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ABSTRACT
Nonlinear analysis of thermoacoustic instability is essential

for prediction of frequencies, amplitudes and stability of limit cy-
cles. Limit cycles in thermoacoustic systems are reached when
the energy input from driving processes and energy losses from
damping processes balance each other over a cycle of the oscil-
lation.

In this paper an integral relation for the rate of change of
energy of a thermoacoustic system is derived. This relation is
analogous to the well-known Rayleigh criterion in thermoacous-
tics, but can be used to calculate the amplitudes of limit cycles, as
well as their stability. The relation is applied to a thermoacous-
tic system of a ducted slot-stabilized 2-D premixed flame. The
flame is modelled using a nonlinear kinematic model based on
the G-equation, while the acoustics of planar waves in the tube
are governed by linearised momentum and energy equations. Us-
ing open-loop forced simulations, the flame describing function
(FDF) is calculated. The gain and phase information from the
FDF is used with the integral relation to construct a cyclic in-
tegral rate of change of energy (CIRCE) diagram that indicates
the amplitude and stability of limit cycles. This diagram is also
used to identify the types of bifurcation the system exhibits and
to find the minimum amplitude of excitation needed to reach a
stable limit cycle from another linearly stable state, for single-
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mode thermoacoustic systems. Furthermore, this diagram shows
precisely how the choice of velocity model and the amplitude-
dependence of the gain and the phase of the FDF influence the
nonlinear dynamics of the system.

Time domain simulations of the coupled thermoacoustic sys-
tem are performed with a Galerkin discretization for acoustic
pressure and velocity. Limit cycle calculations using a single
mode, as well as twenty modes, are compared against predic-
tions from the CIRCE diagram. For the single mode system, the
time domain calculations agree well with the frequency domain
predictions. The heat release rate is highly nonlinear but, be-
cause there is only a single acoustic mode, this does not affect
the limit cycle amplitude. For the twenty-mode system, however,
the higher harmonics of the heat release rate and acoustic ve-
locity interact resulting in a larger limit cycle amplitude. Multi-
mode simulations show that in some situations the contribution
from higher harmonics to the nonlinear dynamics can be signifi-
cant and must be considered for an accurate and comprehensive
analysis of thermoacoustic systems.

NOMENCLATURE
G Level set function
St Strouhal number, f L f /ũ0
f Forcing frequency
f ∗ Non-dimensional natural frequency of the self-excited

system,
(
c0L f /2ũ0L0

)
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K Ratio of mean velocity to disturbance convection speed,
ũ0/ũc

sL Laminar flame speed
hR Heat of reaction per unit mass
R Half-width of burner
u Velocity
p Pressure
Q̇ Heat release rate
E Acoustic energy

Greek:
β f Flame aspect ratio, L f /R
ε Velocity perturbation amplitude
ζ Damping coefficient
ρ Density
γ Ratio of specific heats
δ Dirac-delta function
φ Equivalence ratio
ω Angular frequency
ϕ Phase

INTRODUCTION
Lean premixed combustion systems are susceptible to ther-

moacoustic instabilities, which occur due to the interaction be-
tween unsteady heat release rate and acoustic waves inside the
combustor [1]. Linear stability analysis of such systems can be
used to predict frequencies and growth rates of linearly unsta-
ble modes. However, they can neither predict limit cycle ampli-
tudes, nor a system’s susceptibility to oscillations triggered by
finite amplitude excitations.

Several studies have investigated nonlinear phenomena in
combustion instabilities. While early studies focused on non-
linear gas dynamics in solid-propellant rocket engines [2–5],
later studies, especially those relevant to gas turbine combus-
tors, explored the nonlinear behaviour of unsteady heat release
rate [6–8]. Several nonlinear flame models relevant to gas turbine
combustors have been proposed [9–14] based on theory and ex-
periments. In recent years, complex nonlinear phenomena such
as triggering, hysteresis and mode-switching have been investi-
gated experimentally and numerically [15, 16].

The analyses mentioned above use one of two types of ap-
proach: time domain or frequency domain. It is useful to high-
light the underlying assumptions in each method. In the fre-
quency domain approach based on the (sinusoidal) Flame De-
scribing Function (FDF), quoting Noiray et al. [15], one assumes
that the fundamental frequency determines the dynamics of the
system while higher harmonics generated in the nonlinear pro-
cesses are of sufficiently low amplitude to have negligible effect
on the system’s stability. The FDF is then used in a nonlinear

dispersion relation to calculate growth rates and frequencies as
functions of perturbation amplitude. Their analysis highlights the
importance of the amplitude-dependence of the flame response
delay on the nonlinear behaviour of the system. While the fre-
quency domain approach has been successful in some practical
systems, Subramanian et al. [17] argue that the system behaviour
predicted using the FDF approach may be quantitatively as well
as qualitatively different from that seen using time domain sim-
ulations of simple thermoacoustic models. They point out that
using a two-part approach and a modal analysis fail to capture
the intricate coupling between combustion and acoustics.

