Details of the network can be found in figure 2.1.

𝐿𝑥

𝑏

𝑅𝑢 𝑅𝑑

𝑓1 𝑡 −
𝑥 − 𝑏

 𝑐1 +  𝑢1

 𝑢1

𝑔1 𝑡 +
𝑥 − 𝑏

 𝑐1 −  𝑢1

𝑓2 𝑡 −
𝑥 − 𝑏

 𝑐2 +  𝑢2

𝑔2 𝑡 +
𝑥 − 𝑏

 𝑐2 −  𝑢2

𝛼2 𝑡 −
𝑥 − 𝑏

 𝑢2

 𝜌1  𝑝1  𝑇1  𝑐1  𝜌2  𝑝2
 𝑇2  𝑐2

Fig. 2.1 Network Model set up

mpj1001
Sticky Note
the sentence needs to read smoothly: 'a duct of length L with a flame located at x=b.' (no brackets)



12 Low Order Thermoacoustic Network

2.2 Governing Equations

In 1D the governing equations for the thermoacoustic system are given by the continuity
equation, the momentum equation assuming no viscosity and the energy equation
assuming no heat conduction:

∂ρ

∂t
+ u

∂ρ

∂x
+ ρ

∂u

∂x
= 0 (2.1a)

ρ
∂u

∂t
+ ρu

∂u

∂x
+ ∂p

∂x
= 0 (2.1b)

∂p

∂t
+ u

∂p

∂x
+ γp

∂u

∂x
= 0 (2.1c)

The flame is treated as a discontinuity on the flow parameters, requiring a set of jump
relationships. These relations are derived1 from Eq. (2.1):

[ρu]b
+

b− = 0 (2.2a)

[
p + ρu2

]b+

b−
= 0 (2.2b)

γ

(γ − 1) [pu]b
+

b− +
[
ρ

1
2u3

]b+

b−
= q (2.2c)

Where q is the heat release added per unit area. Linearizing the governing equations
around the mean flow parameters (i.e p(x, t) → p̄ + p′(x, t)) yields:

∂ρ′

∂t
+ ū

∂ρ′

∂x
+ ρ̄

∂u′

∂x
= 0 (2.3a)

ρ̄
∂u′

∂t
+ ρ̄ū

∂u′

∂x
+ ∂p′

∂x
= 0 (2.3b)

∂p′

∂t
+ ū

∂p′

∂x
+ γp̄

∂u′

∂x
= 0 (2.3c)

The linearized jump conditions are:

[ρ′ū + ρ̄u′]b
+

b− = 0 (2.4a)

[
p′ + 2ρ̄ūu′ + ρ′ū2

]b+

b−
= 0 (2.4b)

γ

(γ − 1) [p′ū + p̄u′]b
+

b− + 1
2
[
3ρ̄ū2u′ + ū3ρ′

]b+

b−
=
∫ b+

b−
q′ dx (2.4c)

1See appendix A for their derivation.
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For simplicity the form of unsteady heat release is chosen to be an n − τ model
proportional to the velocity just upstream of the flame:

q′(x, t) = βu′(b−, t − τ)δ(x − b) (2.5)

Where β is the flame interaction index and the time delay (τ) is taken to be the fuel
convection time from the injection until it is burned (Dowling and Stow, 2003).

2.3 The Eigenvalue Problem

Linearization is done around the mean flow parameters (zeroth order variables), there-
fore the first step is to solve for them. The second step is to seek for a solution of the
fluctuating variables (first order).

2.3.1 Zeroth order (Mean Flow) variables

For the upstream mean variables:

• Set two of the three thermodynamic variables (pressure (p̄1), temperature (T̄1)
and density (ρ̄1)).

• Solve for the third one using the ideal gas relationship (p̄ = ρ̄RT̄ ).

• Set the mean velocity (ū1).

• Compute the speed of sound via the isentropic relationship (c̄1 =
√

γRT̄1).

• Compute the Mach number as M1 = ū1/c̄1.

For the downstream variables, use the jump conditions for mean flow Eq. (2.2):

• Get the temperature from the other side of the duct (T̄2) by setting a jump in
temperature (T̄2 = T̄1 + ∆T ).

• Compute the quadratic for the velocity2:

ū2 =
(ū2

1 + RT̄1) −
√

(ū2
1 + RT̄1)2 − 4ū2

1RT̄2

2ū1
(2.6)

2This equation is only valid for low Mach numbers. To keep the argument of the square root

positive, it is required that: M1 <

(√
T̄2/T̄1 −

√
T̄2/T̄1 − 1

)
/
√

γ which implies that the temperature

ratio puts a restriction on the mean flow.
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If the mean heat release per unit area (q̄) is known instead of the jump in
temperature, compute the quadratic from the following expression:

ū2
2

(
ρ̄1ū1

(1
2 − γ

γ − 1

))
+ ū2

(
γ

γ − 1
(
p̄1 + ρ̄1ū2

1

))
−
(

γ

γ − 1 p̄1ū1 + 1
2 ρ̄1ū3

1 + q̄

)
= 0
(2.7)

• Compute pressure as:
p̄2 = p̄1 − ρ̄1ū1(ū2 − ū1) (2.8)

• Compute density (ρ̄2) using the ideal gas law, the speed of sound (c̄2) using the
isentropic relationship and the Mach number (M2) as for the upstream side.

The former analysis is similar to the one identified as subsonic Rayleigh flow in
compressible flow theory (Anderson, 2003).

2.3.2 First order (fluctuations) variables

The linearized governing equations (2.3) are a system of coupled equations. To get the
solutions, begin by rewriting them in matrix form using partial differential equations
notation: 

ρ′

u′

p′


t

+


ū ρ̄ 0
0 ū 1/ρ̄

0 γp̄ ū




ρ′

u′

p′


x

= 0 (2.9)

In simplified form:
U t + AUx = 0 (2.10)

These compose a strictly hyperbolic system of equations (Evans, 2010), whose solutions
(coming from the wave equation) are plane waves. Proceed by diagonalizing the real
matrix A:

A = SΛS−1 =


1 1/c̄2 1/c̄2

0 1/ρ̄c̄ −1/ρ̄c̄

0 1 1



ū 0 0
0 c̄ + ū 0
0 0 −(c̄ − ū)



1 0 −1/c̄2

0 ρ̄c̄/2 1/2
0 −ρ̄c̄/2 1/2

 (2.11)

Substituting into the simplified form (eq. 2.10) yields:

U t + SΛS−1Ux = 0 (2.12)
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Pre-multiply by S−1 to get:

S−1U t + ΛS−1Ux = 0 (2.13)

Substitute using V = S−1U to get a fully decoupled system:

V t + ΛV x = 0 (2.14a)
R
U
P


t

+


ū 0 0
0 c̄ + ū 0
0 0 −(c̄ − ū)



R
U
P


x

= 0 (2.14b)

Note that the vector V represents the Riemann invariants of the system. Now the
system has become a set of three transport equations:

Rt + ūRx = 0 (2.15a)
Ut + (c̄ + ū)Ux = 0 (2.15b)
Pt − (c̄ − ū)Px = 0 (2.15c)

With solutions:

R(x, t) = α
(

t − x

ū

)
Entropy wave (2.16a)

U(x, t) = f
(

t − x

c̄ + ū

)
Forward traveling wave (2.16b)

P(x, t) = g
(

t + x

c̄ − ū

)
Backward traveling wave (2.16c)

The solutions to the original variables are recovered using U = SV :

p′(x, t) =f
(

t − x

c̄ + ū

)
+ g

(
t + x

c̄ − ū

)
(2.17a)

u′(x, t) = 1
ρ̄c̄

(
f
(

t − x

c̄ + ū

)
− g

(
t + x

c̄ − ū

))
(2.17b)

ρ′(x, t) = 1
c̄2

(
f
(

t − x

c̄ + ū

)
− g

(
t + x

c̄ − ū

))
+ α

(
t − x

ū

)
(2.17c)

The domain is split into two sections according to figure 2.1. The wave solutions are
centered at x = b, and labeled with subscripts 1 if they are located upstream of the
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flame and 2 if they are downstream. The pressure fluctuations become:

p′(x, t) =

f1
(
t − x−b

c̄1+ū1

)
+ g1

(
t + x−b

c̄1−ū1

)
if x < b

f2
(
t − x−b

c̄2+ū2

)
+ g2

(
t + x−b

c̄2−ū2

)
if x > b

(2.18)

The velocity fluctuations:

u′(x, t) =


1

ρ̄1c̄1

(
f1
(
t − x−b

c̄1+ū1

)
− g1

(
t + x−b

c̄1−ū1

))
if x < b

1
ρ̄2c̄2

(
f2
(
t − x−b

c̄2+ū2

)
− g2

(
t + x−b

c̄2−ū2

))
if x > b

(2.19)

The density fluctuations:

ρ′(x, t) =


1
c̄2

1

(
f1
(
t − x−b

c̄1+ū1

)
+ g1

(
t + x−b

c̄1−ū1

)
+ α1(t − x−b

ū1
)
)

if x < b

1
c̄2

2

(
f2
(
t − x−b

c̄2+ū2

)
+ g2

(
t + x−b

c̄2−ū2

)
+ α2(t − x−b

ū2
)
)

if x > b
(2.20)

Notice that for simplicity in further calculations the entropy waves are multiplied3 by
1/c̄2. Given that there are 3 governing equations, a set of 3 boundary conditions must
be provided to solve the system. The first two boundary conditions relate the acoustic
waves imposing Dirichlet, Neumann or Robin boundary conditions to the fluctuations
at x = 0 and x = L. This assumption is valid considering that the entropy waves
convect away from the flame, and they are not reflected as acoustic fluctuations, which
would be the case of choked outlets as a nozzle (See for example Duran and Moreau
(2013); Marble and Candel (1977)). The boundary condition at x = 0 gives:

f1(t) = Rug1(t − τu) (2.21)

τu = 2bc̄1

c̄2
1 − ū2

1
(2.22)

The boundary condition at x = L:

g2(t) = Rdf2(t − τd) (2.23)

τd = 2(L − b)c̄2

c̄2
2 − ū2

2
(2.24)

3In the frequency space the amplitude of these waves (A) will compensate for this factor. It is
normal to see the entropy waves accompanied by a ρ̄/cp factor (for example Morgans and Annaswamy
(2008)) but this will have the same effect as our current choice.
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The third boundary condition sets the entropy fluctuations at the inlet:

α1(0, t) = α1

(
t + b

ū1

)
= a0

(
t + b

ū1

)
(2.25)

Substitute the boundary conditions into the linearized jump conditions (eq. 2.4) at
x = b. Multiply the continuity jump condition by c̄1, and divide the energy jump
condition by c̄1. Laplace transform using g = Gest and rearrange to get to the following
transfer matrix:

Lq̂ = X (2.26)
L11 L12 L13

L21 L22 L23

L31 L32 L33



A2

G1

F2

 =


M1

M2
1

1
2M3

1

A0(s)

Where the matrix L is composed of two matrices:

L = N + Q (2.27)

N =


N11 N12 N13

N21 N22 N23

N31 N32 N33

 Q =


0 0 0
0 0 0
0 Q32 0


The components of matrix N are:

N11 = c̄1

c̄2
M2 (2.28a)

N12 = (1 − M1) − Rue−sτu(1 + M1) (2.28b)

N13 = c̄1

c̄2

(
(1 + M2) + Rde−sτd(M2 − 1)

)
(2.28c)

N21 = M2
2 (2.28d)

N22 = −(1 − M1)2 − Rue−sτu(1 + M1)2 (2.28e)
N23 = (1 + M2)2 + Rde−sτd(1 − M2)2 (2.28f)

N31 = 1
2M3

2
c̄2

c̄1
(2.28g)

N32 = 1 − γM1

γ − 1 + M2
1

2 (3 − M1) − Rue−sτu

(
1 + γM1

γ − 1 + M2
1

2 (3 + M1)
)

(2.28h)
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N33 = c̄2

c̄1

(
1 + γM2

γ − 1 + M2
2

2 (3 + M2) + Rde−sτd

(
−1 + γM2

γ − 1 − M2
2

2 (3 − M2)
))
(2.28i)

The matrix Q is a 3 by 3 zeros matrix with the only non zero entry being:

Q32 = β

ρ̄1c̄2
1
e−sτ (1 − Rue−sτu) (2.29)

There are three possible ways to seek a solution to the problem:

• Set A0 to zero. This is the most common approach considering that this are
generated by the flame, since there is heat release at the inlet it is natural for this
term to be zero. In this case the problem becomes a nonlinear eigenvalue problem
for s. Eigenvalues (sj) are computed by setting the determinant of matrix L to 0.
Once the eigenvalues are known, the eigenvectors q̂j can be computed. Using
those, the eigenfunctions (mode shapes) can be recovered.

• A0 is a function of G1, F2 and or A2. Then the system of equations can be
rearranged to form another eigenvalue problem as before.

• A0 is a different function. Then, the equations are forced, the eigenvalues are
still computed in the same way as before (they will represent the poles of the
system), but there is only one vector of solutions, that will define the amplitudes
that satisfy the system, that is:

q̂ = q̂j + q̂A0 (2.30)

The first vector (q̂j) being the one that satisfies the homogeneous problem, while
the other (q̂A0) is satisfies the particular solution (forcing). If all the modes are
damped the solution will be dominated by the latter.

