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The large-scale coherent motions in a realistic swirl fuel-injector geometry are
analysed by direct numerical simulations (DNS), proper orthogonal decomposition
(POD), and linear global modes. The aim is to identify the origin of instability in
this turbulent flow in a complex internal geometry. The flow field in the nonlinear
simulation is highly turbulent, but with a distinguishable coherent structure: the
precessing vortex core (a spiralling mode). The most energetic POD mode pair is
identified as the precessing vortex core. By analysing the fast Fourier transform
(FFT) of the time coefficients of the POD modes, we conclude that the first four
POD modes contain the coherent fluctuations. The remaining POD modes (incoherent
fluctuations) are used to form a turbulent viscosity field, using the Newtonian eddy
model. The turbulence sets in from convective shear layer instabilities even before
the nonlinear flow reaches the other end of the domain, indicating that equilibrium
solutions of the Navier—Stokes are never observed. Linear global modes are computed
around the mean flow from DNS, applying the turbulent viscosity extracted from
POD modes. A slightly stable discrete m = 1 eigenmode is found, well separated
from the continuous spectrum, in very good agreement with the POD mode shape
and frequency. The structural sensitivity of the precessing vortex core is located
upstream of the central recirculation zone, identifying it as a spiral vortex breakdown
instability in the nozzle. Furthermore, the structural sensitivity indicates that the
dominant instability mechanism is the Kelvin—Helmholtz instability at the inflection
point forming near vortex breakdown. Adjoint modes are strong in the shear layer
along the whole extent of the nozzle, showing that the optimal initial condition for
the global mode is localized in the shear layer. We analyse the qualitative influence
of turbulent dissipation in the stability problem (eddy viscosity) on the eigenmodes
by comparing them to eigenmodes computed without eddy viscosity. The results show
that the eddy viscosity improves the complex frequency and shape of global modes
around the fuel-injector mean flow, while a qualitative wavemaker position can be
obtained with or without turbulent dissipation, in agreement with previous studies.
This study shows how sensitivity analysis can identify which parts of the flow in a
complex geometry need to be altered in order to change its hydrodynamic stability
characteristics.
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1. Introduction

In this numerical and theoretical study, we examine the oscillatory flow in a
swirling fuel injector. We choose this flow for three reasons. First, this flow exhibits
self-sustained oscillations, whose control is of both fundamental and industrial interest
(Lieuwen 2012). Our aim is to identify the wavemaker region of this flow and to
devise strategies for its control. The flow is turbulent, so this information would be
difficult, if not impossible, to obtain using either nonlinear CFD or stability methods
based on equilibrium solutions of the Navier—Stokes equations. Second, we want
to examine whether this global stability analysis can handle complex mean flows
with several potential instability mechanisms, specifically whether it can identify the
primary instability seen in nonlinear direct numerical simulations (DNS). Third, this
is the first time to the authors’ knowledge that adjoint-based sensitivity analysis is
applied on self-sustained oscillations in an internal turbulent flow.

The chosen flow (figure 1) is from the Datum air swirl fuel injector for a helicopter
engine made by Turbomeca. The geometry is axisymmetric. The nozzle consists of
an inner non-swirling stream and a coaxial swirling convergent outer flow (Midgley,
Spencer & McGuirk 2005). Both streams flow from this nozzle into a larger diameter
chamber, with an annular outlet downstream. This models the flow in fuel injectors
of gas turbine engines. The control of hydrodynamic oscillations in fuel injectors
is important for two reasons. First, hydrodynamic oscillations improve mixing of
the air/fuel mixture and help to reduce hot spots, which lead to increased nitrous
oxide (NOx) formation. Second, hydrodynamic oscillations can couple with acoustic
perturbations to enhance or alter thermoacoustic oscillations (Hansford et al. 2015;
Manoharan et al. 2015), which can cause structural damage. At low to moderate
Reynolds numbers, similar flows and nozzle geometries are found in the production
of carbon nanotubes (Conroy et al. 2010).