The aims of this paper are (i) to examine nonlinear thermoa-
coustic phenomena of a ducted premixed flame; (ii) to evaluate
the accuracy of limit cycle amplitudes calculated from the fre-
quency domain against calculations from the time domain. An
energy integral relation that assumes the existence of limit cy-
cles is derived for a single mode thermoacoustic system. This
integral relation is used with the FDF (i) to calculate the am-
plitudes and stability of limit cycles; (ii) to predict the types of
bifurcation in such systems; (iii) to estimate the minimum am-
plitude required to trigger a single-mode system into stable limit
cycle oscillations. Time domain simulations are used to evalu-
ate the accuracy of a particular case. Single-mode simulations
show that the results obtained by applying the integral criterion
along with the FDF are accurate, even when the nonlinearities
in heat release rate are not negligible. Multi-mode simulations,
however, show that the higher harmonics contribute to the non-
linear dynamics and their impact can be significant in some situ-
ations. Although the thermoacoustic system under consideration
in this paper is a simple ducted premixed flame, the fundamental
nonlinear behaviour observed here is relevant to more complex
thermoacoustic systems because the main source of nonlinearity
is captured well.

The rest of this paper is organised as follows. Section-1 and
Section-2 describe the models and governing equations for the
acoustics and the flame, respectively. In Section-3, criteria for
the amplitude and stability of limit cycles are derived. Section-4
describes the linear and nonlinear velocity-coupled heat release
response of the flame and the influence of the choice of velocity
model on these. In Section-5, diagrams that map the stability of
thermoacoustic systems and the nonlinear phenomena observed
in these are discussed. Section-6 shows simulations in the time
domain and a comparison between frequency and time domain
calculations. Closing remarks with an outlook on future work
are presented in Section-7.

1 MODEL FOR THE ACOUSTICS
For the sake of simplicity, the acoustic chamber in the ther-

moacoustic system considered here is a duct of length L0 open
at both ends with a slot-stabilized 2-D laminar premixed flame
located at a distance x̃ f from one end. Fig. 1 shows a schematic.
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The base flow velocity is ũ0, the pressure is p̃0 and a constant
mean density assumption is invoked so that the mean density, ρ̃0,
and speed of sound in the unburnt mixture, c̃0, remain constant
everywhere in the duct. The Mach number, M ≡ ũ0/c̃0, is as-
sumed to be small and hence nonlinear effects in the acoustics
are negligible [10]. A compact flame assumption is used here
because the flame length is small compared to the wavelengths
of the duct’s acoustic modes. The dimensional governing equa-
tions for the acoustic perturbations are the momentum and energy
equations:

ρ̃0
∂ ũ
∂ t̃

+
∂ p̃
∂ x̃

= 0 (1)

∂ p̃
∂ t̃

+ γ p̃0
∂ ũ
∂ x̃

+ζ
c̃0

L0
p̃− (γ−1) ˜̇Qδ (x̃− x̃ f ) = 0 (2)

where the rate of heat transfer from the flame to the gas is given
by ˜̇Q, which is applied at the flame’s position by multiplying
˜̇Q by the dimensional Dirac delta distribution δ̃ (x̃− x̃ f ). The

acoustic damping is represented by ζ and the model for this is
described later.

The above equations may be non-dimensionalised using ũ0,
p̃0γM, L0 and L0/c̃0 for speed, pressure, length and time respec-
tively. The dimensionless governing equations are:

∂u
∂ t

+
∂ p
∂x

= 0 (3)

∂ p
∂ t

+
∂u
∂x

+ζ p−β Q̇δD(x− x f ) = 0 (4)

β ≡ (γ−1) ˜̇Q0α

γ p̃0ũ0
, Q̇≡

˜̇Q
˜̇Q0

(5)

where β Q̇ is the nondimensional heat release rate perturbation,
which encapsulates all relevant information about the flame, base
velocity and ambient conditions. The heat release rate is aver-
aged over the cross-sectional area of the duct and the ratio of the
area of base of the flame to the cross-sectional area of the duct,
α , is assumed to be 0.02 in this paper.

For the open duct examined here, the pressure perturbations
and gradient of velocity perturbations are both set to zero at the
ends of the tube.

[p]x=0 = [p]x=1 = 0;
[

∂u
∂x

]
x=0

=
[

∂u
∂x

]
x=1

= 0. (6)

These boundary conditions are enforced by choosing basis sets
that match these boundary conditions and satisfy the dimension-

FIGURE 1. Schematic of the two-dimensional slot stabilized pre-
mixed flame in a duct. L0 is the length of the duct, x̃ f is the flame posi-
tion along the duct, α = 0.02 is the fraction of the duct cross-sectional
area occupied by the burner and the flow is from left to right.

less momentum equation (3):

u(x, t) =
N

∑
j=1

η j(t)cos( jπx); p(x, t) =−
N

∑
j=1

η̇ j(t)
jπ

sin( jπx).

(7)

In this Galerkin discretization, all the basis vectors are orthog-
onal. The state of the system is given by the amplitudes of
the Galerkin modes that represent velocity, η j, and those that
represent pressure, η̇ j. The energy equation is discretized by
substituting (7) into (4). The acoustic damping, ζ , is dealt
with by assigning damping parameters, ζ j, to each mode, where
ζ j = c1 j2 + c2 j1/2. This model is based on correlations devel-
oped by Matveev [18] and has been used in similar thermoa-
coustic systems [17,19]. It represents acoustic energy losses due
to radiation from the open ends and dissipation in the acoustic
viscous and thermal boundary layers at the duct walls. The di-
mensionless energy equation is then multiplied by sin(kπx) and
integrated over the domain x = [0,1], thus reducing it to an ODE
for each mode, j:

d
dt

(
η̇ j

jπ
)+ jπη j +ζ j(

η̇ j

jπ
)+2β sin( jπx f ) = 0, (8)

which are integrated by direct time-marching from t = 0 using a
4th order Runge-Kutta algorithm.