Mode-shapes for the first unstable eigenvalue s1 = (0.0116 + 2.0980i) · 103 s−1 of a
network characterized by the values in table 2.1 can be seen in figures 2.2, 2.3 and
2.4. The resonant frequency of the system is 333.9Hz. Note that Dirichlet boundary
conditions were set for p′ (fig. 2.2), velocity fluctuations (fig. 2.3) do not display a
Neumann boundary condition as would be expected from a case with zero mean flow.
Also observe that the density fluctuations (fig. 2.4) are proportional to the pressure
fluctuations upstream of the flame, and that they display the same boundary condition
at that location; downstream due to the presence of entropy waves this is not true
anymore.
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Description Value
Constants

γ 1.4
R (dry air) 287.1 Jkg−1K−1

Geometry
Length 1m

Boundary conditions
Inlet boundary: Ru (Open end) -1
Outlet boundary: Rd (Open end) -1
Inlet entropy waves: A0 0

Flow conditions
Inlet pressure (p̄1) 101, 300Pa
Inlet temperature (T̄1) 700K
Inlet velocity (ū1) 60ms−1

Jump in temperature (∆T̄ ) 1300K
Unsteady Heat Release

Flame location (b) 0.3m
Flame interaction index (β) 360, 000ms2kg−1

Time delay (τ) 0.001s
Table 2.1 Geometry and flow conditions
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Chapter 3

Sensitivity analysis via the Discrete
approach

3.1 Eigenvalue drift

Matrix L from Eq. (2.26) produces a nonlinear eigenvalue problem for s. For this case,
Juniper et al. (2014) derived the following eigenvalue drift formula1:

δs = − (q̂†)HδL(sj, p0)q̂
(q̂†)H ∂L(sj ,p)

∂sj

∣∣∣
sj ,p0

q̂
(3.1)

To apply this formula to the network model, the matrix ∂L/∂sj needs to be computed,
which is done analytically as:

∂L
∂sj

= ∂N
∂sj

+ ∂Q
∂sj

(3.2)

where

∂N
∂sj

=


N′

11 N′
12 N′

13

N′
21 N′

22 N′
23

N′
31 N′

32 N′
33

 (3.3)

1Derived also in appendix B.
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N′
11 = 0 (3.4a)

N′
12 = τuRue−sjτu(1 + M1) (3.4b)

N′
13 = c̄1

c̄2

(
−τdRde−sjτd(M2 − 1)

)
(3.4c)

N′
21 = 0 (3.4d)

N′
22 = τuRue−sjτu(1 + M1)2 (3.4e)

N′
23 = −τdRde−sjτd(1 − M2)2 (3.4f)

N′
31 = 0 (3.4g)

N′
32 = τuRue−sjτu

(
1 + γM1

γ − 1 + M2
1

2 (3 + M1)
)

(3.4h)

N′
33 = c̄2

c̄1

(
−τdRde−sjτd

(
−1 + γM2

γ − 1 − M2
2

2 (3 − M2)
))

(3.4i)

The matrix ∂Q/∂sj has only one non zero element:

∂Q32

∂sj

= β

ρ̄1c̄2
1
e−sτ

(
Rue−sjτu(τu + τ) − τ

)
(3.5)

3.2 Base state sensitivity

As stated in section 1.3, base state sensitivity gives the change of the eigenvalue with
respect to any change in a parameter of the system. For this particular case it is worth
looking at the following base state values: reflection coefficients: Ru and Rd, geometric
time delays: τu and τd and unsteady heat release parameters: τ and β. Then a generic
change in the matrix L is given by:

δL = ∂L
∂Ru

δRu + ∂L
∂Rd

δRd + ∂L
∂τu

δτu + ∂L
∂τd

δτd + ∂L
∂τ

δτ + ∂L
∂β

δβ (3.6)

Where the base state sensitivity matrices are:

∂L
∂Ru

=


0 −e−sjτu(1 + M1) 0
0 −e−sjτu(1 + M1)2 0
0 −e−sjτu

(
1+γM1

γ−1 + M2
1

2 (3 + M1) + β
ρ̄1c̄2

1
e−sjτ

)
0

 (3.7a)
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∂L
∂Rd

=


0 0 c̄1

c̄2
e−sjτd(M2 − 1)

0 0 e−sjτd(1 − M2)2

0 0 c̄2
c̄1

e−sjτd

(
−1+γM2

γ−1 − M2
2

2 (3 − M2)
)
 (3.7b)

∂L
∂τu

=


0 sjRue−sjτu(1 + M1) 0
0 sjRue−sjτu(1 + M1)2 0
0 sjRue−sjτu

(
1+γM1

γ−1 + M2
1

2 (3 + M1) + β
ρ̄1c̄2

1
e−sjτ

)
0

 (3.7c)

∂L
∂τd

=


0 0 − c̄1

c̄2
sjRde−sjτd(M2 − 1)

0 0 −sjRde−sjτd(1 − M2)2

0 0 − c̄2
c̄1

sjRde−sjτd

(
−1+γM2

γ−1 − M2
2

2 (3 − M2)
)
 (3.7d)

∂L
∂τ

=


0 0 0
0 0 0
0 −sj

β
ρ̄1c̄2

1
e−sjτ (1 − Rue−sjτu) 0

 (3.7e)

∂L
∂β

=


0 0 0
0 0 0
0 e−sj τ

ρ̄1c̄2
1

(1 − Rue−sjτu) 0

 (3.7f)

For the same case described in the last part of section 2.3.2 the base state sensitivities
are shown in table 3.1. The results provide a complex number, where the real part
provides the sensitivity of the growth rate and the imaginary part the sensitivity of the
frequency. It should be clear that the system is very sensible to changes in the time
delays. If the system is to be stabilized, only the geometric time delays (τu and τd)
can be changed by re-positioning the flame. If the reflection coefficients are allowed to
get some damping for example Rd = −0.95 the system will become more stable. The
flame interaction index is the least sensitive of the base state variables.

Base state Variable Value
Ru (−2.1918 + 1.4662i) · 102 s−1

Rd (−3.5152 − 1.1381i) · 102 s−1

τu (−3.1017 − 4.5814i) · 105 s−1

τd (+2.3469 − 7.3882i) · 105 s−1

τ (−0.3768 − 3.7229i) · 105 s−1

β (+4.9317 − 0.4715i) · 10−4 s−1

Table 3.1 Base state sensitivities for the first unstable eigenvalue of the network
characterized by table 2.1 (s1 = (0.0116 + 2.0980i) · 103 s−1)
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3.2.1 Taylor Tests

The eigenvalue drift can be computed using a finite difference method (δF D), or using
the eigenvalue drift formula from eq. (3.1) (δAD). The main difference between both
methods, being that the first is computationally more expensive but it also includes
terms of order 2, 3 and beyond. Since both ways of computing the eigenvalue drift are
the same to first order, the difference between them (δsF D − δsAD), should increase
linearly with the square of the size of the perturbation (ϵ2) for a small value of ϵ. This
procedure is called the Taylor Test (Magri, 2015). Taylor test plots for every base state
variable are available in appendix C.

3.3 Structural Sensitivity

To compute the structural sensitivity of the system, one needs to consider the effects of
intrinsic feedback, which is done by introducing small perturbations into the governing
equations, for example: mass injection into the continuity equation (M), drag force
into the momentum equation (F)or heat addition to the energy equation (Q). In
general the governing equations become:

∂ρ′

∂t
+ ū

∂ρ′

∂x
+ ρ̄

∂u′

∂x
= M (3.8a)

ρ̄
∂u′

∂t
+ ρ̄ū

∂u′

∂x
+ ∂p′

∂x
= F (3.8b)

∂p′

∂t
+ ū

∂p′

∂x
+ γp̄

∂u′

∂x
= Q + c̄2M (3.8c)

The term c̄2M in the energy equation (Eq. 3.8c) arises due to the use of the continuity
equation to get the energy equation in terms of pressure as shown in appendix D. For
simplicity, consider the next expression:

E = Q + c̄2M (3.9)

The quantities M, F , E are chosen to be functions of p′, u′ and ρ′:

M = Mpp′ + Muu′ + Mrρ
′ (3.10a)

F = Fpp′ + Fuu′ + Frρ
′ (3.10b)

E = Epp′ + Euu′ + Erρ
′ (3.10c)
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The main assumption is that these small perturbations will not produce any
change to the mean flow parameters. To compute the eigenvalue drift (Eq. 3.1)
the matrix of perturbations (δL) is required. Hence, after adding these perturbations
the task is to rearrange the expressions to obtain the original matrix from the eigenvalue
problem (L) plus some extra terms (δL) which are a function of the perturbations
introduced:

L → L + δL(M, F , E) (3.11)

The interest is to know how these perturbations affect the eigenvalue at different
positions along the duct, therefore the perturbations must be point functions (i.e Dirac
deltas):

∂ρ′

∂t
+ ū

∂ρ′

∂x
+ ρ̄

∂u′

∂x
= Mδ(x − x0) (3.12a)

ρ̄
∂u′

∂t
+ ρ̄ū

∂u′

∂x
+ ∂p′

∂x
= Fδ(x − x0) (3.12b)

∂p′

∂t
+ ū

∂p′

∂x
+ γp̄

∂u′

∂x
= Eδ(x − x0) (3.12c)

There are two major implications of using a Dirac delta as part of the model (the
second one follows from the first):

1. Splitting the domain:
To keep the model as simple traveling waves, the domain needs to be split and to
keep the perturbation it needs to be introduced as a jump in the system (similar
to the flame). Since the equations are defined upstream and downstream of
the flame this means that the domain will be split into four parts. These are
delimited by the inlet, the position of the upstream perturbation at x = x0 = a,
the position of the flame at x = b, the position of the downstream perturbation
at x = x0 = c and the outlet, as shown in figure 3.1.

2. Derive two new sets of jump conditions:
A detailed explanation of the derivation of the jump conditions can be found in
appendix E. The jump conditions upstream of the flame (x = a) are:

ū1(ρ′
ii − ρ′

i) + ρ̄1(u′
ii − u′

i) = Mp1p′
i + Mu1u′

i + Mr1ρ′
i (3.13a)

ρ̄1ū1(u′
ii − u′

i) + (p′
ii − p′

i) = Fp1p′
i + Fu1u′

i + Fr1ρ′
i (3.13b)

ū1(p′
ii − p′

i) + γp̄1(u′
ii − u′

i) = Ep1p′
i + Eu1u′

i + Er1ρ′
i (3.13c)
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Fig. 3.1 Network model split into 4 sections due to the presence of intrinsic feedback
at points x = a and x = c

The jump conditions downstream of the flame (x = c) are:

ū2(ρ′
iv − ρ′

iii) + ρ̄2(u′
iv − u′

iii) = Mp2p′
iv + Mu2u′

iv + Mr2ρ′
iv (3.14a)

ρ̄2ū2(u′
iv − u′

iv) + (p′
iv − p′

iii) = Fp2p′
iv + Fu2u′

iv + Fr2ρ′
iv (3.14b)

ū2(p′
iv − p′

iii) + γp̄2(u′
iv − u′

iii) = Ep2p′
iv + Eu2u′

iv + Er2ρ′
iv (3.14c)

After adding a perturbation to the governing equations the wave forms will change
from their original state to a perturbed state, that is:

(fi = f1) → (f1 + δf1 = fii) (fiv = f2) → (f2 + δf2 = fiii) (3.15a)
(gi = g1) → (g1 + δg1 = gii) (giv = g2) → (g2 + δg2 = giii) (3.15b)

(αi = α1) → (α1 + δα1 = αii) (αiv = α2) → (α2 + δα2 = αiii) (3.15c)

From the previous analysis it must be clear that in order to recover the matrix L + δL,
the first task is to obtain expressions for the waves that define regions ii and iii

(perturbed waves) in terms of the waves from regions i and iv (unperturbed waves);
thereafter, substitute them into the jump conditions at x = b (Eq. 2.4). To obtain
these expressions, put the wave form solutions (Eq. 2.17) of the variables p′, ρ′ and
u′ into the jump conditions at x = a and x = c (Eqs. 3.13 and 3.14), multiply the
continuity equation by c̄ and divide the energy equation by c̄, finally, solve both 3 × 3
linear systems. The full perturbed wave-form solutions derived from these systems are
presented in appendix F. For discussion only two of the solutions (one acoustic and one
entropic) are presented next, since they have some general characteristics applicable to
all waves of their types.
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Perturbed upstream forward traveling wave:

fii(t) = f1(t) + 1
2(M1 + 1)

(
Mp1 c̄1(f1(t) + g1(t − τa)) · · ·

+Mu1

ρ̄1
(f1(t) − g1(t − τa)) + Mr1

c̄1
(f1(t) + g1(t − τa) + α1(t + τα)) · · ·

+Fp1(f1(t) + g1(t − τa)) + Fu1

ρ̄1c̄1
(f1(t) − g1(t − τa)) · · ·

+Fr1

c̄2
1

(f1(t) + g1(t − τa) + α1(t + τα)) + Qp1

c̄1
(f1(t) + g1(t − τa)) · · ·

+ Qu1

ρ̄1c̄2
1
(f1(t) − g1(t − τa)) + Qr1

c̄3
1

(f1(t) + g1(t − τa) + α1(t + τα))
)

(3.16)

Acoustic waves are affected by mass addition, momentum addition, and energy addition;
for a perturbation of the same magnitude, mass addition is likely to have the biggest
effect, and heat addition the least. In the low Mach number limit the perturbed
coefficient will converge to 1/2.
Perturbed downstream entropy wave:

αiii(t) =α2(t) − 1
M2

(Qp2

c̄2
(f2(t + τγ) + g2(t + τc + τγ)) · · ·

+ Qu2

ρ̄2c̄2
2
(f2(t + τγ) − g2(t + τc + τγ)) · · ·

+Qr2

c̄3
2

(f2(t + τγ) + g2(t + τc + τγ) + α2(t))
)

(3.17)

Entropy waves are only affected by energy addition, which makes sense considering
that entropy waves are convected hot spots. To add up to the former statement Yu
et al. (1991) look at how the convected modes follow closely the heat release of the
system, supporting that heat addition is likely to modify the amplitude of entropy
waves. Note that on the low Mach number limit, the amplitude of the entropy wave
tends to infinity. Dowling and Stow (2003) discuss the consequences of obtaining the
zero mean flow equations from the those considering mean flow. Also in appendix F
it is explained how the the system is taken into the frequency domain by using the
Laplace transform g = Gest and then substituting into the jump conditions (Eq. 2.4)
of the original problem, resulting in the perturbed problem:

(L + δL) q̂ = X + δX (3.18)
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To get the structural sensitivity plots, the eigenvalue drift from Eq. (3.1) needs to be
computed along the duct at various positions that range from 0 to L. The frequency
domain equations of appendix F are useful to compute the matrix δL at those positions.
To achieve this, a perturbation proportional to ρ′, u′ or p′ in the continuity, momentum
or energy equations is chosen, and the rest of them are set to zero. (If the eigenvalue
drift is computed before the flame, perturbations downstream of the flame are set
to zero and vice versa). Plots (3.2 to 3.10) show the structural sensitivities of the
system for the first unstable eigenvalue, where the real part shows the change in the
growth rate, while the imaginary part shows the change in the frequency caused by
the introduction of the small feedback mechanism.