The time-dependent flow is three-dimensional, while the mean flow is axisymmetric.
The mean flow has two large recirculation zones — a conical region around the
centreline and an annular region close to the outer wall (the streamlines of the present
case will be shown in §5, figure 4). The inner recirculation zone is formed through
an axisymmetric vortex breakdown when the swirl increases in the contracting nozzle,
due to conservation of angular momentum (Leibovich 1978; Syred 2006). The outer
annular recirculation zone is formed due to confinement. Similar recirculation zones
are found in other confined swirling flows, such as swirling pipe flows with sudden
expansion (Revuelta 2004), and confined swirling jet experiments (Billant, Chomaz
& Huerre 1998). The flow in the present injector has been previously studied in the
incompressible regime by experiments and large-eddy simulations (LES) (Dunham
et al. 2008) at relatively high Reynolds numbers (Re = O(10*) — O(10°) based on the
average inflow velocity and radius of the outer nozzle outlet). The observed large-scale
oscillations were independent of the Reynolds number within this regime. With zero
flow rate in the inner pipe, as in the present study, both LES and experiments showed
two peaks in the spectrum. By monitoring the profile at the inlet to the combustion
chamber, it was shown that the first peak corresponds to a spiralling mode, and the
second peak a double-helical mode.

Vortex breakdown, which appears in this injector, is a phenomenon appearing
in a wide class of highly swirling flows, with a rotating core and free vortex-
like outer region (Leibovich 1978). Examples are swirling jets and tip vortices
around aeroplane wings. When the swirl is increased from zero, the steady
axisymmetric breakdown appears as a separation zone near the centreline. With
further increases of swirl, typically first the unsteady spiral vortex breakdown
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FIGURE 1. (Colour online) Illustration of the flow geometry. A cross-section in the axial—
radial plane (constant azimuthal angle), showing the inflow (swirler inlet) and the outflow.
The non-dimensional scales are shown: swirler outer diameter (D), and the exit velocity
from the swirler (U,). The coordinate system is also defined: the origin is at the centreline
at the swirler exit location. The relative dimensions of the geometry are the same as in
the numerical simulation, except that the numerical domain is longer in the downstream
direction.

(azimuthal wavenumber of unity) appears, and second a succession of other modes
with increasing wavenumbers. (In exceptional cases, a spiral vortex breakdown has
been reported without axisymmetric breakdown Beran 1994.)

A few computations of linear temporal global modes in swirling flows can be found
in the literature, and these focus on unconfined vortex breakdown bubbles and swirling
jets. The vortex breakdown bubble of the Grabowski vortex (Grabowski & Berger
1976) has been studied by DNS (Ruith et al. 2003), by weakly nonlinear analysis
(Meliga, Gallaire & Chomaz 2012a) and by global temporal stability and sensitivity
analyses (Gallaire et al. 2006; Qadri, Mistry & Juniper 2013). The base flow for the
Grabowski vortex is axisymmetric and swirling, with a uniform inflow profile for
the axial velocity, and a potential vortex for the swirl velocity. After axisymmetric
breakdown, one or several recirculation bubbles appear at the centreline. When the
swirl or Reynolds number is increased from zero, first a steady recirculation bubble
is formed, and second the bubble becomes unstable to a spiralling global mode at a
value of the swirl parameter of Sw > 0.915. The structural sensitivity of the spiralling
mode is found to be strongest at the upstream edge of the recirculation bubble (Qadri
et al. 2013).

Global modes in swirling flows have also been successfully studied by local
spatio-temporal and spatial stability analyses making the weakly non-parallel flow
approximation. In the experiments of Oberleithner, Sieber & Nayeri (2011), the
swirling jet flow was found to develop self-sustained oscillations when Sw > 0.88
(at a very similar swirl to that of the Grabowski vortex). The frequency and shape
of the oscillations was reconstructed through local analysis techniques, in excellent
agreement with proper orthogonal decomposition (POD) modes of the experimental
data, and more recently the same was done for subcritical (Oberleithner, Paschereit
& Wygnanski 2014a) and forced swirling jets (Oberleithner, Rukes & Soria 2014b).
The stability analyses in the above studies were performed around mean flows from
experiments. The mean flow stability was observed to produce good results in all
regions where the energy production of the eigenmode was positive (i.e. energy
was extracted from the mean field), and less good results in the regions where the
energy production of the eigenmode was negative (i.e. energy flowing back to the
mean field) (Oberleithner et al. 2014b). Finally, the effect of eddy-viscosity models
was considered in Oberleithner et al. (2015). While eddy-viscosity models did not
change the absolute frequencies, they influenced the absolute growth rates, and by
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doing this could alter the streamwise location where the global mode frequency was
selected. The Newtonian eddy model, as in the present study, was seen to provide
the best agreement with experiments regarding both frequency and growth rate.