2 MODEL FOR THE PREMIXED FLAME
The flame is described by a kinematic model using a level

set approach, also known as the G-equation model. Although
this model is less complex than real premixed flames, it has been
shown that it captures the major nonlinearities in premixed flame
dynamics [11,14] and is used widely in low-order models of ther-
moacoustic systems with premixed flames [10, 11, 14, 20, 21].

The principal assumptions of the model are [22] (i) the flame
is a thin surface separating unburnt reactants from burnt prod-
ucts; (ii) the flow is parallel along the axial direction with no
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transverse velocities. Assumption (i) allows for the flame to be
tracked using the G-equation (in two dimensions), as follows:

∂G
∂ t̃

+Ũ
∂G
∂ x̃

+Ṽ
∂G
∂ ỹ

= sL

√(
∂G
∂ x̃

)2

+
(

∂G
∂ ỹ

)2

(9)

where tildes denote dimensional values and G(x,y,t) is a time-
varying function that takes negative values at points in the un-
burnt gas, positive values at points in the burnt gas and zero at
points that lie on the flame surface. Ũ and Ṽ are the instantaneous
total velocities along the x and y directions. The flame speed, sL,
is a function of the equivalence ratio, but we only consider the
dynamics of velocity perturbations imposed on fully premixed
flames ignoring flame-stretch and curvature effects. Hence the
equivalence ratio and flame speed are assumed to be uniform
throughout the flow. Assumption (ii) allows for the velocity field
to be independently specified, neglecting the coupling between
the flow-field and flame surface evolution, and is the major sim-
plifying assumption of this reduced order modelling approach.
Equation (9) can be rewritten in terms of non-dimensional pa-
rameters: x∗ = x̃/L f ,y∗ = ỹ/R,u∗ = Ũ/ũ0,v∗ = Ṽ/ũ0, and t∗ =
t̃ ũ0/L f as,

∂G
∂ t∗

+u∗
∂G
∂x∗

+β f v∗
∂G
∂y∗

=
(

sL

ũ0

)√(
∂G
∂x∗

)2

+β 2
f

(
∂G
∂y∗

)2

(10)

where, L f is the nominal flame height, i.e. the height of the
steady flame ignoring stretch effects, R is half-width of the burner
and β f is the flame aspect ratio, L f /R.

The nonlinearity in heat release fluctuations is more pro-
nounced in short flames compared to long flames [14]. For a
given mean velocity, the shortest flame is that which has the
greatest flame speed. In order to allow for a greater degree of
nonlinearity, φ is chosen such that sL is maximized. For the φ -
dependence used in this paper [23], φ = 1.06 maximizes sL to
0.42m/s and this flame speed is used throughout this study.

Several perturbation velocity models have been proposed.
Early studies have used a uniform axial velocity perturbation
[24,25]. However, it was shown by Baillot et al. [26,27] that the
shear layer rolls up into vortices that advect downstream, distort-
ing the flame surface. This was modelled as a convective wave
that propagates through the velocity field of a vibrating flame
by Schuller et al. [20] to calculate the Flame Transfer Function
(FTF). This model predicted the gain and phase of the FTF over a
range of Strouhal numbers with reasonable accuracy. Within the
flame domain, if the divergence free assumption is used for the
hydrodynamics, the continuity equation can be solved to find the
transverse velocity perturbation field, given an axial velocity per-
turbation field. This was done by Preetham et al. [21] and more

FIGURE 2. Instantaneous images of the flame during one forcing cy-
cle, φ = 1.06, β f = 2.14, ε = 0.25, St = 1, K = 2.5. The thick black
line represents the slot burner and the thin black curve is the flame sur-
face. Note the formation of sharp cusps towards the products, a distinct
characteristic of premixed flames seen in experiments [25, 26, 37]

.

recently by Cuquel et al. [28], who have also derived analytical
flame transfer functions with both axial and transverse velocity
perturbations. However, Preetham et al. [21] show that the differ-
ences between transfer functions calculated using a purely axial
velocity perturbation field and one with both axial and transverse
perturbations are negligible. Hence, for the sake of simplicity,
a purely axial convective wave velocity perturbation model is
adopted in this paper. The non-dimensionalised velocity field
is specified as a harmonically oscillating travelling wave as,

u∗ = 1+ ε cos(2πSt(Kx∗− t∗)) (11)

where, ε = ũ/ũ0 is the non-dimensional velocity perturbation,
St = f L f /ũ0 is the excitation Strouhal number and K = ũ0/ũc
is the ratio of mean velocity to disturbance convection speed
(phase speed of velocity disturbances). Typically K is assumed
to be equal to 1, i.e. the phase speed is assumed to equal the
mean flow velocity. As seen in experiments [26, 29], however,
the phase speed of velocity disturbances depends on a variety
of factors such as the forcing frequency, amplitude, shear layer
characteristics, temperature and density changes across the flame
surface, burner geometry etc. In order to capture the dependence
of the phase speed on the above-mentioned parameters, K is re-
tained as a parameter in the model and the implications of the
value of K on the nonlinear behaviour of the system is described
in Section-5.