Some feedback mechanisms already discussed by Juniper (2015); Magri and Juniper
(2013b) are worth mentioning. The velocity device in the momentum equation (fig.
3.6) shows that the growth rate is always positive, with bigger amplitudes towards
the inlet or outlet. Therefore, if a force is exerted in the opposite direction, like by
positioning a drag mesh at those locations, it is likely to stabilize the system. On the
other hand, the pressure device in the continuity equation (fig. 3.2) is useful to show
which is the best position to locate Helmholtz resonators in thermoacoustic systems.

There are two ways in which the structural sensitivity can be tested. From one side
using a finite difference method, which depends on the same matrix δL and computes
the eigenvalues of the perturbed problem to then subtract them from the unperturbed
problem, thus giving a more accurate prediction at a higher computational cost. Or
else the Taylor tests, which are available in appendix G.
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Fig. 3.2 Structural sensitivity - Continuity Equation - Pressure device. —– represents
the sensitivity using the eigenvalue drift formula. X represents sensitivities at certain
points using a finite difference method.
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Fig. 3.3 Structural sensitivity - Continuity Equation - Velocity device. —– represents
the sensitivity using the eigenvalue drift formula. X represents sensitivities at certain
points using a finite difference method.
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Fig. 3.4 Structural sensitivity - Continuity Equation - Density device. —– represents
the sensitivity using the eigenvalue drift formula. X represents sensitivities at certain
points using a finite difference method.
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Fig. 3.5 Structural sensitivity - Momentum Equation - Pressure device. —– represents
the sensitivity using the eigenvalue drift formula. X represents sensitivities at certain
points using a finite difference method.
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Fig. 3.6 Structural sensitivity - Momentum Equation - Velocity device. —– represents
the sensitivity using the eigenvalue drift formula. X represents sensitivities at certain
points using a finite difference method.
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Fig. 3.7 Structural sensitivity - Momentum Equation - Density device. —– represents
the sensitivity using the eigenvalue drift formula. X represents sensitivities at certain
points using a finite difference method.
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Fig. 3.8 Structural sensitivity - Energy Equation - Pressure device. —– represents
the sensitivity using the eigenvalue drift formula. X represents sensitivities at certain
points using a finite difference method.
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Fig. 3.9 Structural sensitivity - Energy Equation - Velocity device. —– represents
the sensitivity using the eigenvalue drift formula. X represents sensitivities at certain
points using a finite difference method.
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Fig. 3.10 Structural sensitivity - Energy Equation - Density device. —– represents
the sensitivity using the eigenvalue drift formula. X represents sensitivities at certain
points using a finite difference method.



Chapter 4

Sensitivity Analysis via a
Continuous Approach

4.1 Continuous Adjoint formulation

The adjoint system is defined through the system of Eq. (1.6). For the set of governing
equations (Eq. 2.3):

F1 ≡ ∂ρ′

∂t
+ ū

∂ρ′

∂x
+ ρ̄

∂u′

∂x
= 0 (4.1a)

F2 ≡ ρ̄
∂u′

∂t
+ ρ̄ū

∂u′

∂x
+ ∂p′

∂x
= 0 (4.1b)

F3 ≡ ∂p′

∂t
+ ū

∂p′

∂x
+ γp̄

∂u′

∂x
= 0 (4.1c)

which are defined on
x ∈ [0, b−) ∪ (b+, L] (4.2)

define a set of adjoint variables (ρ+(x, t), u+(x, t), p+(x, t)). Similarly, for the set of
jump conditions (Eq. 2.4):

J1 ≡ [ρ′ū + ρ̄u′]b
+

b− = 0 (4.3a)

J2 ≡
[
p′ + 2ρ̄ūu′ + ρ′ū2

]b+

b−
= 0 (4.3b)

J3 ≡ γ

(γ − 1) [p′ū + p̄u′]b
+

b− + 1
2
[
3ρ̄ū2u′ + ū3ρ′

]b+

b−
− βu(b−, t − τ) = 0
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which are only defined at x = b (the flame position), define another set adjoint variables
(f(t), g(t), h(t)). Define the following inner products:

⟨a, b⟩ =
∫ T

0

(∫ b−

0
a∗b dx +

∫ L

b+
a∗b dx

)
dt (4.4)

{a, b} =
∫ T

0
a∗b dt (4.5)

Where the (∗) denotes a complex conjugate. Using the direct equations and the adjoint
variables, create a functional:

L ≡
〈
ρ+, F1

〉
+
〈
u+, F2

〉
+
〈
p+, F3

〉
+ {f, J1} + {g, J2} + {h, J3} (4.6)

Considering each term in turn:

〈
ρ+, F1

〉
=
∫ b−

0

[
ρ+∗

ρ′
]T

0
dx +

∫ L

b+

[
ρ+∗

ρ′
]T

0
dx · · ·

+
∫ T

0

([
ρ+∗

ūρ′ + ρ+∗
ρ̄u′
]b−

0
+
[
ρ+∗

ūρ′ + ρ+∗
ρ̄u′
]L

b+

)
dt · · ·

−
〈

∂ρ+

∂t
+ ū

∂ρ+

∂x
, ρ′
〉

−
〈

ρ̄
∂ρ+

∂x
, u′
〉

(4.7a)

〈
u+, F2

〉
=
∫ b−

0

[
u+∗

ρ̄u′
]T

0
dx +

∫ L

b+

[
u+∗

ρ̄u′
]T

0
dx · · ·

+
∫ T

0

([
u+∗

ρ̄ūu′ + u+∗
p′
]b−

0
+
[
u+∗

ρ̄ūu′ + u+∗
p′
]L

b+

)
dt · · ·

−
〈

ρ̄
∂u+

∂t
+ ρ̄ū

∂u+

∂x
, u′
〉

−
〈

∂u+

∂x
, p′
〉

(4.7b)

〈
p+, F3

〉
=
∫ b−

0

[
p+∗

p′
]T

0
dx +

∫ L

b+

[
p+∗

p′
]T

0
dx · · ·

+
∫ T

0

([
p+∗

ūp′ + p+∗
γp̄u′

]b−

0
+
[
p+∗

ūp′ + p+∗
γp̄u′

]L
b+

)
dt · · ·

−
〈

∂p+

∂t
+ ū

∂p+

∂x
, p′
〉

−
〈

γp̄
∂p+

∂x
, u′
〉

(4.7c)

{f, J1} =
∫ T

0
[f ∗ρ′ū + f ∗ρ̄u′]b

+

b− dt (4.7d)

{g, J2} =
∫ T

0

[
g∗p′ + g∗2ρ̄ūu′ + g∗ρ′ū2

]b+

b−
dt (4.7e)

{h, J3} =
∫ T

0

(
γ

(γ − 1) [h∗p′ū + h∗p̄u′]b
+

b− + 1
2
[
h∗3ρ̄ū2u′ + h∗ū3ρ′

]b+

b−

)
dt · · ·

−
∫ T −τ

−τ
h∗(t + τ)βu′

1(t) dt (4.7f)
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Note that:
[· · · ]b−

0 + [· · · ]Lb+ = [· · · ]L0 − [· · · ]b+

b− (4.8)

Rearranging the functional by type and in terms of direct variables gives:

L ≡ −
〈

∂ρ+

∂t
+ ū

∂ρ+

∂x
, ρ′
〉

−
〈

ρ̄
∂u+

∂t
+ ρ̄ū

∂u+

∂x
+ ρ̄

∂ρ+

∂x
+ γp̄

∂p+

∂x
, u′
〉

· · ·

−
〈

∂p+

∂t
+ ū

∂p+

∂x
+ ∂u+

∂x
, p′
〉

· · · (4.9a)

+
∫ b−

0

[
ρ+∗

ρ′ + u+∗
ρ̄u′ + p+∗

p′
]T

0
dx +

∫ L

b+

[
ρ+∗

ρ′ + u+∗
ρ̄u′ + p+∗

p′
]T

0
dx · · ·

(4.9b)

+
∫ T

0

[
ρ+∗

ūρ′ + ρ+∗
ρ̄u′ + u+∗

ρ̄ūu′ + u+∗
p′ + p+∗

ūp′ + p+∗
γp̄u′

]L
0

dt · · · (4.9c)

+
∫ T

0

[(
f ∗ū + g∗ū2 + 1

2h∗ū3 − ρ+∗
ū
)

ρ′ · · ·

+
(

f ∗ρ̄ + g∗2ρ̄ū + γ

(γ − 1)h∗p̄ + 3
2h∗ρ̄ū2 − ρ+∗

ρ̄ − u+∗
ρ̄ū − p+∗

γp̄

)
u′ · · ·

+
(

g∗ + γ

(γ − 1)h∗ū − u+∗ − p+∗
ū

)
p′
]b+

b−
dt −

∫ T −τ

−τ
h∗(t + τ)βu′

1(t) dt (4.9d)

All the derivatives of L with respect to ρ′, u′ and p′ must be zero for any value of ρ′,
u′ and p′, hence the equations above have the following interpretation:

• Equation (4.9a) gives the continuous adjoint equations:

∂ρ+

∂t
+ ū

∂ρ+

∂x
= 0 (4.10a)

ρ̄
∂u+

∂t
+ ρ̄ū

∂u+

∂x
+ ρ̄

∂ρ+

∂x
+ γp̄

∂p+

∂x
= 0 (4.10b)

∂p+

∂t
+ ū

∂p+

∂x
+ ∂u+

∂x
= 0 (4.10c)

• Equation (4.9b) gives the initial and final conditions for ρ+, u+ and p+ at all
positions. In the frequency domain this row is redundant.

• Equation (4.9c) gives the boundary conditions for ρ+, u+ and p+ at x = 0 and
x = L in terms of those of ρ′, u′ and p′:

ρ+∗
ūρ′ + ρ+∗

ρ̄u′ + u+∗
ρ̄ūu′ + u+∗

p′ + p+∗
ūp′ + p+∗

γp̄u′ = 0 (4.11)



36 Sensitivity Analysis via a Continuous Approach

• Equation (4.9d) gives the adjoint jump conditions for ρ+, u+ and p+. For
simplicity, variables evaluated just before the flame (b−) will use the subscript
1 and variables evaluated just after the flame (b+) will use subscript 2. The
derivatives with respect ρ′

1, u′
1, p′

1, ρ′
2, u′

2 and p′
2 must be zero, which leads to

the following six equations:

fū2 + gū2
2 + 1

2hū3
2 − ρ+

2 ū2 = 0

(4.12a)

fρ̄2 + 2gρ̄2ū2 + γ

(γ − 1)hp̄2 + 3
2hρ̄2ū

2
2 − ρ+

2 ρ̄2 − u+
2 ρ̄2ū2 − p+

2 γp̄2 = 0

(4.12b)

g + γ

(γ − 1)hū2 − u+
2 − p+

2 ū2 = 0

(4.12c)

ρ+
1 ū1 − fū1 − gū2

1 − 1
2hū3

1 = 0

(4.12d)

ρ+
1 ρ̄1 + u+

1 ρ̄1ū1 + p+
1 γp̄1 − fρ̄1 − 2gρ̄1ū1 − γ

(γ − 1)hp̄1 − 3
2hρ̄1ū

2
1 − βh(t + τ) = 0

(4.12e)

u+
1 + p+

1 ū1 − g − γ

(γ − 1)hū1 = 0

(4.12f)

From the first three equations a relation between the adjoint variables defined in
the whole domain (ρ+, u+, p+) and the adjoint variables defined at the flame (f ,
g, h) is derived:

f = ρ+
2 − ū2u

+
2 + 1

2(γ − 1)ū2
2p

+
2 (4.13a)

g = u+
2 − (γ − 1)ū2p

+
2 (4.13b)

h = (γ − 1)p+
2 (4.13c)
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Finally from the other three, the jump conditions for ρ+, u+ and p+, are obtained:

ρ+
2 + (ū1 − ū2)u+

2 + 1
2(γ − 1)(ū1 − ū2)2p+

2 − ρ+
1 = 0 (4.14a)

ρ̄1ρ
+
2 + ρ̄1(2ū1 − ū2)u+

2 + 1
2(γ − 1)ρ̄1(3ū2

1 − 4ū1ū2 + ū2
2)p+

2 + γp̄1p
+
2 · · · (4.14b)