In the present study, we have chosen to perform a global mode analysis around
a mean flow, instead of an equilibrium solution to the Navier—Stokes equations.
Equilibrium solutions are very difficult to obtain for this flow at Reynolds numbers
above Re =250, due to axisymmetric convective shear layer instabilities, which appear
as soon as the flow exits the nozzle. At higher Reynolds numbers, the convective
instabilities develop into turbulence before the mean flow reaches the exit of the
domain, and before the self-sustained oscillation (global instability) dominates.

Stability analysis around a turbulent mean flow is controversial but has been widely
discussed, particularly in the reduced-order modelling community. The mean-field
theory introduced by Noack et al. (2003) states that a stability analysis around a
mean flow will produce the limit cycle as a neutrally stable global mode, which was
later confirmed by Barkley (2006) for the cylinder flow. The result for the cylinder
flow is not universal; criteria for its validity and the effect of nonlinear harmonics
has been discussed, for example, by Sipp & Lebedev (2007) and Mezic (2013). The
need to include turbulent dissipation (eddy-viscosity) models in reduced-order models,
independently of harmonics, has been discussed, for example, by Luchtenburg et al.
(2009), Osth et al. (2014) and Protas, Noack & Osth (2015). Mean flow stability has
been used for many studies of convective instability (including the seminal works of
Gaster, Kit & Wygnanski 1985; Cohen & Wygnanski 1987; Weisbrot & Wygnanski
1988) and transient growth (Hoyas & Jimenez 2006; Pujals et al. 2009). Here, we
will focus on the oscillator behaviour and, in particular, its adjoint-based sensitivity.

After Barkley (2006), global mode analysis has been applied to identify large-scale
structures in turbulent flows in a number of studies, and these can be can be divided
into three categories following Mettot, Sipp & Bézard (2014b). In the quasi-laminar
approach, the Navier—Stokes equations, using molecular viscosity for the viscous
term, are linearized around the mean flow derived from nonlinear simulations. In the
base flow approach, a turbulence model equation such as URANS is considered, and
the equation and the turbulence model are both linearized around a fixed point of
the model. A special case in between the two is a frozen eddy viscosity approach,
where a turbulent eddy viscosity is determined from nonlinear data, and applied as
a spatially varying viscosity in the stability analysis, while the turbulent Reynolds
stresses themselves are not linearized.

Here, we are especially interested in the sensitivity of the eigenvalue to changes in
the system. Several sensitivity studies of turbulent flows have been performed recently.
The base flow approach was used by, for example, Meliga, Pujals & Serre (2012b)
to compute the sensitivity of a turbulent (Re =13 000) flow around a D-shaped bluff
body, using URANS equations combined with a linearized Spalart—Allmaras model.
The most sensitive region for passive control was successfully matched against
experiments. Other successful studies include Mettot, Renac & Sipp (2014a) and
Crouch, Garbaruk & Magidov (2007). The base flow approach is mathematically
fully consistent. However, an accurate representation of the physics requires a model
which can reproduce both the mean flow and the perturbation field accurately. For
swirling flows, URANS models generally struggle to predict the mean flow swirl
profile accurately (Wallin & Johansson 2000; Dunham et al. 2008), whereas the
mean swirl profile is crucial for vortex breakdown instabilities as seen above. Hence,
we need to adopt an approach which ensures correct mean flow scales. Algebraic
Reynolds stress models might be appropriate (Wallin & Johansson 2000), but are



Downloaded from https://www.cambridge.org/core. University of Cambridge, on 27 Jul 2018 at 14:18:02, subject to the Cambridge Core terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/jfm.2016.86

624 O. Tammisola and M. P. Juniper

very complicated to linearize even in one dimension (Gupta 2014), while our mean
flow is two-dimensional.

The frozen eddy viscosity performed almost as well as the fully linearized turbulent
viscosity for a cavity flow (Crouch er al. 2007). It has also performed well in swirling
flow studies using local spatio-temporal techniques in injector flows (Oberleithner
et al. 2015). Finally, Camarri, Fallenius & Fransson (2013) obtained a good agreement
with the experimental structural sensitivity region for a porous cylinder flow using
only molecular viscosity (the quasi-laminar approach), and similarly Mettot ef al.
(2014b) for a D-shaped cylinder.