Equation (10) is solved numerically using a WENO 5th or-
der scheme [30] with a 3rd order TVD Runge-Kutta scheme [31]
for time integration. The non-dimensionalized spatial and tem-
poral resolution in all the simulations are 5×10−3 and 5×10−4

respectively, with a uniform mesh spacing in both spatial direc-
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tions. The local level set method is used to achieve a significant
reduction in computational cost associated with these computa-
tions [32]. These computations are performed within the frame-
work of LSGEN2D, a general level set method solver, developed
by the second author [22, 33].

Fig. 2 shows instantaneous flame images over one forcing
cycle. Note the formation of sharp cusps towards the products,
a distinct characteristic of premixed flames seen in experiments
[25, 26, 37].

For a premixed flame, the heat release rate can be written as
an integral of local heat release rate contributions over the flame
surface, which can be expressed in terms of G as an integral over
the whole domain [34],

q(t) =
∫

D
ρsL(φ)hR(φ) |∇G|δ (G)dx∗dy∗ (12)

where, δ (G) is the Dirac-delta function and hR(φ) is the heat of
reaction. The above integral can be evaluated numerically using
the formulation by Smereka [34]. Note that, for fully premixed
flames with constant flame speed, heat release rate oscillations
are only due to flame surface area fluctuations induced by veloc-
ity perturbations that distort the flame surface.

3 INTEGRAL CRITERIA FOR LIMIT CYCLES:
AMPLITUDES AND STABILITY
The Rayleigh criterion is a well-known and widely used cri-

terion in thermoacoustics to determine whether acoustic distur-
bances in a system grow in magnitude. In the generalized form,
as stated by Morgans and Dowling [35], an acoustic mode grows
in amplitude if the energy gain from combustion exceeds the en-
ergy losses from the boundaries averaged over a period of the
acoustic oscillation. As noted by Rayleigh, the phase difference
between pressure and heat release rate is crucial in determining
the acoustic energy change over a cycle [36]. The Rayleigh cri-
terion, however, does not provide the amplitude of limit cycle
oscillations.

The purpose of this section is to propose a method to de-
termine the amplitude of periodic oscillations in simple ther-
moacoustic systems and to identify their stability. The method
used here is similar to the method of averaging developed by
Culick [3]. In order to simplify the analysis, we consider only
the fundamental acoustic mode. This simplification is reasonable
because (i) higher modes tend to be strongly damped and (ii) the
flame response at higher harmonics is usually small. While the
single-mode assumption precludes interactions between modes,
it allows one to derive analytical results that provide insight into
the nonlinear dynamics of simple thermoacoustic systems.

The acoustic velocity perturbation is written as

ũ = ε ũ0 cos(ω t̃ +ϕ)cos
(

π x̃
L0

)
. (13)

Solving for acoustic pressure perturbation using the dimensional
momentum equation, (1), with the appropriate boundary condi-
tions, (6), yields

p̃ = ε ũ0ρ̃0
ωL0

π
sin(ω t̃ +ϕ)sin

(
π x̃
L0

)
. (14)

The acoustic energy is written as the sum of potential and kinetic
energies as,

E ≡ 1
2

(
p̃2

ρ̃0c̃2
0

+ ρ̃0ũ2
)

. (15)

When a thermoacoustic system reaches a limit cycle, the rate of
change of the acoustic energy integrated over the domain and
over one cycle of oscillation is zero, i.e.,

∂

∂ t

∮ ∫
D

Edtdx =
∮ ∫

D

(
p̃

ρ̃0c̃2
0

∂ p̃
∂ t̃

+ ρ̃0ũ
∂ ũ
∂ t̃

)
dtdx = 0. (16)

Using the dimensional energy equation, (2), for ∂ p̃/∂ t, this re-
duces to

∮ ∫
D

(
(γ−1)p̃ ˜̇Qδ̃ (x̃− x̃ f )

ρ̃0c̃2
0

− ζ p̃2

ρ̃0c̃0L0

)
dtdx = 0. (17)

Using equations (13) and (14) and integrating over the domain
x̃ = [0,L0], recollecting that x̃ f is the flame position, yields

∮ (
2β Q̇sin(ω t̃ +ϕ)sin

(
π x̃ f

L0

)
− ωL0

π c̃0
ζ ε sin2(ω t̃ +ϕ)

)
dt = 0.

(18)

In general, the heat release rate perturbation is a nonlinear
function of ũ and contains higher harmonics of the fundamental
frequency, ω . It can be written as a Fourier series,

Q̇ =
∞

∑
k=1

qk cos(kω t̃ +ϕk). (19)
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If the phase difference between the terms in the expansion of
Q̇ and the acoustic velocity perturbation are written as 4ϕk ≡
kϕ −ϕk, and the orthogonality of the Fourier series is used, the
cyclic integral equation (18) reduces to

∮ (
Ψdriv−Ψdamp

)
sin2(ω t̃ +ϕ)dt = 0, (20)

Ψdriv ≡ 2β sin
(

π x̃ f

L0

)
q1 sin(4ϕ1), Ψdamp ≡

ωL0

π c̃0
ζ ε. (21)