−ρ̄1ρ
+
1 − ρ̄1ū1u

+
1 − γp̄1p

+
1 + β(γ − 1)p+

2 (t + τ) = 0
u+

2 + (γū1 − (γ − 1)ū2)p+
2 − u+

1 − ū1p
+
1 = 0 (4.14c)

Which after some arrangement can be cast as:

ρ+
1 − ρ+

2 − u+
1 ū1 + u+

2 ū2 + 1
2(γ − 1)

(
p+

1 ū2
1 − p+

2 ū2
2

)
= 1

2(γ + 1)u2
1
β(γ − 1)p+

2 (t + τ)
ρ̄1(c̄2

1 − ū2
1)

(4.15a)

u+
1 − u+

2 − (γ − 1)
(
p+

1 ū1 − p+
2 ū2

)
= −γū1

β(γ − 1)p+
2 (t + τ)

ρ̄1(c̄2
1 − ū2

1)
(4.15b)

p+
1 − p+

2 = β(γ − 1)p+
2 (t + τ)

ρ̄1(c̄2
1 − ū2

1)
(4.15c)

4.2 Continuous Adjoint Equations and Eigenvalue
Problem

The adjoint equations are:

∂ρ+

∂t
+ ū

∂ρ+

∂x
= 0 (4.16a)

ρ̄
∂u+

∂t
+ ρ̄ū

∂u+

∂x
+ ρ̄

∂ρ+

∂x
+ γp̄

∂p+

∂x
= 0 (4.16b)

∂p+

∂t
+ ū

∂p+

∂x
+ ∂u+

∂x
= 0 (4.16c)

Note that for the adjoint equations to be well defined, they must evolve backwards in
time. This is shown in the derivation of the adjoint equations in the frequency domain
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in appendix H. The adjoint jump conditions at the flame x = b are:

1 −ū1

1
2(γ − 1)ū2

1

0 1 −(γ − 1)ū1

0 0 1




ρ+
1

u+
1

p+
1

 =


1 −ū2

1
2(γ − 1)ū2

2

0 1 −(γ − 1)ū2

0 0 1




ρ+
2

u+
2

p+
2

+ · · ·

+


1
2(γ + 1)ū2

1

−γū1

1

 β(γ − 1)p+
2 (t + τ)

ρ̄1(c̄2
1 − ū2

1)
(4.17)

Given the adjoint equations a problem of the form U+
t + A+U+

x = 0 can be created:


ρ+

u+

p+


t

+


ū 0 0
1 ū c̄2

0 1 ū




ρ+

u+

p+


x

= 0 (4.18)

Diagonalizing A+:

A+ = S+Λ+S+−1 =


−c̄2 0 0
0 c̄ −c̄

1 1 1



ū 0 0
0 c̄ + ū 0
0 0 −(c̄ − ū)



−1/c̄2 0 0
1/2c̄2 1/2c̄ 1/2
1/2c̄2 −1/2c̄ 1/2


(4.19)

Substitute A+ with the diagonalization matrices and pre-multiplying by S+−1 to get:

S+−1
U+

t + Λ+S+−1
U+

x = 0 (4.20)

Substituting V + = S+−1
U+, gives:

V +
t + Λ+V +

x = 0 (4.21)
R+

U+

P+


t

+


ū 0 0
0 c̄ + ū 0
0 0 −(c̄ − ū)



R+

U+

P+


x

= 0 (4.22)

Note that again the vector V + represents the Riemann invariants of the adjoint system,
and that the decoupled system of equations is exactly the same as the decoupled system
of direct equations (Eq. 2.14), bringing to light that in a system with homogeneous
properties, the mean flow does not make the system not self adjoint. However, a glance
at the adjoint jump conditions (Eq. 4.17) reveals that the right hand side terms are
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not self adjoint. The solutions of the adjoint system are:

R+(x, t) = α+
(

t − x

ū

)
Entropy wave (4.23)

U+(x, t) = f+
(

t − x

c̄ + ū

)
Backward traveling wave (4.24)

P+(x, t) = g+
(

t + x

c̄ − ū

)
Forward traveling wave (4.25)

In original variables:

ρ+(x, t) = −c̄2
(

α+
(

t − x

ū

))
(4.26)

u+(x, t) = c̄
(

f+
(

t − x

c̄ + ū

)
− g+

(
t + x

c̄ − ū

))
(4.27)

p+(x, t) = f+
(

t − x

c̄ + ū

)
+ g+

(
t + x

c̄ − ū

)
+ α+

(
t − x

ū

)
(4.28)

Similar to the direct problem, the domain is split into two sections. The wave solutions
are centered at x = b, and labeled with subscripts 1 if they are located upstream of
the flame and 2 if they are downstream.

ρ+(x, t) =

−c̄2
1

(
α+

1

(
t − x−b

ū1

))
if x < b

−c̄2
2

(
α+

2

(
t − x−b

ū2

))
if x > b

(4.29)

u+(x, t) =

c̄1
(
f+

1

(
t − x−b

c̄1+ū1

)
− g+

1

(
t + x−b

c̄1−ū1

))
if x < b

c̄2
(
f+

2

(
t − x−b

c̄2+ū2

)
− g+

2

(
t + x−b

c̄2−ū2

))
if x > b

(4.30)

p+(x, t) =

f+
1

(
t − x−b

c̄1+ū1

)
+ g+

1

(
t + x−b

c̄1−ū1

)
+ α+

1

(
t − x−b

ū1

)
if x < b

f+
2

(
t − x−b

c̄2+ū2

)
+ g+

2

(
t + x−b

c̄2−ū2

)
+ α+

2

(
t − x−b

ū2

)
if x > b

(4.31)

Similar to the direct problem, a set of three boundary conditions needs to be set for
the adjoint eigenvalue problem. The boundary condition at x = 0 gives:

f+
1 (t) = Ruag+

1 (t − τu) (4.32)

τu = 2bc̄1

c̄2
1 − ū2

1
(4.33)
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The boundary condition at x = L:

g+
2 (t) = Rdaf+

2 (t − τd) (4.34)

τd = 2(L − b)c̄2

c̄2
2 − ū2

2
(4.35)

Recall that the adjoint operator evolves backwards in time, hence it is more convenient
to work with the waves going towards the flame f+

1 and g+
2 :

g+
1 (t) = R−1

ua f+
1 (t + τu) (4.36)

f+
2 (t) = R−1

da g+
2 (t + τd) (4.37)

Mirroring the direct equations, the third boundary condition sets the entropy waves in
the second part of the duct, this is because the adjoint entropy waves convect in the
opposite direction as the direct system.

α+
2 (0, t) = α+

2

(
t + b

ū2

)
= a+

0

(
t + b

ū2

)
(4.38)

The relation between the direct and the adjoint reflection coefficients comes from the
boundary terms. At x = 0:

ρ+∗
ūρ′ + ρ+∗

ρ̄u′ + u+∗
ρ̄ūu′ + u+∗

p′ + p+∗
ūp′ + p+∗

γp̄u′ = 0 (4.39)

Which simplifies for the upstream boundary as:

2(M1 + 1)f+
1

∗
f1 + 2(M1 − 1)g+

1
∗
g1 − M1(α+

2
∗
α2) = 0 (4.40)

After using the boundary conditions f1 = Rug1 and f+
1 = Ruag+

1 , a relation between
reflection coefficients is obtained:

Rua
∗ = 1

Ru

1 − M1

1 + M1
+ M1a0(t + τa)a+

0 (t − τa)∗

2Ru(1 + M1)g1(t − τu)g+
1 (t − τu)∗ τa = bc̄1

ū1(c̄1 + ū1)
(4.41)

For the case where a0 is set to zero at the inlet, the reflection coefficient becomes:

Rua = 1
Ru

∗
1 − M1

1 + M1
(4.42)
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For the downstream side the equation becomes:

2(M2 + 1)f+
2

∗
f2 + 2(M2 − 1)g+

2
∗
g2 − M2(α+

2
∗
α2) = 0 (4.43)

The downstream reflection coefficient is:

Rda
∗ = 1

Rd

1 + M2

1 − M2
+ M2a

+
0 (t − τc)∗α2(t − τc)

2Rd(M2 − 1)f2(t − τd)f+
2 (t − τd)∗ τc = (L − b)c̄2

ū2(c̄2 − ū2)
(4.44)

If a0 is set to zero, it would be natural to set a+
0 to zero as well, giving the simple

reflection coefficient:

Rda = 1
Rd

∗
1 + M2

1 − M2
(4.45)

After substituting the adjoint wave forms (ρ+, u+, p+) into the jump conditions (Eq.
4.17), dividing the first equation by c̄2

1, the second by c̄1 and performing a Laplace
transform f+

1 = F +
1 e−s∗t the adjoint transfer matrix is obtained:

L+q̂+ = X+ (4.46)


L+

11 L+
12 L+

13

L+
21 L+

22 L+
23

L+
31 L+

32 L+
33



A+

1

F +
1

G+
2

 =


c̄2

2
c̄2

1

(
1 − 1

2(γ − 1)M2
2

)
− 1

2(γ + 1)M2
1

β(γ−1)e−s∗τ

ρ̄1(c̄2
1−ū2

1)
c̄2
c̄1

(γ − 1)M2 + γM1
β(γ−1)e−s∗τ

ρ̄1(c̄2
1−ū2

1)

−1 − β(γ−1)e−s∗τ

ρ̄1(c̄2
1−ū2

1)

A+
0 (4.47)

The matrix L+ is again composed of two matrices:

L+ = M+ + Q+ (4.48)

M =


M+

11 M+
12 M+

13

M+
21 M+

22 M+
23

M+
31 M+

32 M+
33

 Q =


0 0 Q+

13

0 0 Q+
23

0 0 Q+
33


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Whose components are:

M+
11 = 1 − 1

2(γ − 1)M̄2
1 (4.49)

M+
12 = M1 − 1

2(γ − 1)M2
1 + R−1

ua e−s∗τu

(
−M1 − 1

2(γ − 1)M2
1

)
(4.50)

M+
13 =

(
M2 + 1

2(γ − 1)M2
2 + R−1

da e−s∗τd

(
−M2 + 1

2(γ − 1)M2
2

))
c̄2

2
c̄2

1
(4.51)

M+
21 = (γ − 1)M1 (4.52)

M+
22 = −1 + (γ − 1)M1 + R−1

ua e−s∗τu(1 + (γ − 1)M1) (4.53)

M+
23 =

(
−1 − (γ − 1)M2 + R−1

da e−s∗τd(1 − (γ − 1)M2)
) c̄2

c̄1
(4.54)

M+
31 = −1 (4.55)

M+
32 = −(1 + R−1

ua e−s∗τu) (4.56)
M+

33 = 1 + R−1
da e−s∗τd (4.57)

The Q+ matrix has zeros in the first two columns, the third one being:

Q+
13 = (γ + 1)M2

1
2ρ̄1(c̄2

1 − ū2
1)

βe−s∗τ (γ − 1)(1 + R−1
da e−s∗τd) (4.58)

Q+
23 = − γM1

ρ̄1(c̄2
1 − ū2

1)
βe−s∗τ (γ − 1)(1 + R−1

da e−s∗τd) (4.59)

Q+
33 = 1

ρ̄1(c̄2
1 − ū2

1)
βe−s∗τ (γ − 1)(1 + R−1

da e−s∗τd) (4.60)

By setting the determinant of matrix L+ to zero, one gets the eigenvalues of the adjoint
system (s+

j ) which are the complex conjugates of the direct ones (sj). For the same
parameters given in the direct problem, considering A+

0 = 0, the adjoint mode shapes
for the same model described in the previous chapters are shown in figures 4.1, 4.2 and
4.3.

There are some remarks to do on the mode shapes. Adjoint density mode shape
4.1 shows only influence of the entropy waves in the upstream side of the duct, which
is correct considering that the only place to force them is before they are convected
away from the flame. In the adjoint system there is another component affected by
entropy waves which is the adjoint pressure. Taking into account that the feedback
mechanism is coupled between continuity and energy equations, it is clear that the
influence of both will has to be considered as a couple.
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Fig. 4.1 Continuity sensitivity mode shape ρ+
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Fig. 4.2 Momentum sensitivity mode shape u+
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Fig. 4.3 Energy sensitivity mode shape p+
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4.3 Continuous eigenvalue drift formula
The eigenvalue drift formula following a continuous approach is derived in appendix H
and has as a general expression:

δs

δX
= Z∫ b−

0 (ρ̂ρ+∗ + ρ̄1ûu+∗ + p̂p+∗) dx +
∫ L

b+ (ρ̂ρ+∗ + ρ̄2ûu+∗ + p̂p+∗) dx − βu′
1e−sτ (γ − 1)p+

2
∗

Where δX is a small number related to the slight change in one of the variables of the
system (base state) or the size of the perturbation added proportional to one of the
native variables (structural) and Z refers to the inner product of the adjoint and direct
eigenfunctions, which appear when the system is slightly modified. The denominator
contains the inner products of the adjoint and direct eigenfunctions before and after
the flame plus a frequency dependent term at the flame.