In the present study, we start by characterizing the nonlinear dynamics of the swirl
injector in DNS, and extracting the dominant mode shapes and frequencies by POD.
We then construct a Newtonian eddy-viscosity model (Reynolds & Hussain 1972) from
nonlinear simulation data in the manner suggested but not implemented in Mettot
et al. (2014b), and apply this in the global mode and sensitivity computation in the
form of a frozen eddy viscosity. We investigate the instability mechanism for the
dominant spiralling mode in terms of the location of the structural sensitivity and the
relative magnitudes of structural sensitivity tensor components. Finally, we discuss the
observed similarities and differences between the results with frozen eddy viscosity
and molecular viscosity, and between this flow and the D-shaped cylinder.

2. Interpretation of stability analysis around a turbulent mean flow

Mathematical interpretation of the stability analysis around the mean flow is not
as straightforward as the stability analysis around a steady solution of the Navier—
Stokes equations. Nevertheless, a qualitative mathematical and physical interpretation
of mean flow stability results and qualitative criteria for their validity can be found.
The argument below follows the main lines presented in Turton, Tuckerman & Barkley
(2015). In the present study, a triple decomposition of the flow field is introduced
following Reynolds & Hussain (1972):

u=u+a+u, 2.1)

where ~— is the time-average operator, (€ + ~) is the phase-average operator, and
U =uU—U-—a is the fluctuation with zero phase average. The three terms are the
mean flow (U), the organized wave containing all coherent time-periodic large-scale
motions (@), and the stochastic part containing the remaining incoherent turbulent
motions (U'). The equation for the mean flow is obtained by taking the time average
of the Navier-Stokes equations:

U.VU=-VP+V-(Re'S —aa—uu), (2.2)

while the organized wave satisfies the phase-averaged Navier—Stokes equations,
with (2.2) subtracted:

L _
E—FU-VB+B-VU:—Vp—irV-(Re*le—ée—Q/u/). 2.3)

In the above, S = VU + VU! is the mean flow shear stress tensor, and & the stress
tensor of the organized wave. We will proceed by assuming that the coherent motions
consist of discrete fundamengal lipit cycles and their harmonics, and can hence be
Fourier-decomposed as: @~ | o, _o Unn eXp(inw,l).
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For simplicity, let us first consider the case where limit cycles with different m, and
their products, are harmonically unrelated to each other (at the end of the section, we
will return to the case where they are harmonically related). When substituting the
Fourier decomposition of the coherent part into (2.2), we obtain:

_ _ _ X X _
U.VU=-VP+V. Re'sS— UppaUp—p — U7 . (2.4)

m>0 n>0

This shows that the mean flow is influenced by the coherent motions, through
the interaction of each fundamental mode with its conjugate, and the interaction of
each harmonic with its conjugate. The mean flow is also influenced by the Reynolds
stresses arising from the incoherent motions.

Similarly, when substituting the Fourier decomposition into (2.3), we obtain for
n=1 (the limit cycle fundamental):

I

_ _ X .
_iwum,l + u. VL‘Im,l + um,l VU= _me,l + V. Reilsm,l - um,num,lfn - (g/u/)m .

n#0,1
(2.5)
Hence, the limit cycle m may be influenced by the coherent motions, through the
interaction of the first harmonic u,,, with the conjugate of the fundamental u,, _;, and
the interaction of each higher harmonic with the conjugate of its preceding harmonic.
It may also be influenced by (@U),, which is the oscillation of the incoherent
Reynolds stresses at frequency w = w,,.

Let us now introduce the linearized Navier—Stokes operator, where the linearization

is performed around the mean flow, acting on any velocity field u:

Lzuy=U-Vu+u-VU+Vp—V.(Re'u. (2.6)
Equation (2.5) can be formally written as:
L 7(U,1) =iw,U, — N —Qu. 2.7
Here, N is a nonlinear harmonic interaction term given by:
N =V« (Up2Up 1+ Up_1Up2 + Uy 3Uy 2 + Uy Uy 3+ - - -). (2.8)

No assumptions have been introduced so far, apart from the coherent motions being
discrete (and this assumption could be relaxed by writing the coherent motions as an
integral instead of a sum). It can be seen that (2.5) forms a linear eigenvalue problem
for the fundamental mode Uu,,; if and only if either of the two options is true:

(i) N, +Gu=0.

As noted by Turton er al. (2015), we observe that the fundamental mode m is then
an exact eigenmode of the Navier—Stokes operator linearized around the mean flow:

L ﬁ(um,l) = iC’)um,l s (29)

with the eigenvalue «w which has zero growth rate and the frequency of the
fundamental limit cycle.
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