In the above equation, the driving and damping terms, Ψdriv and
Ψdamp, are constant on a limit cycle. Hence, for equation (20)
to be true, the driving and damping terms must be equal, i.e.
Ψdriv = Ψdamp, or,

2β sin
(

π x̃ f

L0

)
q1 sin(4ϕ1) =

ωL0

π c̃0
ζ εs. (22)

This equation shows that when a thermoacoustic system reaches
a limit cycle, the gain of the velocity-coupled FDF, q1/ε, and the
phase of the velocity-coupled FDF,4ϕ1, are explicitly related to
the damping factor, ζ . With measured or computed FDFs, the
above equation can be used to find the amplitude of acoustic ve-
locity perturbations, εs, on limit cycles. This equation also shows
that for a single-mode system, over one cycle of the oscillation,
only the fundamental of the heat release rate contributes to the
limit cycle amplitude.

The stability of limit cycles is obtained by calculating the
gradient of the LHS of (20) with respect to ε , i.e.[

∂

∂ε

∮ (
Ψdriv−Ψdamp

)
sin2(ω t̃ +ϕ)dt

]
εs

< 0 (23)

implies that the limit cycle is stable.

4 LINEAR AND NONLINEAR FLAME RESPONSE
The linear and nonlinear velocity-coupled response of pre-

mixed flames has been studied extensively [14,15,20,21,37,38].
The configuration investigated here, however, is a 2-D slot-
stabilized flame, which has different response characteristics and
it is useful to highlight the main features of its FDF. Fig. 3 shows
the gain and phase of the FDF of the heat release rate response
to velocity perturbations. As noted by several researchers in the
past, the gain at low frequencies tends to unity, the phase at low
frequencies is zero and the low frequency behaviour is largely
linear [39]. The phase increases with St, which is characteristic
of systems with a time-delay.

The FDF has zeros due to the destructive interference be-
tween disturbances created on the flame surface from flow non-
uniformity and the flame anchoring boundary condition [21].

When these zeros are located close to the imaginary axis in the
complex plane, they result in a sharp decrease in the gain and
a phase jump of π across the St at which they are located, for
example, at St = 0.8,1.6,2.4, .... However, as the forcing ampli-
tude increases, all zeros move to higher St. This suggests that
the time-delay between the heat release rate and velocity pertur-
bations decreases, which is due to the decrease in the mean flame
height as amplitude increases. Secondly, as the forcing amplitude
increases, the zeros move further away from the imaginary axis
in the complex plane. Hence the decrease in gain is less dramatic
in the vicinity of the zeros and the phase decrease of π is spread
over a wider range of St. At large forcing amplitudes, the zeros
are very far away from the imaginary axis. Hence the gain and
phase are smooth and decrease monotonically with frequency.

(a)

(b)

FIGURE 3. Flame Describing Function, FDF(ω,ε) = ˜̇Q′/ ˜̇Q0/ũ′/ũ0
a) Gain and b) Phase, K = 2.5, β f = 2.14, φ = 1.06

The amplitude-dependent behaviour of the zeros results in
significant gain and phase variation of the FDF. Crucially, at a
given St, the amplitude dependence of the gain is not monotonic
and saturation does not always occur. Indeed, at some frequen-
cies, the gain increases as forcing amplitude increases. Preetham
et al. proposed that the amplitude dependence of the gain de-
termines whether a system exhibits subcritical bifurcations [21].
This rests on the assumption, however, that the FDF phase re-
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mains constant at all amplitudes, which is not the case for the
flame investigated here. At a given St, the phase difference de-
creases as the amplitude increases and the decrease is most dra-
matic when a zero crosses that particular St. Section-5 shows
how the combined effect of the amplitude-dependence of the gain
and phase impacts the nonlinear dynamics of these systems.

Finally, it is important to note that when K, the ratio of the
mean velocity, ũ0, to the disturbance phase speed, ũc, is assumed
to be zero (i.e. a uniform disturbance) or one (i.e. the distur-
bance phase speed equals the mean flow velocity), the FDF does
not exhibit the features discussed above. The nonlinearities of
the flame response for these special cases result in a monotonic
decrease in the gain and negligible change in the phase, as am-
plitude increases [14, 21]. The effect of K on the nonlinear dy-
namics of this system will be highlighted in Section-5.

5 CYCLIC INTEGRAL OF RATE OF CHANGE OF EN-
ERGY (CIRCE) DIAGRAMS
Using the integral criterion derived in Section-3, a sta-

bility diagram of single-mode thermoacoustic systems can be
constructed, as shown in Fig. 4. This is a diagram of the
cyclic integral of rate of change of energy (CIRCE) as a func-
tion of non-dimensional velocity perturbation amplitude (verti-
cal axis), across different single-mode systems of varying non-
dimensional resonant frequencies (horizontal axis). Note that
each non-dimensional frequency corresponds to a thermoacous-
tic system with a different duct length. Hence, for a given system,
the diagram is to be interpreted by moving along the amplitude
axis (vertical axis) at the frequency that corresponds to the fun-
damental mode of that system. Each frame of Fig. 4 corresponds
to a different value of K, the ratio of the mean velocity to the dis-
turbance phase speed. The grey-scale is such that regions where
driving exceeds damping are light, while regions where damping
exceeds driving are dark. The boundaries between light and dark
regions, marked by the black curves, are locations where driv-
ing and damping are exactly equal, and hence they correspond
to the limit cycles of the system. The vertical dashed lines in
each frame represent the scenarios examined later, in terms of
the number of limit cycles that exist and their stability. Further-
more, the criterion in equation (23) is used to infer the stability
of these limit cycles.