4.4 Base state sensitivity

Base state sensitivity equations are obtained by slightly changing one of the base state
variables, for example, changing β to β + δβ and looking for an expression for δs (see
appendix H). The only base state variables analyzed using a continuous approach are
β and τ (the rest can be worked out using a similar fashion). Keeping in mind that
those variables are only defined at the flame x = b, the base state sensitivities are
computed using:

δX = δβ Z = u′
1e−sτ (γ − 1)p+

2
∗ (4.61)

δX = δτ Z = −βu′
1se−sτ (γ − 1)p+

2
∗ (4.62)

4.5 Structural sensitivity

Structural sensitivity equations are derived by introducing a small perturbation into
any of the governing equations, which is proportional to pressure, velocity or density:
Upstream of the flame:

∂ρ′

∂t
+ ū1

∂ρ′

∂x
+ ρ̄1

∂u′

∂x
= Miδ(x − a) (4.63a)

ρ̄1
∂u′

∂t
+ ρ̄1ū1

∂u′

∂x
+ ∂p′

∂x
= Fiδ(x − a) (4.63b)

∂p′

∂t
+ ū1

∂p′

∂x
+ γp̄1

∂u′

∂x
= Eiδ(x − a) (4.63c)
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Downstream of the flame:

∂ρ′

∂t
+ ū2

∂ρ′

∂x
+ ρ̄2

∂u′

∂x
= Mivδ(x − c) (4.64a)

ρ̄2
∂u′

∂t
+ ρ̄2ū2

∂u′

∂x
+ ∂p′

∂x
= Fivδ(x − c) (4.64b)

∂p′

∂t
+ ū2

∂p′

∂x
+ γp̄2

∂u′

∂x
= Eivδ(x − c) (4.64c)

Where1:

Mi = Mp1p′ + Mu1u′ + Mr1ρ′ Miv = Mp2p′ + Mu2u′ + Mr2ρ′

Fi = Fp1p′ + Fu1u′ + Fr1ρ′ Fiv = Fp2p′ + Fu2u′ + Fr2ρ′

Ei = Ep1p′ + Eu1u′ + Er1ρ′ Eiv = Ep2p′ + Eu2u′ + Er2ρ′

The presence of a Dirac delta will make the inner product Z a function evaluated at
point a or c. The structural sensitivity can be then obtained using:

δX = Mp1 Z = p′(a)
(
ρ+(a)∗ + c̄2

1p
+(a)∗

)
(4.65a)

δX = Mp2 Z = p′(c)
(
ρ+(c)∗ + c̄2

2p
+(c)∗

)
(4.65b)

δX = Mu1 Z = u′(a)
(
ρ+(a)∗ + c̄2

1p
+(a)∗

)
(4.65c)

δX = Mu2 Z = u′(c)
(
ρ+(c)∗ + c̄2

2p
+(c)∗

)
(4.65d)

δX = Mr1 Z = ρ′(a)
(
ρ+(a)∗ + c̄2

1p
+(a)∗

)
(4.65e)

δX = Mr2 Z = ρ′(c)
(
ρ+(c)∗ + c̄2

2p
+(c)∗

)
(4.65f)

δX = Fp1 Z = p′(a)u+(a)∗ (4.65g)
δX = Fp2 Z = p′(c)u+(c)∗ (4.65h)
δX = Fu1 Z = u′(a)u+(a)∗ (4.65i)
δX = Fu2 Z = u′(c)u+(c)∗ (4.65j)
δX = Fr1 Z = ρ′(a)u+(a)∗ (4.65k)
δX = Fr2 Z = ρ′(c)u+(c)∗ (4.65l)
δX = Qp1 Z = p′(a)p+(a)∗ (4.65m)
δX = Qp2 Z = p′(c)p+(c)∗ (4.65n)
δX = Qu1 Z = u′(a)p+(a)∗ (4.65o)
δX = Qu2 Z = u′(c)p+(c)∗ (4.65p)

1Recall that M, F and E are small quantities and that E = Q + c̄2M.
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δX = Qr1 Z = ρ′(a)p+(a)∗ (4.65q)
δX = Qr2 Z = ρ′(c)p+(c)∗ (4.65r)

The mode shapes obtained, are the same, to machine precision, to those derived by
the discrete adjoint method (figures 3.2 to 3.10). For comparison only one of the
modeshapes (fig. 4.4) will be plot following the continuous approach.
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Chapter 5

Equations in the Low Mach
number limit

5.1 The Eigenvalue Problem

It is common to find combustors operating under low Mach number conditions (Culick,
2006), therefore, the former analyses can be greatly simplified considering this regime.
There are few points to make before writing up the equations: the first one is that
under no mean flow, the continuity equation and the energy equation in terms of
pressure represent the same dynamics1 since they are just related by the isentropic
relationship c̄2 = p′/ρ′ = c̄2 = γp̄/ρ̄. Dowling and Stow (2003) show the effect of the
jumps in this limit, concluding that the continuity jump condition is in fact better
stated by the energy jump condition. The third point is that there are no convective
modes associated, since there is no mean flow considered. The former statement can
be proved by looking at the solutions of the system given by the governing equations,
which produce the simple wave equation. The following analysis follows the same line
as in chapter 2, so it will not be carried out in detail. The governing equations for zero
mean flow are:

ρ̄
∂u′

∂t
+ ∂p′

∂x
= 0 (5.1a)

∂p′

∂t
+ γp̄

∂u′

∂x
= 0 (5.1b)

1For the computed sensitivities, this means that a feedback to the continuity equation will look
very similar to that of the energy equation.
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The jump conditions:
[p′]b

+

b− = 0 (5.2a)
γ

(γ − 1) [p̄u′]b
+

b− = βu(b−, t − τ) (5.2b)

Following the same definitions from chapter 2, the eigenvalue problem gives:

L(s)q̂ = 0 (5.3)
 1 + Rue−sτu −(1 + Rde−sτd)
(1 − Rue−sτu)

(
1 + γ−1

γp̄1
βe−sτ

)
c̄2
c̄1

(1 − Rde−sτd)

  G1

F2

 =
0
0

 (5.4)

For the same system that has been considered so far (table 2.1) but assuming zero
mean flow, the mode shapes for the first unstable eigenvalue s1 = (147.75+2190.75i)s−1

are shown in figure 5.1. Notice that the eigenvalue has now become more unstable,
effectively showing that mean flow stabilizes the system.
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5.2 Sensitivity analysis using a discrete approach

5.2.1 Base state sensitivity

The eigenvalue drift formula does not change, however its components do. The
derivative matrix (∂L(sj, p)/∂sj|sj ,p0

) is calculated analytically as:

∂L(sj)
∂sj

∣∣∣∣∣
sj

=
 −τuRue−sjτu τdRde−sjτd

τuRue−sjτu + γ−1
γp̄1

βe−sjτ (Rue−sjτu(τu + τ) − τ) c̄2
c̄1

(τdRde−sjτd)

 (5.5)
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The base state sensitivity matrices under no mean flow are:

∂L
∂Ru

=
 e−sjτu 0
−e−sjτu

(
1 + γ−1

γp̄1
βe−sjτ

)
0

 (5.6a)

∂L
∂Rd

=
0 −e−sjτd

0 − c̄2
c̄1

e−sjτd

 (5.6b)

∂L
∂τu

=
 −sjRue−sjτu 0
sjRue−sjτu

(
1 + γ−1

γp̄1
βe−sjτ

)
0

 (5.6c)

∂L
∂τd

=
0 sjRde−sjτd

0 sj
c̄2
c̄1

Rde−sjτd

 (5.6d)

∂L
∂τ

=
 0 0
− (1 − Rue−sjτu)

(
sj

γ−1
γp̄1

βe−sjτ
)

0

 (5.6e)

∂L
∂β

=
 0 0
(1 − Rue−sjτu)

(
γ−1
γp̄1

e−sjτ
)

0

 (5.6f)

The base state sensitivities are shown in table 5.1. Notice that compared to the mean
flow values, the orders of magnitude are exactly the same. The magnitude of the real
part (sensitivity to growth rate) varies by around 15 percent which is explained by
the change in the eigenvalue. The magnitude of the imaginary part (sensitivity to
frequency) varies by around 10 percent or less.

Base state Variable Value
Ru (−1.9187 + 1.3741i) · 102 s−1

Rd (−4.0400 − 1.0590i) · 102 s−1

τu (−3.2939 − 4.0004i) · 105 s−1

τd (+1.7231 − 9.0073i) · 105 s−1

τ (−0.4422 − 3.3177i) · 105 s−1

β (+4.2253 − 0.2756i) · 10−4 s−1

Table 5.1 Base state sensitivities for the first unstable eigenvalue of the network
characterized by table 2.1 under zero mean flow (s1 = (147.75 + 2190.75i)s−1)
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5.2.2 Structural sensitivity

After following the same procedures as in chapter 3 the perturbed eigenvalue problem
becomes:

(L(s) + δL)q̂ = 0 (5.7)

Where the perturbation terms δL are:

δL =
 0 0
Q 0

+
[
P1 P2

]
(5.8)

Q = (γ − 1)
γp̄1

βe−sτ 1
2

(
ϵp1

[
1 −1 −1 1

]
+ ϵu1

ρ̄1c̄1

[
−1 1 −1 1

])


1
esτa

Rue−sτu

Rue−s(τu+τa)


(5.9)

P1 = 1
2

ϵp1

1 1 1 1
1 −1 −1 1

+ ϵu1

ρ̄1c̄1

−1 −1 1 1
−1 1 −1 1




1
esτa

Rue−sτu

Rue−s(τu+τa)


(5.10)

P2 = 1
2

1 0
0 c̄2

c̄1

ϵp2

 1 1 1 1
−1 1 1 −1

+ ϵu2

ρ̄2c̄2

 1 1 −1 −1
−1 1 −1 1




1
e−sτc

Rde−sτd

Rde−s(−τc+τd)


(5.11)

In these equations the influence of a device is denoted by ϵ which resembles the
mechanism used in turn, in this case they correspond to a perturbation to the momentum
equation (F). Sensitivity plots (fig. 5.2) match closely those derived under mean flow
conditions, so a similar argument on the devices available to control unstable modes
can be done.
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5.3 Notes on the continuous approach

The continuous adjoint equations can be recovered by taking the limit when ū → 0,
considering that the mass equation is redundant as explained before. Or else the
adjoint system can be obtained following the same procedure as in chapter 3. The
adjoint equations are:

∂p+

∂t
+ ∂u+

∂x
= 0 (5.12a)

ρ̄
∂u+

∂t
+ γp̄

∂p+

∂x
= 0 (5.12b)

Notice that with one variable change the direct equations can be recovered, therefore
the parts of the duct governed by this equations, that is the acoustics, are self adjoint.
The jump conditions are:

p+
1 − p+

2 = (γ − 1)
γp̄1

βp+
2 (t + τ) (5.13a)

u+
1 − u+

2 = 0 (5.13b)

which are essentially different to the direct ones since the heat release term switched to
the adjoint pressure jump condition, therefore the system as a whole is not self-adjoint
due to the unsteady heat release. The eigenvalue problem becomes:

L+(s)q̂+ = 0 (5.14)
 1 + R−1

ua e−sτu −(1 + R−1
da e−sτd)

(
1 + (γ−1)

γp̄1
βe−sτ

)
(1 − R−1

ua e−sτu) c̄2
c̄1

(1 − R−1
da e−sτd)

F +
1

G+
2

 =
0
0

 (5.15)

An important note on this matrix is that it is not Hermitian even without heat release,
that is, the conjugate transpose of matrix L is not the same as the one derived through
the continuous equations. But it is important to note that without heat release both
systems are effectively solving the same set of equations, therefore being self-adjoint.
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Chapter 6

Conclusions and Future Work

6.1 Conclusions

This report presents most of the work done during the first months of the PhD program.
In the first chapters convenient literature has been summarized making emphasis on
their usefulness or applicability to the project, which is to develop the adjoint of a
network model. Direct applications of the results of this project would be to implement
this methods in software running low order thermoacoustic networks, to increase the
information available for design purposes.

Throughout the report several advantages of the adjoint methods have been brought
to light, being the easiness to compute sensitivities the one exploited. As seen in
chapters 2 and 3 they provide a direct method to compute the base state sensitivities,
or the structural sensitivity maps. A discrete approach and a continuous approach
were used to compute most of the sensitivities, it is clear that each method provides
different insight into the problem. The discrete method gives a better picture of the
what happens to the matrix L when it is perturbed by intrinsic feedback. However,
the continuous adjoint provides a different perspective by showing through the mode
shapes the regions that the equations are more sensitive to.

The information that the adjoint method provides is quite useful. In terms of
base state sensitivity, they allow the user to know which parameter is the one that
affects the eigenvalue the most so that it can be changed to stabilize the system. In
some cases the parameters may be difficult to change, however their impact in the
eigenvalue can be assessed in the same way. In terms of the structural sensitivity maps,
several devices already discussed in literature (Magri and Juniper, 2013b) and proved
experimentally (Rigas et al., 2015), where shown to appear even under the presence of
mean flow, extending their applicability to this regime. This brings the last important
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point discussed through the report which is the example of how a mean flow helps
stabilize the system at least when compared to that on the low Mach number limit.

The content of this report opens the possibility of several applications that will be
discussed further in the next section.

6.2 Future Work

From the work done in this report, one of the next step is to implement adjoint
methods in the Low Order Thermoacoustic Network (LOTAN) software developed at
the University of Cambridge and currently used by Rolls Royce. It is clear that the
implementation is not straightforward and that work needs to be done to consider, for
example, different types of geometries (annular combustors), changes in cross sectional
areas, different types of flames, etc. However, the baseline for this implementation is
already set.