Before investigating the different scenarios in detail, it is
useful to note that the differences between Figs. 4 (a), (b) and (c)
illustrate the strong influence of K, the ratio of the mean velocity
to the disturbance phase speed, on the nonlinear behaviour of the
system. The shapes of the limit cycle contours and the number of
limit cycles that exist for a particular system (i.e. for a particular
non-dimensional frequency) are direct manifestations of the gain
and phase variation of the corresponding FDFs. The amplitude-
dependence of the phase of the FDF for the K = 1 case is negligi-
ble, whereas the gain saturates at high amplitudes. Hence only a

(a)

(b)

(c)

FIGURE 4. CIRCE Diagram: driving (Ψdriv) – damping (Ψdamp) as
a function of amplitude, ε , for thermoacoustic systems with different
natural frequencies, f ∗. a) K = 1.0, b) K = 1.5, c) K = 2.5

single intersection of the driving and damping curves is possible
for linearly unstable systems and at most one limit cycle exists at
a given frequency, as seen in Fig. 4(a). For the K = 2.5 case how-
ever, the gain is not monotonic and the phase changes by several
multiples of π , as amplitude increases. Hence, as the amplitude
increases, the driving curve has several sign changes and multi-
ple intersections with the damping line are possible, resulting in
several limit cycles, as seen in Fig. 4(c). The gain and phase of
the FDF of the K = 1.5 case show weaker amplitude-dependence
compared to the K = 2.5 case, hence it has fewer limit cycles at a
given system frequency. As discussed in Section-4, the gain and
phase variation is due to the behaviour of the zeros of the FDF,
and their influence is seen clearly in these CIRCE diagrams.

Figures 5 and 6 are slices of the CIRCE diagram that de-
pict the four different scenarios marked by the dashed lines in
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(a)

(b)

FIGURE 5. CIRCE for thermoacoustic systems with different funda-
mental frequencies (duct lengths), K = 2.5, φ = 1.06, β f = 2.14 a) Slice
of Fig. 4(c) at f ∗ = 0.4, A - stable limit cycle, and b) Slice of Fig. 4(c)
at f ∗ = 1.0, A - unstable limit cycle, B - stable limit cycle

Fig. 4(c). In these figures, the solid line represents the driving
term, Ψdriv, while the dashed line represents the damping term,
Ψdamp. The complicated amplitude-dependence of Ψdriv is due
to the amplitude-dependence of the gain and phase of the FDF,
and will be discussed in detail later.

Fig. 5(a) shows a system that is linearly unstable about the
fixed point because driving exceeds damping at small ampli-
tudes. At point-A, where the driving and damping balance each
other, a limit cycle is established. Furthermore, the gradient of
the CIRCE (see equation (23)) at point-A is negative, therefore
this limit cycle is stable. This situation corresponds to a mono-
stable state. In terms of a control parameter such as βq1, this
corresponds to a supercritical bifurcation.

On the other hand, Fig. 5(b) shows a system that is linearly
stable about the fixed point. Indeed, the so-called driving term is
negative in the linear limit due to the sign of the phase difference,
i.e. sin(4ϕ1) < 0 for small ε . However, as amplitude increases,
changes in the driving term result in two intersections with the
damping line at points A and B, which are an unstable and a
stable limit cycle respectively. If the system in its linearly stable
state is given an excitation with amplitude greater than the ampli-
tude of state-A, oscillations in the system will grow until the sys-
tem reaches state-B. This phenomenon is called triggering. In a
single-mode thermoacoustic system, the minimum amplitude of
an excitation that can cause triggering is the amplitude at point-

(a)

(b)

FIGURE 6. CIRCE for thermoacoustic systems with different funda-
mental frequencies (duct lengths), K = 2.5, φ = 1.06, β f = 2.14 a) Slice
of Fig. 4(c) at f ∗ = 1.2, A and C - stable limit cycles, B - unstable limit
cycle, and b) Slice of Fig. 4(c) at f ∗ = 1.8, A and C - unstable limit
cycles, B and D - stable limit cycles

A. For this minimum amplitude excitation to be successful in
triggering the system, however, the excitation has to be given in
the right direction. For example, in the case of velocity-coupled
oscillations of a premixed flame, the velocity excitation has to be
given when the flame shape is most receptive to this excitation.
In a system with several modes however, it has been shown that
triggering can occur, due to non-normal transient growth, at am-
plitudes smaller than that of the unstable limit cycle [19]. The
situation depicted in Fig. 5(b) corresponds to a bi-stable state. In
terms of a control parameter such as βq1, this corresponds to a
subcritical bifurcation.

The systems shown in Figs. 6(a) and (b) have similar linear
behaviour to those of Figs. 5(a) and (b), but have more complex
nonlinear behaviour because the gain and phase, at high St, vary
greatly as the amplitude increases. Using the same reasoning as
before, Fig. 6(a) shows that the system has stable limit cycles
at A and C and an unstable limit cycle at B. From the stable
oscillating state at A, the system can be triggered into large am-
plitude oscillations with an excitation of amplitude greater than
that of point-B. This situation corresponds to a bi-stable state. In
terms of a control parameter such as βq1, this corresponds to a
supercritical bifurcation followed by two fold bifurcations. As
mentioned in [8], a system must have either a subcritical bifur-
cation or a supercritical bifurcation followed by fold bifurcations
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in order to be susceptible to triggering.
Finally, Fig. 6(b) shows a system that is linearly stable, has

two unstable limit cycles (A and C) and two stable limit cycles (B
and D). An excitation with amplitude greater than that of A, but
less than that of C, will eventually lead to stable oscillations at B.
An excitation with amplitude greater than that of C, however, will
lead to stable oscillations at D. As in Fig. 6(a), the system can
be triggered from one stable limit cycle to another by a suitably
large excitation. This situation corresponds to a tri-stable state.
In terms of a control parameter such as βq1, this corresponds to
a subcritical bifurcation followed by two fold bifurcations.

(a)

(b)

FIGURE 7. Amplitude-dependence of the fundamental of heat release
rate oscillations and the phase between heat release rate and velocity
perturbations, K = 2.5, φ = 1.06, β f = 2.14 (a) q1, ∆ϕ1, sin(∆ϕ1) at
St = 1.0. The grey patch shows regions where driving is negative, while
white shows where it is positive. (b) q1 at St = 0.8

This wide range of behaviour in figures 5 and 6 can be
explained by examining the amplitude-dependence of the gain
and phase in Fig. 3. Firstly, the supercritical bifurcation seen in
Fig. 5(a) at St = 0.4 is because the gain decreases as the forc-

ing amplitude increases, while the phase remains fairly constant.
This is the most commonly described route to a limit cycle in
thermoacoustic systems. Secondly, the subcritical bifurcation
seen in Fig. 5(b) at St = 1.0 is because the phase changes sig-
nificantly as the amplitude increases. Fig. 7(a) shows the fun-
damental of heat release rate, q1, phase difference between the
fundamental of heat release rate and velocity, ∆ϕ1, and sin(∆ϕ1)
at St = 1.03. Note that sin(∆ϕ1) is negative at low ampli-
tudes (patched grey) but changes sign at around ε = 0.2. Since
sin(∆ϕ1) is a factor in the driving term, it is clear that the driving
becomes positive at a finite amplitude, reaches a peak and then
decreases at high amplitudes, as seen in Fig. 5(b). Depending on
the value of the damping factor, ζ , an unstable and a stable limit
cycle can exist between ε = 0.2 and ε = 0.38. A subcritical bi-
furcation is possible also when the amplitude-dependence of the
gain is such that it increases as the forcing amplitude increases,
followed by saturation at high amplitudes. This behaviour is
most likely to be seen at a linear zero of the FDF, for example, at
St = 0.8. Fig. 7(b) shows q1 versus forcing amplitude at St = 0.8.
For this frequency, the phase difference remains constant as am-
plitude increases. Hence this corresponds to a driving curve with
an inflection point, which permits two limit cycles at finite am-
plitudes. The above two examples are special cases, where the
amplitude-dependence of either the gain or the phase leads to a
subcritical bifurcation. In most cases, however, it is the com-
bined effect of the gain and the phase which results in the driv-
ing curve intersecting the damping line twice, which, for a lin-
early stable system, represents a subcritical bifurcation. Finally,
at high frequencies, the changes in the gain are small, whereas
changes in phase are large. Indeed, the dramatic changes seen in
the driving term in Fig. 6(a) and (b) and the multiple intersections
with the damping line are due to the large variation in phase, as
amplitude increases, at high St.

6 TIME DOMAIN SIMULATIONS
The analyses in the previous sections were based on analyt-

ical results for a single-mode system with amplitude-dependent
information derived from the FDF. It is useful to compare these
results with time-domain calculations of self-excited oscillations
to verify the accuracy of the frequency-domain predictions.

Fig. 8 shows time domain calculations of self-excited
thermoacoustic systems with one Galerkin mode and twenty
Galerkin modes. Both these systems have a non-dimensional
fundamental frequency of f ∗ = 0.87, which for a duct of length,
L0, of 1.954m, and flame length, L f , of 1×10−2m, corresponds
to a dimensional fundamental frequency of 87Hz. These systems
are linearly unstable and have supercritical bifurcations. Fig. 8(a)
shows that the two systems reach limit cycles of different ampli-
tudes. Fig. 8(b) shows that the higher Galerkin modes contain
approximately ten percent of the total energy of the system. The
higher modes contribute to the increase in amplitude of limit cy-
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(a)

(b)

FIGURE 8. Time domain calculations for self-excited thermoacoustic
systems with one mode and twenty modes, f ∗ = 0.87, K = 1.5, β f =
2.14,φ = 1.06, ζ = 0.05 (c1 = 0.03,c2 = 0.02) (a) Time trace of the
acoustic velocity perturbations at the flame location, x f (b) Time trace of
the contributions of the first five Galerkin modes to the acoustic velocity
at the flame location, x f , of the 20-mode system

cle oscillations seen in Fig. 8(a).
Fig. 9(a) shows heat release rate oscillations, with one of

the signals phase-shifted slightly in order to avoid overlap on
the figure. The corresponding Fourier transforms are shown in
Fig. 9(b). Note that the heat release rate signals are highly nonlin-
ear, with the first harmonic having a magnitude more than forty
percent that of the fundamental. In the single-mode system, how-
ever, the higher harmonics of the heat release rate cannot interact
with the velocity perturbations, as shown in Section-3. On the
other hand, in the twenty-mode system, the higher harmonics
of the heat release rate contribute to the dynamics by interact-
ing with the higher acoustic velocity modes. For this reason, the
twenty-mode system extracts more energy from the flame and
transfers it to the acoustics, than does the single-mode system.
As a result, the single-mode system reaches a limit cycle with
ε = 0.375, while the twenty-mode system reaches a limit cycle
with ε = 0.415.