On the other hand, a thermoacoustic Helmholtz solver based on a finite element
method is going to be developed. This project has already been started by Prof. Juniper
and has been proven to be feasible. The project will be done by using the FEniCS
project (http://fenicsproject.org/) Python based finite element solver. The major aim
of this project is to develop a a 2D - 3D thermoacoustic model that can predict the
unstable modes of a combustor. The next step will be to derive the adjoint of the
system. This stage would be crucial to get all the gradient information available which
will lead to obtain all the sensitivities to the parameters apart from the geometry, which
include the flame model used. Finally, taking advantage of the adjoint information,
the sensitivities due to changes to the shape of the boundary will be obtained and this
will be used in the final stage of the project which is to perform shape optimization.
For this project proper shape optimization literature is to be reviewed, such as the
calculus of moving surfaces as well as Hadamard’s formulas for the variations of the
eigenvalues at moving boundaries.
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Appendix A

Derivation of the jump conditions

Consider the network from section 2.1. Begin with the continuity, momentum and
energy equations (assume no viscosity and no heat conduction):

Dρ

Dt
+ ρ∇ · u = 0 (A.1a)

ρ
Du

Dt
= −∇p (A.1b)

Dp

Dt
= −γp∇ · u + (γ − 1)q (A.1c)

Considering flow in 1D:
∂ρ

∂t
+ u

∂ρ

∂x
+ ρ

∂u

∂x
= 0 (A.2a)

ρ
∂u

∂t
+ ρu

∂u

∂x
= −∂p

∂x
(A.2b)

∂p

∂t
+ u

∂p

∂x
= −γp

∂u

∂x
+ (γ − 1)q (A.2c)

The heat release (q) will only be appearing at the flame (x = b), for the rest of the ducts
it will be equal to zero, hence, it will be treated as a jump. Following the assumption
that it is thin enough compared to the wavelength of the acoustic fluctuations, to get
the jump conditions, assume a steady state and neglect accumulation terms (i.e time
derivatives):
Continuity:

u
dρ

dx
+ ρ

du

dx
= 0

d(ρu)
dx

= 0 (A.3)
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Momentum:
Use equation (A.3) multiplied by u:

dp

dx
+ ρu

du

dx
= 0

dp

dx
+ ρu

du

dx
+ u

d(ρu)
dx

= 0

dp

dx
+ d(ρu2)

dx
= 0 (A.4)

Energy:
Rearrange and use equations (A.3) and (A.4):

u
dp

dx
+ γp

du

dx
= (γ − 1)q

u
dp

dx
+ γ

d(pu)
dx

− γu
dp

dx
= (γ − 1)q

γ
d(pu)

dx
− (γ − 1)udp

dx
= (γ − 1)q

γ

(γ − 1)
d(pu)

dx
+ ρu · u

du

dx
= q

γ

(γ − 1)
d(pu)

dx
+ ρu

d
(

1
2u2

)
dx

= q

γ

(γ − 1)
d(pu)

dx
+

d
(

1
2ρu3

)
dx

= q (A.5)

Integrating over the flame (located at x = b, and assuming that the slight variation of
γ with temperature is negligible, the jump conditions are obtained:

∫ b+

b−

(
d(ρu)

dx

)
dx = 0 [ρu]b

+

b− = 0 (A.6)
∫ b+

b−

(
dp

dx
+ d(ρu2)

dx

)
dx = 0

[
p + ρu2

]b+

b−
= 0 (A.7)

∫ b+

b−

 γ

(γ − 1)
d(pu)

dx
+

d
(

1
2ρu3

)
dx

 dx =
∫ b+

b−
q dx

γ

(γ − 1) [pu]b
+

b− +
[1
2ρu3

]b+

b−
= q(b, t)

(A.8)



Appendix B

Derivation of the nonlinear
eigenvalue drift formula

The matrix L from equation 2.26 produces a nonlinear eigenvalue problem for s of the
following form:

L(sj, p)q̂ = 0 (B.1)

where sj is the eigenvalue, p are the internal parameters of the operator (L), and q̂

is the eigenvector. For the same problem, there exists an adjoint eigenvector q̂† that
satisfies:

(q̂†)HL(sj, p) = 0 (B.2)

By making a small change to the matrix parameters p = p0 + ϵδp, the eigenvalue will
change from sj to sj + ϵδs, and the eigenvector from q̂ to q̂ + ϵδq̂. That is:

L(sj + ϵδs, p0 + ϵδp)(q̂ + ϵδq̂) = 0 (B.3)

Performing a Taylor expansion to first order in two variables1 gives:L(sj, p) + ∂L(sj, p)
∂sj

∣∣∣∣∣
sj ,p0

ϵδs + ∂L(sj, p)
∂p

∣∣∣∣∣
sj ,p0

ϵδp
 (q̂ + ϵδq̂) = 0 (B.4)

Gathering all of the terms of order ϵ:

L(sj, p)δq̂ + δs
∂L(sj, p)

∂sj

∣∣∣∣∣
sj ,p0

q̂ + δp ∂L(sj, p)
∂p

∣∣∣∣∣
sj ,p0

q̂ = 0 (B.5)

1Using: f(x + ∆x, y + ∆y) ≈ f(x, y) + fx(x, y)∆x + fy(x, y)∆y
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Note that from the definition of the partial derivative, for small δp:

∂L(sj, p)
∂p

∣∣∣∣∣
sj ,p0

≈ L(sj, p0 + δp) − L(sj, p0)
δp (B.6)

Rearranging:

δp∂L(sj, p)
∂p

∣∣∣∣∣
sj ,p0

≈ L(sj, p0 + δp) − L(sj, p0) = δL(sj, p0) (B.7)

Hence, that the last element of Eq. (B.5) represents the matrix that contains all the
perturbed elements. Pre-multiplying that equation by (q̂†)H gives:

(q̂†)HL(sj, p)δq̂ + δs(q̂†)H ∂L(sj, p)
∂sj

∣∣∣∣∣
sj ,p0

q̂ + (q̂†)HδL(sj, p0)q̂ = 0 (B.8)

By definition (Eq. B.2) the first term in the last equation is zero, so it gives:

δs(q̂†)H ∂L(sj, p)
∂sj

∣∣∣∣∣
sj ,p0

q̂ = −(q̂†)HδL(sj, p0)q̂ (B.9)

Rearranging gives the eigenvalue drift:

δs = − (q̂†)HδL(sj, p0)q̂
(q̂†)H ∂L(sj ,p)

∂sj

∣∣∣
sj ,p0

q̂
(B.10)
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Appendix C

Taylor Tests for Base State
sensitivities

Taylor tests as described in section 3.2.1 are shown here for all computed bases state
variables.
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Fig. C.1 Taylor test for base state variables: reflection coefficients (Ru, Rd).
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Appendix D

Perturbed Energy Equation in
Terms of Pressure

The linearized continuity equation and the energy equation in terms of entropy are:

D̄ρ′

Dt
+ ρ̄

∂u′

∂x
= 0 (D.1)

D̄s′

Dt
= 0 (D.2)

Where the operator D̄/Dt = ∂/∂t + ū∂/∂x. Now add a perturbation to the continuity
equation (M) and to the energy equation (S):

D̄ρ′

Dt
+ ρ̄

∂u′

∂x
= M (D.3)

D̄s′

Dt
= S (D.4)

Recall that from the definition of entropy s = cv ln(p/ργ), which after linearization
becomes:

s′ = cv
p′

p̄
− cp

ρ′

ρ̄
(D.5)

Assuming that the mean pressure and density are constant along the duct, this gives:

D̄
Dt

(
cv

p′

p̄
− cp

ρ′

ρ̄

)
= S (D.6)
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Which can be rearranged to get this expression:

D̄p′

Dt
− γp̄

ρ̄

D̄ρ′

Dt
= S p̄

cv

(D.7)

Substituting the continuity equation:

D̄p′

Dt
− γp̄

ρ̄

(
M − ρ̄

∂u′

∂x

)
= S p̄

cv

(D.8)

Finally (using Q = S p̄/cv):

D̄p′

Dt
+ γp̄

∂u′

∂x
= Q + c̄2M (D.9)

Which explains why adding a perturbation to the continuity equation implies perturbing
the energy equation if it is used in terms of pressure.
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Appendix E

Derivation of Jump Conditions to
Perturbations Added to the System

The jump conditions are derived from the perturbed equations (Eq. 3.8), neglect
accumulation terms and integrate from one side to the other of the perturbation, for
example, the continuity jump condition at x = a would be:

ū1(ρ′
ii − ρ′

i) + ρ̄1(u′
ii − u′

i) = M(a) (E.1)

Notice that the quantity M(a) is no longer defined. This happens because density,
pressure and velocity fluctuations are not defined at point a anymore. For the jump
condition to make sense, they must acquire a value either just before (a−) or just after
(a+) the perturbation. The choice of the side depends on the definition of the system,
in this case system studied so far is composed of a duct, a flame and another duct
resembled by sections ii and iii in figure 3.1. When the perturbations are added, the
interest is to know how they produce a change on the system’s eigenvalue, therefore
they must come from the surroundings (sections i and iv), so the choice for the previous
example would be (a−):

ū1(ρ′
ii − ρ′

i) + ρ̄1(u′
ii − u′

i) = M(a−) (E.2)

where
M(a−) = Mi = Mp1p′

i + Mu1u′
i + Mr1ρ′

i (E.3)
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Therefore, the proper definition for the perturbations added to the system should be:
Upstream of the flame:

∂ρ′

∂t
+ ū1

∂ρ′

∂x
+ ρ̄1

∂u′

∂x
= Miδ(x − a) (E.4a)

ρ̄1
∂u′

∂t
+ ρ̄1ū1

∂u′

∂x
+ ∂p′

∂x
= Fiδ(x − a) (E.4b)

∂p′

∂t
+ ū1

∂p′

∂x
+ γp̄1

∂u′

∂x
= Eiδ(x − a) (E.4c)

Downstream of the flame:

∂ρ′

∂t
+ ū2

∂ρ′

∂x
+ ρ̄2

∂u′

∂x
= Mivδ(x − c) (E.5a)

ρ̄2
∂u′

∂t
+ ρ̄2ū2

∂u′

∂x
+ ∂p′

∂x
= Fivδ(x − c) (E.5b)

∂p′

∂t
+ ū2

∂p′

∂x
+ γp̄2

∂u′

∂x
= Eivδ(x − c) (E.5c)

The jump conditions will be:
Upstream of the flame:

ū1(ρ′
ii − ρ′

i) + ρ̄1(u′
ii − u′

i) = Mi (E.6a)
ρ̄1ū1(u′

ii − u′
i) + (p′

ii − p′
i) = Fi (E.6b)

ū1(p′
ii − p′

i) + γp̄1(u′
ii − u′

i) = Ei (E.6c)

Downstream of the flame:

ū2(ρ′
iv − ρ′

iii) + ρ̄2(u′
iv − u′

iii) = Miv (E.7a)
ρ̄2ū2(u′

iv − u′
iv) + (p′

iv − p′
iii) = Fiv (E.7b)

ū2(p′
iv − p′

iii) + γp̄2(u′
iv − u′

iii) = Eiv (E.7c)



Appendix F

Perturbed Wave-Form Solutions in
time and frequency domain

Upstream of the flame the perturbed wave form solutions (as seen by the flame x = b)
are:

fii(t) = f1(t) + · · · (F.1a)

+ 1
2(M1 + 1)

(
Mp1 c̄1(f1(t) + g1(t − τa)) + Mu1

ρ̄1
(f1(t) − g1(t − τa)) · · ·

+Mr1

c̄1
(f1(t) + g1(t − τa) + α1(t + τα))

)
· · · (F.1b)

+ 1
2(M1 + 1)

(
Fp1(f1(t) + g1(t − τa)) + Fu1

ρ̄1c̄1
(f1(t) − g1(t − τa)) · · ·

+Fr1

c̄2
1

(f1(t) + g1(t − τa) + α1(t + τα))
)

· · · (F.1c)

+ 1
2(M1 + 1)

(
Qp1

c̄1
(f1(t) + g1(t − τa)) + Qu1

ρ̄1c̄2
1
(f1(t) − g1(t − τa)) · · ·

+Qr1

c̄3
1

(f1(t) + g1(t − τa) + α1(t + τα))
)

(F.1d)
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gii(t) = g1(t) + · · · (F.2a)

+ 1
2(M1 − 1)

(
Mp1 c̄1(f1(t + τa) + g1(t)) + Mu1

ρ̄1
(f1(t + τa) − g1(t)) · · ·

+Mr1

c̄1
(f1(t + τa) + g1(t) + α1(t + τa + τα))

)
· · · (F.2b)

− 1
2(M1 − 1)

(
Fp1(f1(t + τa) + g1(t)) + Fu1

ρ̄1c̄1
(f1(t + τa) − g1(t)) · · ·

+Fr1

c̄2
1

(f1(t + τa) + g1(t) + α1(t + τa + τα))
)

· · · (F.2c)

+ 1
2(M1 − 1)

(
Qp1

c̄1
(f1(t + τa) + g1(t)) + Qu1

ρ̄1c̄2
1
(f1(t + τa) − g1(t)) · · ·

+Qr1

c̄3
1

(f1(t + τa) + g1(t) + α1(t + τa + τα))
)

(F.2d)

αii = α1(t) + · · · (F.3a)
+ 0 · · · (F.3b)
+ 0 · · · (F.3c)

− 1
M1

(Qp1

c̄1
(f1(t − τα) + g1(t − τa − τα)) · · ·

+ Qu1

ρ̄1c̄2
1
(f1(t − τα) − g1(t − τa − τα)) · · ·

+Qr1

c̄3
1

(f1(t − τα) + g1(t − τa − τα) + α1(t))
)

(F.3d)

Where the time delays are:

τa = 2(b − a)c̄1

c̄2
1 − ū2

1
(F.4a)

τα = (b − a)c̄1

ū1(c̄1 + ū1)
(F.4b)
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Downstream of the flame the perturbed wave form solutions (as seen by the flame
x = b) are:

fiii(t) = f2(t) + · · · (F.5a)