The amplitude of oscillation predicted by the CIRCE cri-
terion with information from the FDF, shown in Fig. 10, is
ε = 0.377. Clearly, in spite of a fairly high degree of nonlin-
earity in the heat release signal, very good agreement is obtained
between the single-mode time domain and frequency domain re-
sults. An important point to note is that close agreement is to be

(a)

(b)

FIGURE 9. Nonlinear heat release rate oscillations in thermoacoustic
systems with one mode and twenty modes, f ∗ = 0.87, K = 1.5, β f =
2.14,φ = 1.06, ζ = 0.05 (c1 = 0.03,c2 = 0.02) (a) Time trace of heat
release rate (phase-shifted to avoid overlap of figures) and (b) Fourier
transforms of heat release rate

FIGURE 10. CIRCE diagram: Intersection of driving and damping
curves represents the frequency domain prediction for limit cycle ampli-
tude. Time-domain limit cycle locations are marked by symbols. f ∗ =
0.87, K = 1.5, β f = 2.14,φ = 1.06, ζ = 0.05 (c1 = 0.03,c2 = 0.02)

expected when time-domain simulations of a single-mode sys-
tem are compared against results from the criterion derived in
Section-3, because only the fundamental modes of heat release
rate and acoustic velocity can interact, as shown in Section-3.
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For the twenty-mode system, however, the effect of the higher
modes on the system dynamics is not negligible and the twenty-
mode system has a limit cycle amplitude that is larger than that
of the single-mode system.

At the operating condition of the example discussed above,
the difference in limit cycle amplitude between the single-mode
and twenty-mode systems is about ten percent. There can, how-
ever, be operating conditions where large discrepancies exist be-
tween the single-mode and multi-mode systems. Such discrep-
ancies would indicate that interactions between the higher modes
play a crucial role in the system dynamics. A detailed analysis
of this is beyond the scope of this paper and will be the subject
of future investigations.

7 CONCLUSIONS
This paper examines nonlinear thermoacoustic phenomena

of a simple premixed flame in a tube. The flame is modelled us-
ing a nonlinear kinematic model based on the G-equation, while
the acoustics are governed by linearised momentum and energy
equations. Assuming the existence of limit cycles, integral cri-
teria are derived for a single mode thermoacoustic system to es-
timate the amplitudes of limit cycles and their stability. Using
open-loop forced simulations, the sinusoidal flame describing
function (FDF) is calculated. The FDF has zeros because of the
interactions between the two types of flame front disturbances
characteristic of anchored premixed flames with non-uniform ve-
locity fields. The amplitude-dependence of the gain and phase
of the FDF is shown to be related to the amplitude-dependence
of the zeros of the FDF. The integral criteria are used with the
amplitude-dependence of the gain and phase of the FDF to con-
struct cyclic integral of rate of change of energy (CIRCE) di-
agrams that show precisely when a thermoacoustic system is
mono-stable, bi-stable or tri-stable. These diagrams are also used
to show the types of bifurcation seen in such systems and to find
the minimum amplitude of excitation required to trigger a single-
mode thermoacoustic system into limit cycle oscillations.

The choice of velocity model and the phase speed of convec-
tive disturbances are shown to be crucial for prediction of non-
linear dynamics of thermoacoustic systems. When K, the ratio of
the mean velocity to the phase speed of convective disturbances,
is assumed to be zero or one, which are the most commonly made
assumptions, the system can have only one stable state. For other
values of K, several limit cycles exist and the system has combi-
nations of fold bifurcation and either supercritical or subcritical
Hopf bifurcations, depending on the operating condition.

Previous studies have highlighted the influence of the ampli-
tude dependence of the FDF gain [21] or phase [15] on nonlinear
behaviour. In this paper it is shown that there exist certain re-
gions where either the gain or the phase is more influential, but
the combined effect of the gain and phase has to be considered
to accurately predict nonlinear behaviour.

Time domain simulations of the coupled thermoacoustic
system are performed with a Galerkin discretization for acous-
tic pressure and velocity. Limit cycle calculations using a single
mode, as well as twenty modes, are compared against predic-
tions from the CIRCE diagram. For the single mode system,
the time domain calculations agree well with the frequency do-
main predictions. The heat release rate is highly nonlinear but,
because there is only a single acoustic mode, this does not affect
the limit cycle amplitude. For the twenty-mode system, however,
the higher harmonics of the heat release rate interact with those
of the acoustic velocity, resulting in a larger limit cycle ampli-
tude. Multi-mode simulations show that, in some situations, the
contribution from higher harmonics to the nonlinear dynamics
can be significant and must be considered for an accurate and
comprehensive analysis of thermoacoustic systems.
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