− 1
2(M2 + 1)

(
Mp2 c̄2(f2(t) + g2(t + τc)) + Mu2

ρ̄2
(f2(t) − g2(t + τc)) · · ·

+Mr2

c̄2
(f2(t) + g2(t + τc) + α2(t − τγ))

)
· · · (F.5b)

− 1
2(M2 + 1)

(
Fp2(f2(t) + g2(t + τc)) + Fu2

ρ̄2c̄2
(f2(t) − g2(t + τc)) · · ·

+Fr2

c̄2
2

(f2(t) + g2(t + τc) + α2(t − τγ))
)

· · · (F.5c)

− 1
2(M2 + 1)

(
Qp2

c̄2
(f2(t) + g2(t + τc)) + Qu2

ρ̄2c̄2
2
(f2(t) − g2(t + τc)) · · ·

+Qr2

c̄3
2

(f2(t) + g2(t + τc) + α2(t − τγ))
)

(F.5d)

giii(t) = g2(t) + · · · (F.6a)

− 1
2(M2 − 1)

(
Mp2 c̄2(f2(t − τc) + g2(t)) + Mu2

ρ̄2
(f2(t − τc) − g2(t)) · · ·

+Mr2

c̄2
(f2(t − τc) + g2(t) + α2(t − τc − τγ))

)
· · · (F.6b)

+ 1
2(M2 − 1)

(
Fp2(f2(t − τc) + g2(t)) + Fu2

ρ̄2c̄2
(f2(t − τc) − g2(t)) · · ·

+Fr2

c̄2
2

(f2(t − τc) + g2(t) + α2(t − τc − τγ))
)

· · · (F.6c)

− 1
2(M2 − 1)

(
Qp2

c̄2
(f2(t − τc) + g2(t)) + Qu2

ρ̄2c̄2
2
(f2(t − τc) − g2(t)) · · ·

+Qr2

c̄3
2

(f2(t − τc) + g2(t) + α2(t − τc − τγ))
)

(F.6d)
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αiii(t) = α2(t) + · · · (F.7a)
+ 0 · · · (F.7b)
+ 0 · · · (F.7c)

− 1
M2

(Qp2

c̄2
(f2(t + τγ) + g2(t + τc + τγ)) · · ·

+ Qu2

ρ̄2c̄2
2
(f2(t + τγ) − g2(t + τc + τγ)) · · ·

+Qr2

c̄3
2

(f2(t + τγ) + g2(t + τc + τγ) + α2(t))
)

(F.7d)

Where the time delays are:

τc = 2(c − b)c̄2

c̄2
2 − ū2

2
(F.8a)

τγ = (c − b)c̄2

ū2(c̄2 + ū2)
(F.8b)

All of the wave form equations have been split into 4 subequations (a, b, c, d):

• Subequations (a): Unperturbed wave form. If there are no perturbations, the
original system is recovered.

• Subequations (b) and (d): Perturbations introduced to the system due to
perturbing the continuity equation. They only affect acoustic waves (f and g).

• Subequations (c): Perturbations introduced to the system due to perturbing
the momentum equation. They only affect acoustic waves (f and g).

• Subequations (d): Perturbations introduced to the system due to perturbing
the energy equation. They affect both acoustic and entropy waves (f , g and α).

After using the same set of boundary conditions as in the unperturbed problem (Eqs.
2.22, 2.24, 2.25) and then Laplace transform using g = Gest one gets the wave forms in
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the frequency domain, for example for fii it would be:

L(fii) = RuG1e−sτu + 1
2(M1 + 1)

(
Mp1 c̄1

(
RuG1e−sτu + G1e−sτa

)
· · ·

+Mu1

ρ̄1

(
RuG1e−sτu − G1e−sτa

)
· · ·

+Mr1

c̄1

(
RuG1e−sτu + G1e−sτa + A0e−sτa

))
· · ·

+ 1
2(M1 + 1)

(
Fp1

(
RuG1e−sτu + G1e−sτa

)
· · ·

+ Fu1

ρ̄1c̄1

(
RuG1e−sτu − G1e−sτa

)
· · ·

+Fr1

c̄2
1

(
RuG1e−sτu + G1e−sτa + A0e−sτa

))
· · ·

+ 1
2(M1 + 1)

(Qp1

c̄1

(
RuG1e−sτu + G1e−sτa

)
· · ·

+ Qu1

ρ̄1c̄2
1

(
RuG1e−sτu − G1e−sτa

)
· · ·

+Qr1

c̄3
1

(
RuG1e−sτu + G1e−sτa + A0e−sτa

))
(F.9)

From this expression it is clear that every wave form can be expressed as a linear
superposition of two variables, for the waves upstream of the flame they are G1 and
A0, for the downstream waves they are F2 and A2. Then, the last equation can be
then rearranged as:

L(fii) = RuG1e−sτu · · ·

+ G1

(
1

2(M1 + 1)

(
Mp1 c̄1

(
Rue−sτu + e−sτa

)
+ Mu1

ρ̄1

(
Rue−sτu − e−sτa

)
· · ·

+Mr1

c̄1

(
Rue−sτu + e−sτa

))
· · ·

+ 1
2(M1 + 1)

(
Fp1

(
Rue−sτu + e−sτa

)
+ Fu1

ρ̄1c̄1

(
Rue−sτu − e−sτa

)
· · ·

+Fr1

c̄2
1

(
Rue−sτu + e−sτa

))
· · ·

+ 1
2(M1 + 1)

(
Qp1

c̄1

(
Rue−sτu + e−sτa

)
+ Qu1

ρ̄1c̄2
1

(
Rue−sτu − e−sτa

)
· · ·

+Qr1

c̄3
1

(
Rue−sτu + e−sτa

)))
· · ·
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+ A0

(
1

2(M1 + 1)

(Mr1

c̄1
e−sτa

)
+ 1

2(M1 + 1)

(
Fr1

c̄2
1

e−sτa

)
+ 1

2(M1 + 1)

(
Qr1

c̄3
1

e−sτa

))
(F.10)

In simplified form that is:

L(fii) = Fii = G1
(
Rue−sτu + EF1

)
+ A0 (AF1) (F.11)

Where

EF1 = 1
2(M1 + 1)

(
Mp1 c̄1

(
Rue−sτu + e−sτa

)
+ Mu1

ρ̄1

(
Rue−sτu − e−sτa

)
· · ·

+Mr1

c̄1

(
Rue−sτu + e−sτa

))
· · ·

+ 1
2(M1 + 1)

(
Fp1

(
Rue−sτu + e−sτa

)
+ Fu1

ρ̄1c̄1

(
Rue−sτu − e−sτa

)
· · ·

+Fr1

c̄2
1

(
Rue−sτu + e−sτa

))
· · ·

+ 1
2(M1 + 1)

(Qp1

c̄1

(
Rue−sτu + e−sτa

)
+ Qu1

ρ̄1c̄2
1

(
Rue−sτu − e−sτa

)
· · ·

+Qr1

c̄3
1

(
Rue−sτu + e−sτa

))
(F.12)

AF1 = 1
2(M1 + 1)

(Mr1

c̄1
e−sτa

)
+ 1

2(M1 + 1)

(Fr1

c̄2
1

e−sτa

)
+ 1

2(M1 + 1)

(Qr1

c̄3
1

e−sτa

)
(F.13)

Similarly:

L(gii) = Gii = G1(1 + EG1) + A0(AG1) (F.14)
L(αii) = Aii = G1(EA1) + A0(1 + AA1) (F.15)
L(fiii) = Fiii = F2(1 + EF2) + A2(AF2) (F.16)
L(giii) = Giii = F2(Rde−sτd + EG2) + A2(AG2) (F.17)
L(αiii) = Aiii = F2(EA2) + A2(1 + AA2) (F.18)

Where

EG1 = 1
2(M1 − 1)

(
Mp1 c̄1

(
Rue−s(τu−τa) + 1

)
+ Mu1

ρ̄1

(
Rue−s(τu−τa) − 1

)
· · ·

+Mr1

c̄1

(
Rue−s(τu−τa) + 1

))
· · ·

− 1
2(M1 − 1)

(
Fp1

(
Rue−s(τu−τa) + 1

)
+ Fu1

ρ̄1c̄1

(
Rue−s(τu−τa) − 1

)
· · ·
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+Fr1

c̄2
1

(
Rue−s(τu−τa) + 1

))
· · ·

+ 1
2(M1 − 1)

(
Qp1

c̄1

(
Rue−s(τu−τa) + 1

)
+ Qu1

ρ̄1c̄2
1

(
Rue−s(τu−τa) − 1

)
· · ·

+Qr1

c̄3
1

(
Rue−s(τu−τa) + 1

))
(F.19)

AG1 = 1
2(M1 − 1)

(Mr1

c̄1
es(τα+τa)

)
− 1

2(M1 − 1)

(
Fr1

c̄2
1

es(τα+τa)
)

· · ·

+ 1
2(M1 − 1)

(
Er1

c̄3
1

es(τα+τa)
)

(F.20)

EA1 = − 1
M1

(Qp1

c̄1

(
Rue−s(τu+τα) + e−s(τa+τα)

)
· · ·

+ Qu1

ρ̄1c̄2
1

(
Rue−s(τu+τα) − e−s(τa+τα)

)
· · ·

+Qr1

c̄3
1

(
Rue−s(τu+τα) + e−s(τa+τα)

))
(F.21)

AA1 = − 1
M1

(
Qr1

c̄3
1

)
(F.22)

EF2 = − 1
2(M2 + 1)

(
Mp2 c̄2

(
1 + Rde−s(τd−τc)

)
+ Mu2

ρ̄2

(
1 − Rde−s(τd−τc)

)
· · ·

+Mr2

c̄2

(
1 + Rde−s(τd−τc)

))
· · ·

− 1
2(M2 + 1)

(
Fp2

(
1 + Rde−s(τd−τc)

)
+ Fu2

ρ̄2c̄2

(
1 − Rde−s(τd−τc)

)
· · ·

+Fr2

c̄2
2

(
1 + Rde−s(τd−τc)

))
· · ·

− 1
2(M2 + 1)

(
Qp2

c̄2

(
1 + Rde−s(τd−τc)

)
+ Qu2

ρ̄2c̄2
2

(
1 − Rde−s(τd−τc)

)
· · ·

+Qr2

c̄3
2

(
1 + Rde−s(τd−τc)

))
(F.23)

AF2 = − 1
2(M2 + 1)

(Mr2

c̄2
e−sτγ

)
− 1

2(M2 + 1)

(
Fr2

c̄2
2

e−sτγ

)
− 1

2(M2 + 1)

(
Qr2

c̄3
2

e−sτγ

)
(F.24)

EG2 = − 1
2(M2 − 1)

(
Mp2 c̄2

(
e−sτc + Rde−sτd

)
+ Mu2

ρ̄2

(
e−sτc − Rde−sτd

)
· · ·
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+Mr2

c̄2

(
e−sτc + Rde−sτd

))
· · ·

+ 1
2(M2 − 1)

(
Fp2

(
e−sτc + Rde−sτd

)
+ Fu2

ρ̄2c̄2

(
e−sτc − Rde−sτd

)
· · ·

+Fr2

c̄2
2

(
e−sτc + Rde−sτd

))
· · ·

− 1
2(M2 − 1)

(
Qp2

c̄2

(
e−sτc + Rde−sτd

)
+ Qu2

ρ̄2c̄2
2

(
e−sτc − Rde−sτd

)
· · ·

+Qr2

c̄3
2

(
e−sτc + Rde−sτd

))
(F.25)

AG2 = − 1
2(M2 − 1)

(
Mr2 c̄2e−s(τc+τγ)

)
+ 1

2(M2 − 1)

(
Fr2

c̄2
2

e−s(τc+τγ)
)

· · ·

− 1
2(M2 − 1)

(
Qr2

c̄3
2

e−s(τc+τγ)
)

(F.26)

EA2 = − 1
M2

(
Qp2

c̄2

(
esτγ + Rde−s(τd−τc−τγ)

)
+ Qu2

ρ̄2c̄2
2

(
esτγ − Rde−s(τd−τc−τγ)

)
· · ·

+Qr2

c̄3
2

(
esτγ + Rde−s(τd−τc−τγ)

))
(F.27)

AA2 = − 1
M2

(
Qr2

c̄3
2

)
(F.28)

Note that the term labeled with E corresponds to the acoustic fluctuations and the
term labeled with A corresponds to entropy fluctuations. Finally, substitute these
expressions into the jump conditions (Eq. 2.4) in the frequency domain to get:

(L + δL) q̂ = X + δX (F.29)

Where L, q̂ and X are given by Eq. (2.26), and δL and δX are:

δL = M + Q + δM + δQ (F.30)

The matrices δM and δQ are:

δM =


δM11 δM12 δM13

δM21 δM22 δM23

δM31 δM32 δM33

 δQ =


0 0 0
0 0 0
0 δQ32 0


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With components:

δM11 = c̄1

c̄2
((M2 + 1)AF2 + (M2 − 1)AG2 + M2AA2) (F.31a)

δM12 = −(M1 + 1)EF1 − (M1 − 1)EG1 − M1EA1 (F.31b)

δM13 = c̄1

c̄2
((M2 + 1)EF2 + (M2 − 1)EG2 + M2EA2) (F.31c)

δM21 = (M2 + 1)2AF2 + (M2 − 1)2AG2 + M2
2 AA2 (F.31d)

δM22 = −(M1 + 1)2EF1 − (M1 − 1)2EG1 − M2
1 EA1 (F.31e)

δM23 = (M2 + 1)2EF2 + (M2 − 1)2EG2 + M2
2 EA2 (F.31f)

δM31 = c̄2

c̄1

((
1 + γM2

γ − 1 + M2
2

2 (3 + M2)
)

AF2 · · ·

+
(

−1 + γM2

γ − 1 − M2
2

2 (3 − M2)
)

AG2 + M3
2

2 AA2

)
(F.31g)

δM32 =
(

−1 − γM1

γ − 1 − M2
1

2 (3 + M1)
)

EF1 · · ·

+
(

1 − γM1

γ − 1 + M2
1

2 (3 − M1)
)

EG1 − M3
1

2 EA1 (F.31h)

δM33 = c̄2

c̄1

((
1 + γM2

γ − 1 + M2
2

2 (3 + M2)
)

EF2 · · ·

+
(

−1 + γM2

γ − 1 − M2
2

2 (3 − M2)
)

EG2 + M3
2

2 EA2

)
(F.31i)

The only entry of δQ matrix is:

δQ32 = β

ρ̄1c̄2
1
e−sτ (EG1 − EF1) (F.32)

and the vector of perturbed forcing terms is:

δX = A0


(M1 + 1)AF1 + (M1 − 1)AG1 + M1AA1

(M1 + 1)2AF1 + (M1 − 1)2AG1 + M2
1 AA1(

1+γM1
γ−1 + M2

1
2 (3 + M1)

)
AF1 +

(
−1+γM1

γ−1 − M2
1

2 (3 − M1)
)

AG1 + M3
1

2 AA1


(F.33)
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Appendix G

Structural Sensitivity Taylor Tests

Taylor tests as described in section 3.3 are shown here for all computed structural
sensitivity devices variables.
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Fig. G.1 Testing structural sensitivity of continuity equation - pressure device.
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Fig. G.2 Testing structural sensitivity of continuity equation - velocity device.
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Fig. G.3 Testing structural sensitivity of continuity equation - density device.
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Fig. G.4 Testing structural sensitivity of momentum equation - pressure device.
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Fig. G.5 Testing structural sensitivity of momentum equation - velocity device.

0
2 #106

0 0.5 1 1.5 2

/
F

D
 -

 /
D

S

#10-3

0

0.5

1

1.5

2

2.5

3
Fr1

discrete
continuous

0
2 #107

0 0.5 1 1.5 2

/
F

D
 -

 /
D

S

0

0.05

0.1

0.15

0.2
Fr2

Fig. G.6 Testing structural sensitivity of momentum equation - density device.
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Fig. G.7 Testing structural sensitivity of Energy equation - pressure device.
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Fig. G.8 Testing structural sensitivity of Energy equation - velocity device.

0
2 #1011

0 1 2 3 4 5 6

/
F

D
 -

 /
D

S

#10-3

0

1

2

3

4
Qr1

discrete
continuous

0
2 #1012

0 5 10 15

/
F

D
 -

 /
D

S

0

0.1

0.2

0.3

0.4
Qr2

Fig. G.9 Testing structural sensitivity of Energy equation - density device.



Appendix H

Derivation of adjoint equations
(adding a perturbation)

The following derivation of adjoint equations will follow after slightly changing a
parameter in the system so that the eigenvalue drift can also be computed. Begin with
the governing equations in the frequency domain using ρ′(t) = ρ̂est.

sρ̂ + ū
∂ρ̂

∂x
+ ρ̄

∂û

∂x
= 0 (H.1a)

ρ̄sû + ρ̄ū
∂û

∂x
+ ∂p̂

∂x
= 0 (H.1b)

sp̂ + ū
∂p̂

∂x
+ γp̄

∂û

∂x
= 0 (H.1c)

Which are defined on
x ∈ [0, b−) ∪ (b+, L] (H.2)

The jump conditions are only defined on x = b. The subscript 1 used in the flame
model refers to the velocity upstream (i.e u′

1 = u(b−)):

[ρ̂ū + ρ̄û]b
+

b− = 0 (H.3a)[
p̂ + 2ρ̄ūû + ρ̂ū2

]b+

b−
= 0 (H.3b)[

γ

(γ − 1) (p̂ū + p̄û) + 1
2
(
3ρ̄ū2û + ū3ρ̂

)]b+

b−
− βû1e−sτ = 0 (H.3c)

By introducing a small perturbation into one of the governing equations or into one of
the base state variables, the eigenvalue drift alongside the adjoint equations can be
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derived. In this case a small change to the time delay (τ) is introduced to the system:

τ → τ + δτ (H.4)

This change will cause the variables to change for example from û → û + δû and also
the eigenvalue s → s + δs. Mean flow variables are not affected. Gathering only first
order terms, the set of equations become:

F1 ≡ sδρ̂ + δsρ̂ + ū
dδρ̂

dx
+ ρ̄

dδû

dx
= 0 (H.5a)

F2 ≡ ρ̄sδû + ρ̄δsû + ρ̄ū
dδû

dx
+ dδp̂

dx
= 0 (H.5b)

F3 ≡ sδp̂ + δsp̂ + ū
dδp̂

dx
+ γp̄

dδû

dx
= 0 (H.5c)

For the jump conditions note that the term with the time delay is linearized using a
Taylor expansion in two variables.

J1 ≡ [δρ̂ū + ρ̄δû]b
+

b− = 0 (H.6a)

J2 ≡
[
δp̂ + 2ρ̄ūδû + δρ̂ū2

]b+

b−
= 0 (H.6b)

J3 ≡
[

γ

(γ − 1) (δp̂ū + p̄δû) + 1
2
(
3ρ̄ū2δû + ū3δρ̂

)]b+

b−
· · ·

− βe−sτ (δû1 − û1τδs − û1sδτ) = 0 (H.6c)

Define the following inner products:

⟨a, b⟩ =
∫ b−

0
a∗ · b dx (H.7)

{a, b} =
∫ L

b+
a∗ · b dx (H.8)

(a, b) = a∗ · b (H.9)

Define two sets of adjoint variables ρ̂+(x), û+(x, t), p̂+(x, t) defined on the whole
domain (except at the flame x = b) and f(t), g(t), h(t) defined only at the flame
position. Create a functional:

L ≡
〈
ρ̂+, F1

〉
+
〈
û+, F2

〉
+
〈
p̂+, F3

〉
+ (f, J1) + (g, J2) + (h, J3) + · · ·

+
{
ρ̂+, F1

}
+
{
û+, F2

}
+
{
p̂+, F3

}
(H.10)
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Considering each term:

〈
ρ̂+, F1

〉
=
[
ρ̂+∗

ū1δρ̂ + ρ̂+∗
ρ̄1δû

]b−

0
+
〈
ρ̂+s∗, δρ̂

〉
+
〈
ρ̂+δs∗, ρ̂

〉
−
〈

ū1
dρ̂+

dx
, δρ̂

〉
· · ·

−
〈

ρ̄1
dρ̂+

dx
, δû

〉
(H.11a)

〈
û+, F2

〉
=
[
û+∗

ρ̄1ū1δû + û+∗
δp̂
]b−

0
+
〈
û+ρ̄1s∗, δû

〉
+
〈
û+ρ̄1δs∗, û

〉
· · ·

−
〈

ρ̄1ū1
dû+

dx
, δû

〉
−
〈

dû+

dx
, δp̂

〉
(H.11b)

〈
p̂+, F3

〉
=
[
p̂+∗

ū1δp̂ + p̂+∗
γp̄1δû

]b−

0
+
〈
p̂+s∗, δp̂

〉
+
〈
p̂+δs∗, p̂

〉
−
〈

ū1
dp̂+

dx
, δp̂

〉
· · ·

−
〈

γp̄1
dp̂+

dx
, δû

〉
(H.11c)

(f, J1) = [f∗δρ̂ū + f∗ρ̄δû]b
+

b− (H.11d)

(g, J2) =
[
g∗δp̂ + g∗2ρ̄ūδû + g∗δρ̂ū2

]b+

b−
(H.11e)

(h, J3) =
[

γ

(γ − 1) (h∗δp̂ū + h∗p̄δû) + 1
2
(
h∗3ρ̄ū2δû + h∗ū3δρ̂

)]b+

b−
· · ·

− h∗βe−sτ (δû1 − û1τδs − û1sδτ) (H.11f){
ρ̂+, F1

}
=
[
ρ̂+∗

ū2δρ̂ + ρ̂+∗
ρ̄2δû

]L
b+

+
{

ρ̂+s∗, δρ̂
}

+
{

ρ̂+δs∗, ρ̂
}

−
{

ū2
dρ̂+

dx
, δρ̂

}
· · ·

−
{

ρ̄2
dρ̂+

dx
, δû

}
(H.11g)

{
û+, F2

}
=
[
û+∗

ρ̄2ū2δû + û+∗
δp̂
]L

b+
+
{

û+ρ̄2s∗, δû
}

+
{

û+ρ̄2δs∗, û
}

· · ·

−
{

ρ̄2ū2
dû+

dx
, δû

}
−
{

dû+

dx
, δp̂

}
(H.11h)

{
p̂+, F3

}
=
[
p̂+∗

ū2δp̂ + p̂+∗
γp̄2δû

]L
b+

+
{

p̂+s∗, δp̂
}

+
{

p̂+δs∗, p̂
}

−
{

ū2
dp̂+

dx
, δp̂

}
· · ·

−
{

γp̄2
dp̂+

dx
, δû

}
(H.11i)

Arranging the functional in terms of native variables (i.e δû):

L =
〈

ρ̂+s∗ − ū1
dρ̂+

dx
, δρ̂

〉
+
〈

û+ρ̄1s
∗ − ρ̄1ū1

dû+

dx
− ρ̄1

dρ̂+

dx
− γp̄1

dp̂+

dx
, δû

〉
· · ·

+
〈

p̂+s∗ − ū1
dp̂+

dx
− dû+

dx
, δp̂

〉
· · · (H.12a)
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+
{

ρ̂+s∗ − ū2
dρ̂+

dx
, δρ̂

}
+
{

û+ρ̄2s
∗ − ρ̄2ū2

dû+

dx
− ρ̄2

dρ̂+

dx
− γp̄2

dp̂+

dx
, δû

}
· · ·

+
{

p̂+s∗ − ū2
dp̂+

dx
− dû+

dx
, δp̂

}
· · · (H.12b)

+
〈
ρ̂+δs∗, ρ̂

〉
+
〈
û+ρ̄1δs∗, û

〉
+
〈
p̂+δs∗, p̂

〉
+
{
ρ̂+δs∗, ρ̂

}
+
{
û+ρ̄2δs∗, û

}
· · ·

+
{
p̂+δs∗, p̂

}
+ h∗βû1e−sτ (τδs + sδτ) · · · (H.12c)

+
[
δρ̂(ρ̂+∗

ū1) + δû(ρ̂+∗
ρ̄1 + û+∗

ρ̄1ū1 + p̂+∗
γp̄1) + δp̂(û+∗ + p̂+∗

ū1)
]b−

0
· · ·

+
[
δρ̂
(

f ∗ū + g∗ū2 + 1
2h∗ū3

)
+ δû

(
f ∗ρ̄ + g∗2ρ̄ū + γ

(γ − 1)h∗p̄ + +3
2h∗ρ̄ū2

)
· · ·

+δp̂

(
g∗ + γ

(γ − 1)h∗ū

)]b+

b−
− h∗βδû1e−sτ · · ·

+
[
δρ̂(ρ̂+∗

ū2) + δû(ρ̂+∗
ρ̄2 + û+∗

ρ̄2ū2 + p̂+∗
γp̄2) + δp̂(û+∗ + p̂+∗

ū2)
]L

b+
(H.12d)

The derivative of L with respect to δρ̂, δû, δp̂ must be zero for any value; hence, each
of the rows in equation H.12 can be interpreted as:

• Equations (H.12a) and (H.12b) give the adjoint equations:

−ρ̂+s∗ + ū
dρ̂+

dx
= 0 (H.13a)

−û+ρ̄s∗ + ρ̄ū
dû+

dx
+ ρ̄

dρ̂+

dx
+ γp̄

dp̂+

dx
= 0 (H.13b)

−p̂+s∗ + ū
dp̂+

dx
+ dû+

dx
= 0 (H.13c)

From these equations by looking at the sign of the eigenvalue (s) it is easy to see
that the adjoint equations evolve backwards in time. Also note that the adjoint
eigenvalue is the negative complex conjugate of the direct one. That is, if one
wishes to recover the adjoint equations in the time domain, then one must use
p′(x, t) = p̂(x)e−s∗t.

• Equation (H.12c) gives the eigenvalue drift for the slight change introduced in
the system, note that δs is a number hence it comes out of the inner product:

δs
(〈

ρ̂+, ρ̂
〉

+
〈
û+ρ̄1, û

〉
+
〈
p̂+, p̂

〉
+
{
ρ̂+, ρ̂

}
+
{
û+ρ̄2, û

}
+
{
p̂+, p̂

}
· · ·

+h∗τβû1e−sτ
)

+ h∗sδτβû1e−sτ = 0 (H.14)
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Then the eigenvalue drift with respect to the slight change done in the system
(δτ) is:

δs

δτ
= −h∗sβû1e−sτ

⟨ρ̂+, ρ̂⟩ + ⟨û+ρ̄1, û⟩ + ⟨p̂+, p̂⟩ + {ρ̂+, ρ̂} + {û+ρ̄2, û} + {p̂+, p̂} + h∗τβû1e−sτ

(H.15)
This equation is only valid to compute the eigenvalue drift with respect to a

change in the time delay; however, if the interest is to know the eigenvalue drift
with respect to any other perturbation added to the system, the only thing that
changes in the equation is the numerator.

• Equation (H.12d) gives the boundary terms and jump conditions.
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